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SYMMETRY BREAKING OPERATORS
FOR DUAL PAIRS WITH ONE MEMBER COMPACT

M. MCKEE, A. PASQUALE, AND T. PRZEBINDA

ABSTRACT. We consider a dual pair (G, G’), in the sense of Howe, with G compact acting
on L2(R"), for an appropriate n, via the Weil representation w. Let G be the preimage
of G in the metaplectic group. Given a genuine irreducible unitary representation II
of G, let II' be the corresponding irreducible unitary representation of G’ in Howe’s
correspondence. The orthogonal projection onto the Il-isotypic component L2(R™)y is,
up to a constant multiple, the unique symmetry breaking operator in Homgg; (Hg", Hif @
H). We study this operator by computing its Weyl symbol. Our results allow us to
recover the known list of highest weights of irreducible representations of G occurring in
Howe’s correspondence when the rank of G is strictly bigger than the rank of G’. They
also allow us to compute the wavefront set of II' by elementary means.
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Introduction

Let W be a finite dimensional vector space over R equipped with a non-degenerate
symplectic form (-,-) and let Sp(W) denote the corresponding symplectic group. Write
évp(W) for the metaplectic group. Let us fix the character y of R given by x(r) = e*™",
r € R. Then the Weil representation of Sp(W) associated to y is denoted by (w, H,,).

For G,G’ C Sp(W) forming a reductive dual pair in the sense of Howe, let G, ¢
denote their preimages in Sp(W). Howe’s correspondence (or local #-correspondence)
for G G’ is a bijection IT < II' between the irreducible admissible representations of
G and G/ which occur as smooth quotients of w, [How89b]. It can be formulated as
follows. Assume that Homg (HZY, HiY) # 0. Then Homg (HY, HEY) is a G-module under
the action via w. Howe proved that it has a unique irreducible quotient, which is an
irreducible admissible representation (II', Hy) of G’. Conversely, Homg; (HY, Hp) is a
G-module which has a unique irreducible admissible quotient, 1nﬁmte51mally equivalent
to (II, Hy). Furthermore, II ® IT" occurs as a quotient of w™ in a unique way, i.e.

dim Homg g (H, Hy @ Hip) = 1. (1)
In [Kob15], the elements of
Homg (M, Hyy), Homg (Hy,Hy) and Homgg (M, Hi ® Hip)

are called symmetry breaking operators. Their construction is part of Stage C of Koba-
yashi’s program for branching problems in the representation theory of real reductive
groups.

Since the last space is one dimensional, it deserves a closer look. The explicit contruc-
tion of the (essentially unique) symmetry breaking operator in Homgg: (He, HE ® HE)
provides an alternative and direct approach to Howe’s correspondence. To do this is the
aim of the present paper.
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Our basic assumption is that (G, G’) is an irreducible dual pair with G compact. As
shown by Howe [How79], up to an isomorphism, (G, G’) is one of the pairs

(Od7 szm(R)) ) (Udv UP,II) ) (Spdv Ozm) (2>

Then the representations IT and IT" together with their contragredients are arbitrary
irreducible unitary highest weight representations. They have been defined by Harish-
Chandra in [Harbb], were classified in [EHWS83] and have been studied in terms of Zuck-
erman functors in [Wal84], [Ada83] and [Ada87].

The crucial fact for constructing the symmetry breaking operator in Homgg (HY, HE ®
HP5) is that, up to a non-zero constant multiple, there is a unique GG'-invariant tempered
distribution frgm on W such that

Homge (K, My @ Hpr) = C(Op o K)(frem) (3)

where Op and K are classical transformations which we shall review in section 1. In
[Prz93], frem is called the intertwining distribution associated to II @ IT". In fact, if we
work in a Schrédinger model of w, then frgn happens to be the Weyl symbol, [Hor83],
of the operator (Op o K)(fuem)-

The last paragraph does not require G to be compact. Suppose that the group G is
compact. Let O and dp respectively denote the character and the degree of II. Then
the projection onto the Il-isotypic component of w is equal to dpj/2 times

| l@Bn(5) s = (), n

where Op(§) = On(§7!) and we normalize the Haar measure dg of G to have the total
mass 2. (This explains the constant multiple % needed for the projection. In this way,
the mass of G is equal to 1.) By Howe’s correspondence with G compact, the projection
onto the Il-isotypic component of w is a symmetry breaking operator for IT @ II'. The
intertwining distribution for II ® IT" is therefore determined by the equation

1

(Op o K)(fuew) = iw(én) . (5)

There are more cases when frgm may be computed via the formula (5), see [Prz93].
However, if the group G is compact then the distribution character O may also be
recovered from frgm via an explicit formula, see [Prz91]. Thus, in this case, we have a
diagram

On — finemw — Ow. (6)

In general, the asymptotic properties of frg relate the associated varieties of the prim-
itive ideals of Il and II" and, under some more assumptions, the wave front sets of these
representations, see [Prz93] and [Prz91].

The usual, often very successful, approach to Howe’s correspondence avoids any work
with distributions on the symplectic space. Instead, one finds Langlands parameters (see
[Moe89], [AB95], [Pau98], [Pau00], [Pau05], [LPTZ03]), character formulas (see [Ada98],
[Ren98], [DP96], [Prz00], [BP14] ), or candidates for character formulas (as in [BP14]), or
one establishes preservation of unitarity (as in [Li89], [He03], [Prz93],[ABP*07] or [MSZ17]
). However, in the background (explicit or not), there is the orbit correspondence induced
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by the unnormalized moment maps

g* H W H g/* ,
where g and g’ denote the Lie algebras of G and G’, respectively, and g* and g™ are
their duals. This correspondence of orbits has been studied in [DKP97]|, [DKP05] and
[Pan10]. Furthermore, in their recent work, [LM15], H. Y. Loke and J. J. Ma computed
the associated variety of the representations for the dual pairs in the stable range in terms
of the orbit correspondence. The p-adic case was studied in detail in [Moe98].

Working with the GG’-invariant distributions on W is a more direct approach than
relying on the orbit correspondence and provides different insights and results. As a
complementary contribution to all work mentioned above, we compute the intertwining
distributions frem explicitly, see section 5. As an application, we obtain the wave front
set of II' by elementary means. The computation will be sketched in section 15, but
the detailed proofs will appear in a forthcoming paper, [MPP23b]. Another application
of the methods presented in this paper leads to the explicit formula for the character
of the corresponding irreducible unitary representation II' of G’. This can be found in
[Mer17, Mer20).

The explicit formulas for the intertwining distribution provide important information
on the nature of the symmetry breaking operators. Namely, they show that none of the
symmetry breaking operators of the form (OpoC)( fugm) is a differential operator. For the
present situation, this answers in the negative the question on the existence of differential
symmetry breaking operators, addressed in different contexts by several authors (see for
instance [KP16a, KP16b, KS15] and the references given there). This property is the
content of Corollary 13.

Finally, observe that our computations leading to the intertwining distributions apply
to any genuine irreducible representation II of the compact member G of a dual pair.
They provide an explicit formula for the Weyl symbol of the projection of w|g onto the
I-isotypic component. According to Howe’s duality theorem, this projection is non-zero
if and only if there is a unitary highest weight representation II' of G’ such that IT ® I’
occurs in w|gg,, i.e. IT occurs in Howe’s correspondence. When the rank of G is strictly
bigger than that of G’, we recover the known necessary and sufficient conditions on the
highest weights of Il so that it occurs in Howe’s correspondence. See Corollary 11.

The paper is organized as follows. In section 1, we introduce some notation and review
the construction of the intertwining distributions. Section 2 computes the intertwining
distribution for the dual pair (Z, Sp(W)), where Z = O is the center of of the symplectic
group Sp(W), and introduces some properties needed in the sequel. Section 3 recalls how
to realize the dual pairs with one member compact as Lie supergroups, and section 4
collects some definitions and properties of Weyl-Harish-Chandra integration formulas on
W that we will need to compute the intertwining distributions. Section 5 states the main
results of this paper. The dual pairs (Os, Spy, (R)) are particular because the group SOs
is abelian. The intertwining distributions corresponing to these pairs are computed in
section 6. The smallest example of (Og, Spy(R) = SLy(R)) is presented with more details.
An additional example in given in section 7, where we illustrate the main two theorems
when (G,G’) = (U, U, ,) and II is the trivial representation of U;. The proofs of the main
results are in sections 8, 9 and 10. We treat the special cases concerning the non-identity
connected components of the orthogonal groups in sections 11, 12 and 13. Section 14
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contains the proof of a necessary condition of a representation of 61 to occur in Howe’s
correspondence for (U;,U,,) when p < ¢ <1 <[l' = p+ ¢. Finally, in section 15, we
outline how the results of this paper lead, for each representation II of G occurring in
Howe’s duality, to the computation of the wave front set of the representation II" dual to
I1. The nine appendices collect and prove some auxiliary results.

Acknowledgement: We are indebted to the anonymous referee whose extremely careful
reading and valuable comments made us aware of errors and omissions in the original
manuscript. The questions raised by the referee have lead us to make significant additions,
which have greatly improved our paper.

1. Notation and preliminaries

Let us first recall the construction of the metaplectic group Sp(W) and the Weil repre-
sentation w. We are using the approach of [AP14, Section 4], to which we refer the reader
for more details.

Let sp denote the Lie algebra of Sp(W), both contained in End(W). Fix a positive
definite compatible complex structure J on W, that is an element J € sp such that
J? = —1 (minus the identity on W) and the symmetric bilinear form (J-,-) is positive
definite on W. For an element g € Sp(W), let J, = J~!(g — 1). The adjoint of J, with
respect to the form (J-,-) is JF = Jg~'(1 — g). In particular, .J, and J; have the same
kernel. Hence the image of J, is

JoW = (Ker J7)* = (Ker Jy)*,

where | denotes the orthogonal complement with respect to (J-,-). Therefore, the re-
striction of J,; to J,W defines an invertible element. Thus for every g # 1, it makes sense
to talk about det(Jg)jglw, the reciprocal of the determinant of the restriction of J; to J,W.

With this notation, we have
Sp(W) = {3 = (9:€) € SP(W) x C, & =™V det(J,) 71y}, (7)

with the convention that det(Jg)jglw = 11if g = 1. There exists a 2-cocycle C': Sp(W) x

Sp(W) — C, explicitly described in [AP14, Proposition 4.13], such that g\f)(W) is a group
with respect to the multiplication

(915 61)(92; &2) = (9192 £:162C (91, 92)) (8)
and the homomorphism
Sp(W) 2 (g:€) = g € Sp(W) (9)
does not split.

Let puw (or simply dw) be the Lebesgue measure on W normalized by the condition
that the volume of the unit cube with respect to the form (J-,-) is 1. (Since all positive
complex structures are conjugate by elements of Sp, this normalization does not depend
on the particular choice of J.) Let W = X @ Y be a complete polarization. Similar
normalizations are fixed for the Lebesgue measures on every vector subspace of W, for
instance on X and on Y. Furthermore, for every vector space V, we write S(V) for the
Schwartz space on V and S'(V) for the space of tempered distributions on V. We use
the notation G’ for the second member of a dual pair because it is the centralizer of G in
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Sp(W). We also use the notation -’ for all the objects associated with G’, such as ¢/, IT',
... Unfortunately, this collides with the usual notation for the dual of a linear topological
space in functional analysis, also used in this paper, such as D'(R"), §'(R"), ... We hope
the reader will guess from the context the correct meaning of the notation.

Each element K € §'(X x X) defines an operator Op(K) € Hom(S(X), S (X)) by

Op(K)v(:c):/XK(x,x’)v(:c’) dr’. (10)

The map
Op: §'(X x X) = Hom(S(X), S (X)) (11)
is an isomorphism of linear topological spaces. This is known as the Schwartz Kernel
Theorem, [Tre67, Theorem 51.7].
The Weyl transform is the linear isomorphism K : §'(W) — §'(X x X) defined for
f € S(W) by

K(le.a') = [ fo = +u)x(Glna+a) di. (12)

(Recall that y is the character of R we fixed at the beginning of the introduction.)
For g € Sp(W), let
Xeto) (W) = x(3{(g + V(g = D7'u,u))  (u=(9- 1w, weW). (13)
Notice that, if ¢ — 1 is invertible on W, then

Xe(g) (u) = X(i<c(g)u7 u)) )

where ¢(g) = (g +1)(g — 1)7! is the usual Cayley transform.
Following [AP14, Definition 4.23 and (114)], we define

T: %(W) > ,§~] = (g; 5) — €Xc(g),u(g—l)W € S,(W) ’ (14)
where fi4_1)w is the Lebesgue measure on the subspace (¢ — 1)W normalized as above.
Set

w=0poKoT. (15)
As proved in [AP14, Theorem 4.27], w is a unitary representation of §f) on L%(X). In fact,

(w, L3(X)) is the Schrodinger model of Weil representation of Sp attached to the character
x and the polarization W = X &Y. In this realization, H,, = L*(X) and H® = §(X).
The distribution character of the Weil representation turns out to be the function

© :Sp(W) > (g;€) = £ € C¥, (16)

[AP14, Proposition 4.27]. Hence for g € éB(W) in the preimage of g € Sp(W) under the
double covering map (9), we have

7(9) = O(9) X tg-nw (g € Sp(W)). (17)

Suppose now that G, G’ C Sp(W) is a dual pair. Every irreducible admissible repre-

sentation I1 ® I’ of G x G’ occurring in Howe’s correspondence may be realized, up to
infinitesimal equivalence, as a subspace of H®' = §’'(X). Hence

Homgg (KX, Hi ® Hiy) © Hom(S(X), 8'(X)).
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The existence of the interwining distribution frem € S’'(W) defined (up to a multiplicative
constant) by (3) is thus a consequence of (1), (11) and (12).
Finally, because of (15), equation (4) and (5) lead to the equality

o = 5T(6n)= [ (@) dy. (18)

The problem of finding an explicit expression for frer is hence transformed into the task
of computing the right-hand side of (18).

2. The center of the metaplectic group

Let Z = {1, -1} be the center of the symplectic group Sp(W). Then (Z,Sp(W)) is a
dual pair in Sp(W) with compact member Z. Let (Z Sp(W)) be the corresponding dual
pair in the metaplectic group Sp( ). Then Z coincides with the center of Sp( ) and is
equal to

Z={(11),(1;-1), (-1, (-1, =)}, (19)

where ( = (5) 7 dim W

In this section we 1llustrate how to compute the intertwining distributions for the pair
(Z,Sp(W)). At the same time, we introduce some facts that will be needed in the rest of
the paper.

The formula for the cocycle in (8) is particularly simple over Z:

C(l, il) = C(—l, ].) =1 and C(—]_’ _]_) — 2dimW .
Also, C(g,1) = C(1,g) =1 for all g € Sp(W) by [AP14, Proposition 4.13]. Notice that

(~L#0)* = (LPO(1,-1) = (L (=1 ™Y). (20)
Hence the covering (9) restricted to Z,
73:—>z€l (21)
splits if and only if %dimW is even.
By (14) we have
T(1;1) =0, T(1;,-1)= -6,

T(=1;¢) = Cpw, T(=1;=C) = =Cpw -
Moreover, [AP14, Proposition 4.28] shows that for v € L*(X) and z € X,

w(l; Dv(z) = v(zx), w(l; =1)v(z) = —v(:c)
: vxziv—x w(—1;— v:)s:——v
w(=1;¢)v(x) H (—), (=1L =Q)v(x) H (—).
Since T'(2) = O(Z)Xe(z)h(=—1yw for Z € Z, it follows that
z = () v(zx se’
The fraction o3
W=l (zey) (23)



8 M. MCKEE, A. PASQUALE, AND T. PRZEBINDA

defines an irreducible character x, of the group 7. Let ¢ be the unique non-trivial
irreducible character of the two element group Z. Then

Z) =¢(z O() sc?

is also an irreducible character of Z.

Let L2(X), C L%(X) denote the subspace of the even functions and let L?(X)_ C L*(X)
denote the subspace of the odd functions. Then, as is well known, [KV78, (6.9)], the
restriction wy of w to L?(X). is irreducible. As we have seen above, the center Z acts on
L*(X)4 via the character x+. Thus x4 is the central character of w..

Hence, in the case of the dual pair (Z, Sp(W)), Howe’s correspondence looks as follows

(X+7 (C) ANe (w-i-v L2(X)+> and (X—v C) ANe (w—v L2(X)—) : (25>
The projections
LX) - L*(X); and L*X)— L*(X)_
are respectively given by
1 . 1 ST 1 . 1 o
Sl = 1 o (Ew(E) and Sw(xo) = 3 30X (Beld).
z€Z zeZ

The corresponding intertwining distributions are

L Y z z 1 —1dim
D )
zeZ
. 1 - (26)
fesor = 7 2 X-(T(E) = 5(6 - 273" Vpy)
zeZ

where we normalize the total mass of Z to be 1, as we did for a general dual pair (G, G’)
with G compact.

The right-hand side of (26) is a sum of two homogenous distributions of different ho-
mogenity degrees. So, asymptotically, they can be isolated. This allows us to recover py,
and hence 7gwy(W), the wave front of wy, out of the intertwining distribution.

3. Dual pairs as Lie supergroups

To present the main results of this paper, we need the realization of dual pairs with one
member compact as Lie supergroups. The content of this section is taken from [Prz06]
and [MPP15]. We recall the relevant material for making our exposition self-contained.

For a dual pair (G,G’) as in (2), there is a division algebra D = R, C, H with an
involution over R, a finite dimensional right D-vector space V with a positive definite her-
mitian form (-, -) and a finite dimensional right D-vector space V' with a non-degenerate
skew-hermitian form (-,-)" such that G coincides with the isometry group of (-,-) and G’
coincides with the isometry group of (-,-). We assume that G centralizes the complex
structure J and that J normalizes G’. Then the conjugation by J is a Cartan involution
on G’, which we denote by 6.



SYMMETRY BREAKING OPERATORS FOR DUAL PAIRS WITH ONE MEMBER COMPACT 9
Let Vg =V, d = dimp Vg, V7 = V' and d' = dimp V5. We assume that both Vg and Vt
are right vector spaces over D. Set V = V7 @ V1 and define an element S € End(V) by
S(vg 4+ v1) = vg — vy (vo € Vg, v1 € V7).
Let
End(V)y = {z € End(V); Sz = 2S},
End(V)y = {z € End(V); Sz = —aS},
GL(V)g = End(V)s N GL(V).
Denote by (-, )" the direct sum of the two forms (-, -) and (-,-)". Let

s5={r € End(V)g; (zu,v)" = —(u,2v)", u,v € V}, (27)
st = {z € End(V)y; (zu,v)” = (u,Szv)", u,v € V},

5 = 55 D 57,

S = {s € GL(\V)g; (su,sv)" = (u,v)", u,v € V},

(w,y) = trp/r(Szy) . (28)

(Here trp r(x) denotes the trace of x considered as a real endomorphism of V.) Then
(S,s) is a real Lie supergroup, i.e. a real Lie group S together with a real Lie superalgebra
s = 55 @ s7, whose even component sg is the Lie algebra of S. (In terms of [DM99, §3.8],
(S,s) is a Harish-Chandra pair.) We shall write s(V) instead of s whenever we want to
specify the Lie superalgebra s constructed as above from V and (-,-)”. By restriction, we
have the identification

5T = HOIIl]D) (VT7 Va) . (29)
The group S acts on s by conjugation and (-,-) is a non-degenerate S-invariant form

on the real vector space s, whose restriction to s is symmetric and restriction to sy is
skew-symmetric. We shall employ the notation

! (seS, res), (30)
r(w) = ad(z)(w) = 2w — wx (x € 85, w € s57). (31)

s.x = Ad(s)r = sxs”

In terms of the notation introduced at the beginning of this section,
9=>5lv;, o =s5vp, G=S8S|v;; G =8|y
Define W = Homp(V1, V). Then, by restriction, we have the identification
W = s7. (32)
Under this identification, the adjoint action of G on s; becomes the action on W by the
left (post)multiplication. Similarly, the adjoint action of G’ on s becomes the action of

G’ on W via the right (pre)multiplication by the inverse. Also, we have the unnormalized
moment maps

T W3 w—wly €g, W w—wy, €g. (33)

An element x € s is called semisimple (resp., nilpotent) if z is semisimple (resp.,
nilpotent) as an endomorphism of V. We say that a semisimple element = € st is regular
if it is nonzero and dim(S.xz) > dim(S.y) for all semisimple y € s7. Let o € s be fixed.
For x,y € sy let {x,y} = 2y + yx € s be their anticommutator.
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The anticommutant and the double anticommutant of z in st are
s = {yEsT: {a:,y} :O},

R Y
151 - m 517

respectively. A Cartan subspace by of sy is defined as the double anticommutant of a
regular semisimple element x € s7. We denote by hy"® the set of regular elements in by.

Next we describe the Cartan subspaces hy C s;. We refer to [Prz06, §6] and [MPP15,
§4] for the proofs omitted here. Let [ be the rank of g, I’ the rank of g/, and set

" = min{l,I'}. (34)
Given a Cartan subspace by, there are Z/2Z-graded subspaces V! C V such that the
restriction of the form (-, )" to each V7 is non-degenerate, V7 is orthogonal to V¥ for j # k
and
V=V'oVieVig. ..oV, (35)
The subspace V° coincides with the intersection of the kernels of the elements of by
(equivalently, VO = Ker(z) if by = "*1s7). For 1 < j <1”, the subspaces V/ =V @ V7 are
described as follows. Suppose D = R. Then there is a basis vy, v(, of V% and basis vy, v}
of V% such that

(UOv UO)// = (Ué]v U6>// =5 (UOv U6>// =0, (36>
(Ulv Ul)// = (Uivvol/ =0, (Ulvvoﬁ =1.
The following formulas define an element u; € s7(V7),

L , L
u;j(vy) = ﬁ(vl — 1), uj(vy) = \/5( 0 0)s
1

’—Lv ] uj(vy) = —=(vo + v
u;(vg) = \/5( 1+ 0), i(1) \/5( 0 + vp)-

Suppose D = C. Then V% = Cuy, V% = Cuvy, where (vg,v9)" =1 and (vy,v1)"” = 6;i, with
d; = £1. The following formulas define an element u; € s7(V/),

uj(vg) = e vy, wj(vy) = e "y, (37)

Suppose D = H. Then V% = Huvy, V% = Huy, where (vg,v9)” = 1 and (vq,v1)” = i. The
following formulas define an element u; € sp(V7),
uj(vg) = e Ty, uj(vy) = e 1y
In any case, by extending each u; by zero outside V/, we have
l//

br=> Ru;. (38)
j=1

The formula (38) describes a maximal family of mutually non-conjugate Cartan sub-
spaces of s7. Notice that there is only one such subspace unless the dual pair (G, G') is iso-
morphic to (U;, U, ,) with !” = | < p+q. In the last case there are min(l, p)—max(l—gq, 0)+
1 such subspaces, assuming p < ¢. For each m such that max(l — ¢,0) < m < min(p,()
there is a Cartan subspace b1, determined by the condition that m is the number of
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positive ,’s in (37). We may assume that 6 = -+ =0, = 1 and 0ppppy = -+ - = 6 = — L.
The choice of the spaces V% may be done independently of m. The spaces V% depend on
m. If (G, G’) is isomorphic to (U;, U, ,) with [ > 1" = p+ g, then there is a unique Cartan
subspace of st up to conjugation. It is determined by the condition that in (37) there are
p positive and ¢ negative 9,’s. We may assume that the positive 9,’s are the first p.

The Weyl group W (S, by) is the quotient of the stabilizer of ht in S by the subgroup
ST fixing each element of hy. If D # C, then W (S, b;) acts by all sign changes and all
permutations of the u;’s. If D = C, the Weyl group acts by all sign changes and all
permutations of the u;’s which preserve (64,...,d~), see [Prz06, (6.3)].

Set §; =1 forall 1 <j <" if D# C, and define

Jj=0;(uy),  Ji=067(uy) (<5< (39)
Then Jj, J; are complex structures on V% and V% respectively. Explicitly,

Ji(vo) = =g,  Jj(vg) = vo, Ji(v1) = —vy,  Ji(v)) = v, if D=R, (40)
Jj(U()) = —’ivo, J/(’Ul) = —i’Ul, if D=CorD=H.

J

(The point of the multiplication by the d; in (39) is that the complex structures J;, J; do
not depend on the Cartan subspace h1.) In particular, if w = Zé.nzl w;u; € by, then
l// l//

T(w) = Zw?éjjj and 7'(w) = Zw?éjjj/». (41)
=1

j=1
Let h% C s5 be the subspace spanned by all the squares w?, w € hy. Then

l//

b2 => R(J; +J)). (42)

We shall use the following identification
l// l//

bilvs 2 D widi =D _yid; € B, (43)
j=1 j=1

Recall from (34) that I” = min{l,1'}. If I = [, then h2|y, is an elliptic Cartan subalgebra
of g which we denote by . (This means that all the roots of b in gc are purely imaginary.)
The identification (43) embeds h diagonally in g and in g'. It is contained in an elliptic
Cartan subalgebra of ¢, say b’. Similarly, if [” = [’, then I)%|VT is an elliptic Cartan
subalgebra of g’ which we denote by b’. If [ <1’ we denote by 3 C g’ the centralizer of b.
Similarly, if I’ < [ we denote by 3 C g the centralizer of h’. In particular, if I’ = [, then
3’ = b = b =3, where the first equality is in g, the second is (43) and the last is in g'.
Let s5c = gc @ g be the complexification of s5. Fix a system of positive roots for
the adjoint action of b% on s5c. Suppose first that [ < I'. By the identification (43), b
preserves both gc and gi. So our choice of positive roots for (b%(c,ﬁﬁ(c) fixes a positive
root system of (hc, gc) and extends to a compatible positive root system for (b, gi-). Let
T/, be the product of positive roots of (hc, gc) and let my/; be the product of positive
roots of (hi, g¢) such that the corresponding root spaces do not occur in 3. If [ > I/,
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then 7y s and my/; can be similarly defined. See Appendix A for the explicit expressions
of these root products restricted to the elements in (43).
Suppose I < 1. Then VI =0, V2 # 0 and

V=Vs=VaVieVie. ..oV (44)

is a direct sum orthogonal decomposition with respect to the positive definite hermitian
form (-,-). We extend h C g to a Cartan subalgebra h(g) C g as follows. The restriction of
hH(g) to V%@V% D-- -@Vlﬁ” coincides with h. Pick an orthogonal direct sum decomposition

V% — V%’O D V%’l”'H @ V%’l,,+2 D---P Vg’l (45>

where for j > 1", dimp V)7 = 2 if D = R and dimp V37 = 1 if D # R. Also V) =
unless G = Og1, in which case dimp V)* = 1. In each space V7, with j > I, we pick
an orthonormal basis and define J; as in (40). Then

h(a) = Z RJ;j . (46)

If I <1, then we set h(g) = b.
Let J7, 1 < j <1, be the basis of the space h(g)* which is dual to Jy, ..., J;, and set

ej=—iJt, 1<j<l. (47)

If p € ih(g)*, then p = Zi.:l,ujej with p; € R. We say that p is strictly dominant if
1> g > - > .

4. Orbital integrals on W

In this section we recall from [MPP15] and [MPP20] some definitions and results con-
cerning the orbital integrals on W that we will need in the following. Moreover, using
the surjectivity properties of Harish-Chandra’s orbital integrals, we prove that the image
of the so-called Harish-Chandra regular almost-elliptic orbital integral on W is “large
enough” in the sense of Corollary 2 when [ > ['.

Let 8'(W)® denote the space of S-invariant tempered distributions on W, where the
S-action is induced by (30). Let hy be a Cartan subspace of W. Suppose first that G is
different from Og; with [ < I'. For w € h"*’, the orbital integral attached to the orbit
O(w) = S.w is the element, fip(w)p, of S'(W)® defined for ¢ € S(W) by

potwnn9) = [ o) o) = s [ oo ds. (49

Suppose now that G = Oy with [ < [’. Then one needs to modify (48) because the
union of the orbits S.w over all w € hy"* would not be dense in W; see [MPP15, Theorem
20]. Let wy € s7(V°) be a non-zero element, w € h"* and SP17*0 the centralizer of w +wy
in S. Set O(w) = S.(w + wp) and define

pownon(@) = [ ol un) dsST) = —s | ol o)) ds. (49

S /S*JT+“J0 vol
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(This is independent of the choice of wy € s7(V°).) The orbital integrals (48) and (49)
are well defined, tempered distribution on W, which depend only on 7(w), or equivalently
7'(w) via the identification (43).
For w € by, set
Ty 2 (W?) = Ty (T(w)) 7y /3 (7' (w)) i L < T, (50)
o s () gy (7' (w)) 121

As shown in [MPP20, Lemma 1.2], there is a constant C'(ht), depending on ht and with
|C'(h7)| = 1, such that

Wsa/h%(wz) = C(UT)|7T55/h§(w2)\ : (51)
The set by of regular elements of by is explicitly given by
b = {w € by m 2 (w?) # 0} . (52)

Choose a positive Weyl chamber b%r C b, i.e. an open fundamental domain for the
action of the Weyl group, W(S, by). There is a normalization d7(w) of the Lebsegue
measure on 0, respectively a normalization d7’'(w) of the Lebsegue measure on b'; such
that the following equalities hold for all ¢ € S(W):

(@)=Y [ @) lows (@) dr(e) 1<, (53)
bt T(f);r)

(@) = [ frgm(@)loms(@) @) 1=l (54)
7 (b)

Formulas (53) and (54) are the Weyl-Harish-Chandra integration formulas on W, [MPP15,
Theorem 21]. The sum in (53) is over the family of mutually non-conjugate Cartan
subspaces by € W. (It therefore reduces to a single term for (G,G’) different from
(U, Up,,) with [ < I" = p+ q.) The formulas agree for | = I’ once we identify 7(w) and
7'(w) via (43).

Let Cy. = C(by) - i"9/% where C(by) is as in (51). Let UhTT(bT’"EQ) be as in [MPP20,
Lemma 3.1} if (G,G’) = (U, U,,) with [ <" = p + ¢, and equal to 7(h7"*’), where bt is
the fixed Cartan subspace, otherwise. The Harish-Chandra regular almost-elliptic orbital
integral on W is the function F : UhTT(hTT’eg) — S'(W)® defined as follows for every

y €Uy m(br*), y = r(w) = ~(w):

C Tl /4 w).h— lfl S l,’
F(y) _ {Zhl br’le’ /s (y):uO( ),b1 (55)

ChTﬂ-g'/h’(y)luO(w)th if I >1.

Following Harish-Chandra’s notation, we shall write Fy(y) for F(y)(¢).
Suppose first that | < I’. According to [MPP20, Theorem 3.6], F' uniquely extends to
a function F': h — §'(W)® satisfying

F(sy) = sgng(s)F(y) (s e W(G,b), yebh). (56)
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This extension is supported in h N 7(W). The extended map F' is smooth on the subset
of y = Z;Zl y;J; where each y; # 0 and, for any multi-index o = (ay, ..., o) with

d—r—1 ifD=RorC,
max(al,...,al) S{ Q(d/_,r) lf]D):H, (57)

the function 0(J7" J32 ... J') F(y) extends to a continuous function on hN7(W) vanishing
on the boundary of h N 7(W).

Before considering the case [ > [’, let us look at the pullback of the unnormalized
moment map 7' : W — ¢’ (for any values of [ and ["). The pullback of 7/ is

7 8(g) 3¢ = Yot € S(W)E.

According to [MPP20, (25)] (a special case of a theorem of Astengo, Di Blasio and Ricci
[ABR09, Theorem 6.1]), there is a surjective map 7. : S(W)¢ — S(g) such that

ror(¢)=¢  (¢peSW)T).
Suppose now that [ > I’. Then by [MPP20, (39)],

Fy(y) = Co. gy () o v(g'y) d(gH) (¢ € S(W), y € b1, (58)

where H C G’ is the Cartan subgroup corresponding to b/,

v =1/(¢%) € S(g), (59)
and Cy_is a suitable non-zero constant. The right-hand side of (58) is Harish-Chandra’s

orbital integral of 1. It provides a W (G, h')-skew-invariant extension of F to h'/m=",
where h'I"=7¢9 C B is the subset where no non-compact roots vanish. Furthermore, F'(y)
is G-invariant for y € H7"7"% and G'-invariant for y € h'™"77%9 N 7/(W); see [MPP20,
Theorem 3.4].

Notice that, by [MPP20, (69)—(72)], formulas (58) and (59) also hold when [ = [’
because Z' = H' in this case.

Remark 1. The Cartan subalgebra b’ is f-stable, where 6 is the fixed Cartan involution
of g’. Let H C G’ be the Cartan subgroup which is the centralizer of " in G’, and let K’
be the maximal compact subgroup of G’ which is fixed by 6. Then, by [Har56, Lemma
10], the Weyl group W(G', b’) coincides with W(K’, '), i.e. the normalizer of H" in K’
modulo the centralizer of H' in K’. Explicitly, K’ is Uy if D = R or H, and U, x U, if
D = C. Hence W(G', ') acts on b’ by permuting the J7, (39), if D = R or H, and by
separately permuting the first p and the last ¢ elements J} if D = C. Since ¢; = 1 for all
j=1,...,l'ifD=RorH,andd; =1forj=1,...,pand §; = —1for j =p+1,....,p+q
if D = C, it follows from (41) that the domain of integration 7'(h7"*) appearing in (54)
is W(G', b’)-invariant. This property will be relevant in Corollary 2 below.

The following results show that the image of F'is “large enough” when [ > [’.

Proposition 1. Suppose that | > I'. Given a W(G',§)-skew-invariant function 1y €
C2(7'(h1"9)), there is a function ¢ € S(W)S such that

Fy(y) =oly) (v e (b)) =7(h"™)).
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Proof. This is a consequence of [Bou94, Théoreme, p. 164]. We keep the notation of
[Bou94] with g’ instead of g and U = g': for j = 0, k = 1 and h; = b/, the function
belongs to D(h")°’. Hence part (ii) of the cited theorem proves that there is ¥y € JDy(g')
such that )
a\y 1 reg
o) = (T[] o2 ) Woly)  (wen™),

o)
where the product is over the positive roots of (hz, g¢) and b’ " is the set where none of
the root vanishes. Notice that 7/(h1"?) C b’ ™. Part (i) of the same theorem then shows
that there is ¢ € C2°(g') such that

Yo(y) = Cop_ g (y) v(gy) d(gH)  (yeb ™).
G/ /W

The claim then follows by the surjectivity of 7/ and (59). O

Corollary 2. Suppose that | > I'. Let ® be a W(G', b’)-invariant real-valued continuous
function on 7'(h7"%). Suppose that for every ¢ € S(W) the integral

W)= [ )R dy

converges absolutely and hence defines a linear map ® : S(W) — C. (In the integral,
the function my/;(y) is computed using the identification y = 7'(w) = 7(w) from (43).) If
® # 0, then ®F #£ 0.

Proof. Choose a W (G, i')-invariant open subset Uy of 7/(h7"*/) on which ® is non-zero and
of constant sign. Notice that 7,/ (y)Fy(y) is W(G', b’)-invariant for every ¢ € S(W); see
(A.4) for the explicit expression of /(). Choose 1y € C°(7'(ht"™)) supported in Uy,
W(G', b')-skew invariant and positive on a fundamental domain of the W (G’ h’)-action
on Uy. Let ¢ € S(W) be chosen for 1)y as in Proposition 1. Then the integral defining
®f(¢) is nonzero. O

5. Main results

Suppose an irreducible representation Il of G occurs in Howe’s correspondence. This
means that there is a subspace Hy C L?(X) on which the restriction of w coincides with

II. Since Z C G N G, then either Hy C L2(X), or Hy € L2(X)_. In the first case the

restriction of the central character i of II to Z is equal to x4 and in the second case to
X_. Thus for Z € Z and g € G,

On(29) = x+()0n(g) if Hn CL*(X):, (60)
On(zg) = x-(2)On(g) if Hn CL*(X)-.
We see from equations (17), (23), (24) and (60) that the function
G 3§ —T(3)6n(g € SW)
is constant on the fibers of the covering map (9). The following lemma is a restatement of

(18). Our main results will be the explicit expressions of the various integrals appearing
on the right-hand sides of the equations below.



16 M. MCKEE, A. PASQUALE, AND T. PRZEBINDA

Lemma 3. Let G° C G denote the connected identity component. Suppose (G,G') =
(Ug,U,y) or (Spy, 03,,). Then G = G = -G and

fuow = [ Ou@T@ ds= [ (@) do. (61)

Formula (61) holds also if (G, G") = (Og, Sp,y,,(R)) with d even and Oy supported in Go,
because G¥ = SO = —SO; = —GP. In the remaining cases

Friom = / Ou)T@)dg= |  Ou(@T() dg+ / On@)T@)dg.  (62)

G0 G\(—G)

The integrals over —GY in (61) and (62) are given in Theorems 4 and 5 below, proved
in section 10. The integrals over the other connected component, in the cases where (62)
holds, are computed in Theorems 7, 8 and 9, respectively, and proved in sections 11,
12, and 13. Theorem 6, proved in this section, will furthermore show that the second
integral on the right-hand side of (62) coincides with the first integral when (G,G’) =
(O4, Spyy (R)), where d = 21 or d = 21 + 1, provided 1 > I'.

Remark 2. Notice that, since the character O is conjugation invariant,
| en@r@e s = | en@ra )y
where ¢% is the projection of ¢ onto the space of the G-invariants in S(W),
o) = [ olgw)dy  (we W (63)

(Recall that we have normalized the Haar measure on G so that its mass is 1.)

Let

1 ifD=RorC
= 64
' {%ﬁD:H, (64
and let o di
_ 2dimg
" dim Ve’ (65)
where the subscript R indicates that we are viewing V as a vector space over R. Explicitly,
2l —1 if G = 0g,
o 2l lf G - 021_;,_1,
= itG =1, (66)
[+1 if G=Sp.
Let ) 5
6= (d —r+1) and =L (67)
L L

Fix an irreducible representation II of G that occurs in the restriction of the Weil represen-
tation w to G. Let p € ih(g)* be the Harish-Chandra parameter of IT with pq > pg > - - -.
This means that © = A+ p, where A is the highest weight of IT and p is one half times the
sum of the positive roots of (gc, hc). See Appendix H.



SYMMETRY BREAKING OPERATORS FOR DUAL PAIRS WITH ONE MEMBER COMPACT 17

Let P, and Q. be the piecewise polynomial functions defined in (D.4) and (D.5).
Define

a]:—,u]—5+1, bJ:,U/]—(S‘i‘l (68)
pi(€) = Py, (B qi(€) = B Qup, (B71E) (1< <1",6 €R),(69)

where ¢ and § are as in (67). Notice that a; and b; are integers (see Lemma 19).
Furthermore, set

KOI{I/Q lfG:OQl and)\l:m:() (7())

1 otherwise.

Theorem 4. Let [ < I'. Then there is a non-zero constant C which depends only of the
dual pair (G, G’) such that for all € S(W)

!
/ On(9)T(9)(¢)dg =C KoXn(é(O))/ (H (ps(ys) + qj(—(‘?yj)%(yj))) Fy(y) dy,
el bOr(W) \ G
(71)
where xr1 s the central character of 11 (see (60)), ¢ is a real analytic lift of the Cayley
transform (see (123)), &y is the Dirac delta at 0, and F,(y) is the image of ¢ under the
Harish-Chandra regular almost-elliptic orbital integral on W (see [MPP20, Definition 3.2]
and (55)).
The term

H pi(y5) + a;( 8yj)50(yj>) (72)

18!
(1) a function of y if and only if all the q;’s are zero, and this happens if and only if
=1 and (G7 G/) % (0217 Sp2l’ (R))J
(2) a linear combination of products of functions and Dirac delta’s at 0 in some coor-

dinates y; if and only if all the q;’s are of degree zero. This happens if and only if
either (G, G') = (Og, Spy(R)), orl' =1+ 1 and D = C or H.

In the remaining cases, (72) is a distribution, but not a measure.

Remark 3. The integration domain h N 7(W) appearing in Theorem 4 was explicitly
determined in [MPP20, Lemma 3.4]. It is equal to h if D # Cor if D = C and | <
min{p, ¢}. By (167), (168) and Appendix H, we see that a; < 0 for all 1 < j <[ when
I < I'. Hence each P, ;,(By;) vanishes for y; < 0. In cases (1) and (2) of Theorem 4
with D = R or H, we can therefore replace the domain of integration fh with the smaller

domain 7(by).

In the case [ > I', up to conjugation, there is a unique Cartan subspace hy in W. Recall
that for D = C we are supposing that p < g.
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Define sy € W (G, h(g)) by

slJ)=J; (1<j<l) ifD=RorH, (73)
Jj (1<j5<p)
so(J;)) =qJg; (+1<j<l—¢q) ifD=C. (74)
Jipr (—q+1<5<1)
Theorem 5. Letl > 1. Then
/ On(§)T(G) dg # 0 (75)
—Qo

if and only if the highest weight \ = Z;Zl A;e; of I1 is of the form

(a) M>X> 2 N >0and N =0 forl'+1<j<l iD=RorH,

(b) )\jzg‘l‘yj where
n>-21,20,=0forp+1<j<l—q,0>v_g1>--->1y ifD=C.

Suppose that (a) and (b) are satisfied. Then there is a non-zero constant C' which depends
only of the dual pair (G, G") such that for all ¢ € S(W)

l,
[ en@T@)(e)ds = Crotn(c(0)) [ (In(itn) By, (1)

/(hT'reg
where kg is as in (70) and, explicitly,
v ' :
[Tt = { o) e
j i) = :
ey (I = pi(i) (I =g Pi(yy)) D =C.
Moreover,

[ en@r@@ s =c [ et do.

where @ is the locally integrable S-invariant function on W whose restriction to by 7 is
a non-zero constant multiple of

l,
ZS/EW(G’J}’) Sgng//h/ (S/) szl Paso,j,bso,jvz(gj (/B(S/y).?> 6_5 Zél:l ij\
7g/5(Y)

(y; = J]’-*y, y=rT1(w)=7(w),we b)) . (77)
In (77), u is the Harish-Chandra parameter of 11,
asj=—(sp); —0+1,  byy=(sp);—06+1 (seW(GHbh), 1<j<I), (78)

P,y 1o is the polynomial defined in (D.1) or (D.2), and the §;’s are as in (37). (See (43)
for the identifications y = 7(w) = 7'(w) in (77) .) The fraction in (77) is the pullback by
7" of a G'-invariant polynomial on ¢'. The exponential in (77) extends to a GG'-invariant
function. It is a Gaussian on W if and only if G' is compact.
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Remark 4. Recall from Remark 1 that the domain of integration 7/(h;"*) appearing in
Theorem 5 is W(G', h’)-invariant.

Remark 5. Let Il be a genuine irreducible representation of G of highest weight A.
Conditions (a) and (b) in Theorem 5 are precisely those ensuring that II occurs in Howe’s
correspondence. See [Prz96, Appendix| and Corollary 11 below.

Before considering the integrals over G \ (—G°) in the cases where (62) holds, let
us introduce some notation concerning the irreducible representations of the orthogonal
groups.

Suppose that G = O4. Then, for each highest weight A of an irreducible representation
of GY there are one or two unitary genuine representations of G having highest weight \.
There are two if and only if either d = 2l and \; = 0, or d = 2l + 1. See e.g. [GWIS,
§5.5.5]. Let II, 4 and II, _ be these representations. Set

©(9)
X+(9) = 5=
’ ©(9)]
where © is defined in (16). Then x is a character of G. Notice that (79) is an extension
of (23) from Z to G. Let X = My, (R) denote the space of d x I’ matrices with real
coefficients. Then, in the Schrodinger model for the Weil representation w, for which the
space of smooth vectors is S(X),

(g € Od) ) (79)

weXT (@f (@) =flg7x)  (9€G, feSX), zeX). (80)
Hence w ® x4 descends to a representation wy of G given by
wo(9)f(x) = flg7'z) (g€ G, feS(X), zeX). (81)

Theorem 6. Suppose that | > I'. Let II be an irreducible representation of Oy occuTring
in the restriction of the Weil representation to Og. If d = 21, then \; = 0. In both cases
d =2l ord=2l+1, the second irreducible genuine representation of Oy having the same
highest weight as 11 does not occur in the restriction of the Weil representation to Oy.
Moreover,

[enaraig=2 | en@r@ds=2[ en@r@a. (=)
In particular,
Lo 600G = [ 6u(a7(5)do (53)

_@o
The integral on the very right-hand side of (82) was computed in Theorem 5.

Proof. Let X\ be the highest weight of II. Suppose first that d = 2[. The assumption that
the representation Il occurs in the Weil representation means that, up to multiplication
by a character, it occur in the I’ fold tensor product of the defining representation C%.
Hence the highest weight of II is equal to I’e; minus a sum of positive roots. Since [ > ',
a straightforward argument shows that A\; = 0. Therefore II is one of the two inequivalent
irreducible representations of Og having highest weight .
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From now on, let d = 2l or 2] + 1. Keeping the notation introduced before (79), we
prove that only one of the representations IIy ; and II, _ (i.e. II) can occur in the Weil
representation.

Suppose on the contrary that they both occur. Then II, + ® Xjrl descends to a repre-
sentation (I1) + ® x;')|q of G occurring in wy. By (81),

M+ @ xla(9)f(x) = flg7'2)  (9€G, feS(X), zeX). (84)

Let II, ¢ denote the irreducible representation of G® of highest weight A\. As one can see
from [GW98, §5.5.5],

if (I 4+ ® x7")|a = Mo, then (T, ~ ® x71)|a = Iy ® det. (85)

Hence IT o ® Iy o ® det occurs in wy ® wp, acting on S(X @ X). Recall that II o = 11 ,
is self-contragredient. Since IIf ; ® II) ¢ contains the trivial representation, we conclude
that det occurs in wy ® wy. Observe that wy ® wy acts on S(X @ X) by

wo @wo(g)f(x) = flg7'x)  (9eG, feSX®X), zeX).

It is therefore the “representation wy” corresponding to a dual pair (Og4, Sp,;). By Propo-
sition F.1, it follows that d < 2', contrary to our assumption.

The above shows that the second representation of O, which has the same restriction
as II to G® = SOy, does not occur. Hence the H|§6d—isotypic component of w coincides
with the Il-isotypic component of w. Therefore

| en@r@ds=2 | 6n@)71()ds

G G

(The fvactor 2 is a consequence of the normalization of the measures.) In particular,
fG\GO On(g)T(9) dg = [0 ©Ou(g)T(g)dg. If G = Oy, then G° = —G° and if G = Oy,
then G \ G° = —G°. This explains the second equality in (82). O

Remark 6. It should be pointed out that the proof of Theorem 6 does not use the known
classification of the highest weights of the genuine irreducible representations occurring
in Howe’s correspondence.

Consider now the case (G, G’) = (O, Spy(R)) and the character O not supported on

the preimage GO of the connected identity component G° C G.
Suppose that [ <" and [ # 1. Then the graded vector space (35) is equal to

Vv=VlaoVeVae - -aV.
Recall from (36) that in each V% we selected an orthonormal basis v, vj. For convenience,

we introduce the index j in the notation and we write vy;_1 = vy and vy; = vy, for
1 <75 <1 Then vy, vg,..., vy is an orthonormal basis of Vg and

Jjvgj_1 = —v9j, JjV2j = Ugjq (1<5<).
In terms of the dual basis (47) of b, the positive roots are
e; tep 1<j<k<l.
Define an element s € G by

SU1 = V1, SUs = Vg, ..., SUg_1 = Ug_1, SUy = —Uy . (86)
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Then G = G° U G is the disjoint union of two connected components. Set
Vo, =Vs@®VEd - @&V @ Ruy, and V,=Vg, & Vy.

The dual pair corresponding to (Vg,, V1) is (G, G) = (Og—1,Spy/(R)) acting on the
symplectic space W, = Hom(Vy,Vg,). Since Vg = V5, @ Ruy_1, we have two natural
maps

x : {endomorphisms of Vg preserving V5, and Rvy_;} — {endomorphisms of Vg .},

" : {endomorphisms of Vg,} — {endomorphisms of Vg preserving Vg, and Rvy_1}
defined by

kla) =alvy, and  &TH(D) = b X idmy,_, - (87)

If we identify a with its (2[) x (2[)-matrix with respect to the basis {v;}1<;< of Vg, then
x removes the (21 — 1) row and column of a.
Let b, = Zé;ll RJ; be the centralizer of s in h. Denote by

A= )\161 + )\262 + -+ )\1_161_1 (88)

the highest weight of II. (Here A\; = 0 because the character Op is not supported on 66)
See [GW09, p. 277] and [Wen01, Theorem 2.6].
Let HY C H be the identity connected component of the centralizer of s. The map
k:H UHYs — Gy, (89)

is a bijection onto the Cartan subgroup of G,. Notice that x : H — x(H?) is an isomor-
phism. Moreover,

k(hs) = k(h)k(s) (h e HY). (90)
Let g, be the Lie algebra of G,. Then x(h) is a Cartan subalgebra of g;.
Let o be the spin representation of the spin double cover Spin,,_; of G? = SO(2l — 1).

Given a representation II of 6}, of highest weight A, then
=
A8:A+§;ej (91)

is the highest weight of an irreducible representation II,, of Spiny;_;. The function
—k(HY) 3 hy — O, goe(k(s)h1)
is W(GY, k(b)) invariant. Hence there a G%conjugation invariant function @y such that
Ori(h1) = Om, o (k(s)l) (B € —x(HY)).

Theorem 7. Let (G, G) = (O, Spyy (R)). Assume that the character O is not supported
on GY. Suppose that | <1 and 1l # 1. Then for all ¢ € S(W)

n@T@)@) g =) [ En@)T.@)(6 ) dg. (92)
GOs -GY

where C(I1) is a constant equal to £1 and Ty is the map T, see (14), corresponding to

the symplectic space Wy. Once the function ®r is decomposed as a linear combination

of irreducible characters and Theorem 4 is applied to each summand, one obtains explicit

formulas for (92).
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Theorem 7 excludes the dual pairs (G, G’) = (O, Spy, (R)) because its proof relies on an
analogue of the Weyl’s character formula for G \ G° proved by [Wen01] for nonconnected
compact semisimple Lie groups. These excluded cases will be treated in section 6.

Now we consider the case (G,G’) = (Og41, Spyy (R)) with 1 <1 <I’. Recall from (35)
the graded vector space V. In the case we consider, dim Vg =1, dim V% =2(I" = 1) and
for 1 < j <1, dimVJ = dimV’ = 2. Let

W, = Hom(Vy, Vi @ -~ @ VL) and W, = Hom(Vy,VY).

Then

W=W, oW (93)
is a direct sum orthogonal decomposition. Let Gy C G be the subgroup acting trivially
on the space Vg. Then the Lie algebra g, of g embeds as those elements acting as zero on
V0. Let G, = G'. Then the dual pair corresponding to Wy is (G, G) = (Oa1, Spay (R))
and dual pair corresponding to W is (Oy,Spy,(R)). If H is a Cartan subgroup of G,
then H® = H? is a Cartan subgroup of G,, and the Lie algebras g and g, share the same
Cartan subalgebra h = bh,.

Theorem 8. Let (G,G') = (Ogpy1, Spoy (R)) with 1 < 1 <1'. Then for all ¢ € S(W)
[ en@r@w o= [ 6u(ader(1— 9@ 0 . ds. (949

where Ty is the operator T, see (14), corresponding to the symplectic space Wy. In fact,
there is a nonzero constant C' such that

l
[ en@r@wdg=c [ T )+ (-0)00) By, (99
where pj, q; are defined as in (69). In particular,
., 6n@T @) ds = Coxnte(0) | On(a)7(G)do, (96)
where Cy is a nonzero constant which depends only on the pair (G,G').

Remark 7. As in Theorem 4, the term

H p] y] +QJ ayj)50(?/j))
j=1

is a function of y (i.e. all the ¢;’s are zero) if and only if I = I’. In the remaining cases, it
is a distribution, but not a measure. Furthermore, if [ = I’, we can replace the domain of
integration b with the smaller domain 7(bhy).

Remark 8. The term det(1 — g) appearing in (94) admits a representation theoretical
interpretation. Indeed, let o be the spin representation of the spin cover of G? Then
the tensor product o ® ¢° is a representation of G? and, by [Lit06, Ch. XI, IIL., p. 254]

Oowoe(9) = [0(g)]* = det(1+g) (g€ GY). (97)
So det(1 — g) = O (—9g).
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Remark 9. The pair (Oy, Spy, (R)) was studied in detail in section 2.

Suppose [ > I'. Theorem 6 reduces the computation of fG On(9)T(j) dg to that of
I o On(§)T(§) dg, done in Theorem 5. One could still try to compute the integral on
G\ —GO directly using the methods developed in this paper (Weyl’s integrations on g and
W). We will do it for Ogq in Theorem 9 below. Nevertheless, the result is less precise
than the one obtained in Theorem 6 since we are only able to obtain that the integral
over G\ —GY is a nonzero constant multiple of the one over —G°, but determining the
constant is a serious issue even in the much easier situation of (U;, Uy); see [MPP23a]. An
additional result of Theorem 6 below is that formula (94), proved for the pair (G, G’) =
(O241,Spyy(R)) with 1 < [ < I’, holds for [ > [’ as well. This formula is needed in
[IMPP23b].

To consider the case (G,G’) = (Og41, Spyy(R)) with I > I, recall the graded vector
space V, (35) and (44),

Vv=\V'aVig. . eV,
where, as in (45),

0,0 0,0\t
Vg = Vi @ (Va )
Ve = 0,
with dim V2” = 1 and dim (V2°)" = 2(1 — I'). Let

W, =Hom(Vi@--- @ V!, (V)" aVie---oVl), W= Hom(Vy, Vo).
Then
W=W, oW, (98)
is a direct sum orthogonal decomposition. Let Gy C G be the subgroup acting trivially
on the space Vg’o and let G, = G’. The dual pair corresponding to Wy is (Gs, G)) =
(Og, Spyy (R)) and dual pair corresponding to Wi is (O1, Spyy, (R)).

Theorem 9. Let (G, G') = (Og 1, Spyy (R)) with I > 1I'. Then
| en@r)dg #0 (99)
Go

if and only if the highest weight \ = Zé.:l Aje; of I1 satisfies condition (a) of Theorem 5
for D = R. Suppose that this condition is satisfied. Then there is a non-zero constant C'
which depends only of the dual pair (G, G’) such that for all p € S(W)

/ On(3)T(5)(6) dg = / On(g) det(1 — 9)To(3)(¢Clw.) dg (100)

/ — (HPJ Yj )F¢ (101)

Theorems 6 and 8 prove, in particular, that the integrals of O ()T(g) over G° and
over G\ G are nonzero multiples of each other when either [ > I’ or G = Oy, and
1 <1 <UI'. The formula from Theorem 7 does not allow us to compare the integrals of
On(9)T(g) over G° and over G\ GO if G = Oy and | < I’ Still, the fact that the two
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integrals are either both zero or both nonzero can be directly inferred from the properties
of the distribution 7" with respect to the twisted convolution, as shown in the following
proposition.

Proposition 10. Let G = Oy and let I1 be a genuine irreducible representation ofé. Then

On(@)T (@) dg £ 0 if and only if / On@T@ds A0, (02)

Qo
Proof. For every g € —G° there is e, € {(1,£1)} such that —g = e,(—1)g. Hence

On((=1)9)T((~1)9) = On(,(—9)T(2y(=9)) = Xu(eg)Xur(e4)On(=9)T(~9)

because II is genuine. Notice that T'((—=1)g) = T((—1))47(§), where § denotes the twisted
convolution (see e.g. [How80]). Hence, by replacing g with —g in the integral,

[ @@ ds= | n(LHT(1)7)d
—Go Go
— (1)t (xn(@(0)) / On(@1(3) dg).

The result follows because the map T'(—1)f- is a bijection of &'(W) onto itself. In fact,
by (20) and since 1 dim W = (20 + 1),

(T(=1)5-)" = T((=1)*) = ()" T((1, 1)z = (=1)"do b = (=)' idsrw)

where ids/(w) is the identity operator on S'(W). O

Remark 10. Comparing (96) and (102) and using the fact that (T(:vl)h)2 = (—l)l/idsf(w),
we see that the constant Cj in (96) satisfies C2 = (—1)".

As a byproduct of our calculations of the intertwining distributions, we obtain the list
of highest weights of the genuine irreducible representations Il of G that occur in Howe’s
correspondence when [ > [’. This list was first determined (without any restrictions on
the ranks [ and !') in [KV78]. As it will be seen in the proof of Theorems 5 and 9, our
list is obtained by comparing the support of the function Hé.lzl p;(y;) and the domain of
integration, 7/(h1"’). Unfortunately, this method is not refined enough to give the result
when [ <[’

Corollary 11. Suppose that | > I'. A genuine representation 11 € G” occurs in Howe’s
correspondence if and only if its highest weight satisfies conditions (a) or (b) of Theorem
5.

Proof. Our computations of the intertwining distribution [ Ou(9)7T(3) dg can be applied

to any genuine irreducible representation IT € G (not necessarily occurring in Howe’s
correspondence). This distribution is nonzero if and only if w|g has a nonzero II-
isotypic component. This is equivalent to the fact that there is a unitary highest weight
representation II' of G’ such that II ® II' occurs in w|gg. The nonvanishing of the
intertwining distributions leads to conditions (a) or (b) of Theorem 5 when G = U
or Sp;. In the case of orthogonal groups, we can further use Theorem 6 and conclude
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that the nonvanishing of the intertwining distributions is equivalent to the nonvanishing

of the integral of Op(7)T(g) over —G°. The claim then follows again from Theorem 5.
UJ

A more refined analysis of the intertwining distribution still allows us to recover the
necessary condition for a representation IT € G” to occur in Howe’s correspondence when
(G,G) = (U, U,,) and p = min{p,q} < <!’ = p+ q. We shall prove the following
corollary in section 14.

Corollary 12. Suppose that D = C and p = min{p,q} <1 <U'=p+q. Let 1l € G” be a
genuine irreducible representation of highest weight X. If either g1 > 52 or Ni_, < 552,
then Il does not occur in Howe’s correspondence.

We conclude this section with a result on the non-differential operator nature of the
symmetry breaking operators in Homgg (He, HY @ HP).

Corollary 13. Let (G,G’) be a real reductive dual pair with one member compact. Then
the essentially unique non-zero symmetry breaking operator in

Homgg (', Hiy ® Hiv)
1s not a differential operator.

Proof. We are going to show that (Op o K)(frem) is not a differential operator.

Let f € §'(W) and recall the definition of I(f) in (12). According to [H6r83, Theorems
5.2.1 (the Schwartz kernel theorem) and 5.2.3], the continuous linear map Op o K(f) is
a distribution-valued differential operator if and only if K(f) € &'(X x X) is supported
by the diagonal A = {(z,z); = € X}. This implies that f is supported in Y. Indeed,
given p € S(X x X), let ¢ € S(X x X) be defined by ¢(z,2’') = ¢(x — 2’,z + ') for all
xz, 2" € X. Furthermore, let ¢(-,*) € S(X x Y) denote the partial Fourier transform of ¢
with respect to its second variable, defined by

v i) = [ xGun)ehd (o eXxY),

Then
suppp NA =0 if and only if suppy(-,))N ({0} xY)=0.
Since KC(f)(¢) = f((-,7)) by (12), we obtain the claim.

Notice that this cannot happen in our case. Indeed, the support of frem is GG'-
invariant. Since the pair is of type I, GG’ acts irreducibly on W. Therefore the inclusion
supp frnemnr € Y would imply supp frngm = {0}. This would mean that the wavefront set
of IT" is 0, i.e. II' is finite dimensional. By classification, see e.g. [Prz96, Appendix] all
highest weight representations occurring in Howe’s correspondence are infinite dimensional
unless G’ = Uy, which is compact. In this case, the intertwining distribution is a smooth
function; see [MPP23al. In particular, its support is not 0. Hence the intertwining
operator is not a differential operator. ([l

6. The pair (Oa, Spy, (R))

We consider here the case (G, G’) = (Og, Spyy(R)). By (E.6) and Proposition E.1, we
can identify

Oy = {(g;¢) € O3 x C*;¢* = det g}
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and the det'/?-covering N (g () = g € Oy does not split. Let II € O, occur in Howe's
correspondence and let x : O, — C* be the character of O, defined by (79).
Since II is genuine, there is ITy € O, such that Iy(g) = (I ® x5 (G). Accordingly,

On(g)w(g) dg = O, (9)wo(g) dg,

Oz 02
where wy is as in (81).
Observe that the image under the metaplectic cover of supp(©rp) is equal to supp(@no)

Since SOy — SO, splits by (E.10), we conclude that Oy is supported on GO = SO, if and
only if Oy, is supported on SOs.

Proposition 14. Let (G,G’) = (Og,Spyy(R)) and let 11 be a genuine zrreduczble represen-
tation ofG with character O not supported on GO. Then either T = X+ ,orll= det is

the character of G such that (det ® X:1)(§) = det(g) for all § € G.
If 11 = x{', then

/O V{@T@) dg =2 / Y @) dg. (103)

SO,
which is computed by Theorem 4; see also subsection 6.1 when I'=1.
Suppose 11 = det. Then det does not occur in Howe correspondence if I' = 1 and hence

@det( )T(g)dg =0

O2

for (Og,Spy(R)). Let I" > 1. Decompose W = My oy (R) as W = Wy & Wy, where W,
s subspace of the w € W for which all coefficients of the second row are 0 and Wy is
subsapce of the w € W for which all coefficients of the first row are 0. Then

0= [@)T)(@) dg = / V@T@)(0)dg — nol6) (e SW)),  (104)

Oz SOZ

0

00 ...
10 ... 0

where O is the Oy X Spy, (R)-orbit of ng = ) € W and po € S'(W) is the

wnvariant measure on O defined by

o) = 20m W2 /W [ olgu) dy () (0 € SOW). (105)

The integral over SOy is computed by Theorem 4.

Proof. For n € Z, let p, be the character of SO, defined by

cosf  sinf g
p”((—sine cosﬁ))_e ‘

Up to equivalence, the irreducible representations of O are of the form Iy ,, = Ind%2 (pn)
with n > 0, together with the trivial representation triv and det. (Moreover, Il ,, ~ I _,,

and Ilpp = 1 @ det.) Hence Op, does not have support contained in SO, if and only if
IIy|so, = 1. Hence the only possible cases are triv and det.
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Suppose first that Iy = triv, i.e. II = yx,. Since (Oriv + Odet)|0,\80, = 0 and
Otriv|s0, = Odet|so, = 1, we conclude that

/ Ouse(9)0(g) dg = / (O + Ouce) (9)(g) dg = / (Ours + Oue) (9)0(9) dg
Os Oo SO2

=9 /802 Ouiv(g)wo(g) dg= 2 /302 X:rl(g)w@) dg .

Thus
/ N @)T(@) dg =2 /S @@ do.

which proves (103).
Let now IIy = det. If I’ = 1, then det does not occur in wp|o,; see Proposition F.1. So,

Odet(9)wo(g) dg =0
O2

for (Og, Spy(R)).
Suppose then I’ > 1. Then

O (@)T(9) = Oz (@)x+ (X7 (DT(F) = Ogep 1 (9XT (9)T(9) = det(9) X7 (9)T(9) -
Hence

é@@ﬂmwzf

[ @T@ de- / Yi{@)T(@) dg.

(SO2)s
cos(t)  sin(t)
—sin(t) cos(t)

O2

We now compute the integral over (SOy)s. Let g, = < ) € SO,. Then

9:Sg—t = gs. If f is any function on SO, then
[ tda= [ Hashda= | fopsg-ge)da
(SOQ)S SOQ SOQ

=2 f(gi89-1) dg, = 2 f(g-tsg:) dge .
SO2 SO2

Applying this to SOy 3 g — x3'(9)T(9) € S'(R), we get

—~—

/ I @TG) dg =2 / i (g 1s9)T(g-159) dg.. (106)
(SO2)s SO,

Decompose W = My oy(R) as in the statement of the theorem and let g € Oy. Then
W = g7'W; @& g7'W, is an orthogonal decomposition such that g~'sg preserves both
g 'W; and g~'W,. Notice that

97'5g]g- 1w, = 11w, because slw, =1,

97'59]g- 1w, = —14-1w, because slw, = —1.

By Lemma G.1,

_ N /S~ /Y~

Xi (97 s9) Tw (g sg) = x5 (Lg-rw) Tw(lg-1w,) © X7 (—1g-1wy) Tw(—1g-1w,) ,  (107)
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independently of the choices of the preimages of g~ sg, lg-1w, and —1 -1y, in g\f)(W),
Sp( ~1W,) and Sp(g~'W,). We can therefore fix 1 ~1w, to be the identity element of
Sp(g~'W,), which gives x5 (1,-1w,) = 1. Hence

X5 (Lgmrw,) T (Lg-1w,) = do 1w, -
where 0y ,-1w, indicates Dirac’s delta at 0 in the space g Wi,

By [AP14, Definition 4.16 and Remark 4.5], ©2%,(—1) = (=2i)%™W_ Hence |Ow(—1)| =
2dimW/2 5nly depends on the dimension of W. In particular,

[Og-1ws (—1)| = [Ow, (—1)] = 20 W=/2.

So

X;l(_lgflvvé)TW(_]_gleQ) |@ 1W2( )|Mg 1W2 — 2d1mW2/2

Thus (107) becomes

X5 (g7 s9) Tw (g7 sg) = 27 W2260 g w, @ pgrw, - (108)
By (106), for all ¢ € S(W),

/ X;l(g)T(§> (¢) dg 21+dimW2/2/ (605] Wy ® Mg- 1W2)(¢) dg
(SO2)s

21+d1mW2/2/ / d,Ug 1W2(w) dg
SOz Jg=1Wo
_ 21+d1mW2/2/ gb(gZU) dg d,UW2 (w)

Wa O2

Notice that, since sw = —w for w € Wy,

/ o(gw) dg dyoy, (w / O(—gw) dg dyow, (1)
Ws J SO Wz JSO2

Hg=1w, -

= / ¢(gsw) dg dpw, (w)
Wsa JSOs9

= / / ¢(gw) dg dpw, (w) .
Ws J(S02)s

/(SO @) g = polo) (9 € SW)),

where po is as in (105).
It remains to show that pe is a Oy X Spy, (R)-invariant measure on the orbit O. Notice
first that W5\ {0} = Spy, (R).ng. Indeed, ny € Wy and Sp,, (R) preserves Wy. Conversely,

let wy = <2 0) € Wy \ {0}, where u,v € My 1(R). Since J = ((3, ]g)/> € Spyy(R) and

In conclusion,

weJ = ( 0 2), we can suppose that u # 0. If @ € GLy(R) has u as its first row

—v
and b is a symmetric matrix having v as its first row, then <g (at[;_1> € Spyy(R) and
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ng (g (atb)_l) = wy. It follows from this that {gws; g € Oz, ws € Wy} = O U {0}. The

right-hand side of (105) is clearly Os-invariant, and we see that it is Sp,, (R)-invariant by
linear changes of variables in the integral over Wy because the elements of Sp,, (R) have
determinant 1. O

6.1. The case (G,G’) = (02, Sp,y(R) = SLy(R)). In this case, H = SO and g = h = RJ,
where J; =R (_01 é) Moreover, 7(hy) = R*J; and hN7(W) = h. The Harish-Chandra

parameter of II € 6@ (which coincides with its highest weight since p = 0) is of the form
per, where > 0 is an integer. Hence, in the notation of Theorem 4, a = —b = —p and
£ =2m.

If ¢ =0, then P_,, = 0. If 4 > 0, then the function P_, , is supported in [0, 400)
and, by (D.4) and Remark 13,

pn—1
—4m
Py (2myr) = 2(=1)" 'Ly (4 ) = 2(=1)*7 12( A ) h,yl) . (109)
=0

where L), is a Laguerre polynomial. Moreover, by (D.5), Q_, ,(y) = 27(—=1)* for all
p = 0.

Suppose first ¢ > 0. Then, by Lemma 3, Theorem 4 and Remark ?7?, for every ¢ €
S(W),

fh®n%¢)=(/‘ On(@)T(3)(6) dg

SO2

+oo
:27TC'(—1)”/ P_M7M72(27Ty1)e_2”y1F¢(y1Jl) dy1—|—0/50( VF(y) dy,
0
(110)

where C' is the constant appearing in Theorem 4. To make formula (110) explicit, we
need to calculate terms involving F'(y), the Harish-Chandra regular almost-elliptic orbital
integral on W.

By [MPP20, Definition 3.1, (39) and (27)] and (I.2) with Z’ = H’, there are constants
Cy; and Cy_such that, for all y = y1J1 = 7(w) € 7(hy),

Fy(y) :ChTWg’/h’(y/)/ ¢(s.w) d(sSq) = Cf g sy () U(g'y)d(g'H') - (111)

S/s'T G/
where 3/ = y.J] = i <_01 (1)) = 7/(w), and ¢ = 7/(¢%) € S(g'). The right-hand side of

(111) is Harish-Chandra’s orbital integral for the orbit G".y/.
Notice that, for G = Oy and [ = 1 <!, the extension of F'(y) from y € h™ = 7(hy) to
—7(hy) is even in y; see [MPP20, Theorem 3.6]. Hence,

/M)()@—MMWEMM) (6 € S(W)).
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Write x € ¢ as

1 0 0 1 x To +
r = (O _1) + o (1 O) —|—SL’3J{ = <LL’2 —15173 2_:(:1 3) = A(:L’l,l’g,l’;;),

where (1, 7o, 73) € R3. Then the map A : R® — ¢’ is a linear isomorphism. It transfers
the adjoint action of G’ on g’ to the natural action on R® by SO(2,1)?, the identity
component of SO(2, 1), i.e. the group of isometries of 23 + x3 — 22 = — det(A(x1, 72, 73))
preserving the positive light cone

X = {(z1, 29, 23) € R} 27 + 23 = 23, 23 > 0}.
See [HT92, Chapter IV, §5.1]. Under the map A, the orbit G".¢/ with ' = y,J] and y; > 0
is the image of the hyperboloid’s upper sheet

Oy_1 = {(1'1,1’2,1’3) € Rg,l’% +ZI§'§ - Zlﬁ'% = —y%,l’g > O} .

Under A, the positive light cone X% corresponds to the G'-orbit of zy = (8 (1)) More-

1 t) ;tER}. As the

0 1
geometry suggests, for suitable normalizations of the SO(2, 1)°-invariant orbital measures,

limy1_>0+ / fduogl = / fdMXo+ (f S S(R?’)) .
0y, xo+

over G'.xp ~ G'/MN, where M = {£1} and N = exp(Rz() = { (

Thus, for a suitable positive constant C{]’T

/6o(y)F¢(y) dy = C{]’T/ U(g'w0) d(gMN) (¢ € S(W), v € S(g'), o7 = ¢%).
h G (112)
Suppose now that u = 0. By Remark ??, Il = v~ where v((g,&)) = det(g)"/? for all

7= (g,€) € Os. Moreover, for all ¢ € S(W),
frsorlo) =2 [ v@T@ @) dg=2 [

SOQ SOQ

V()T (G)(8) dg = 2C /h 50 (y) Foly) dy,

where C' is the constant appearing in Theorem 4 and the last integral is computed in
(112).

7. Another example: (G,G’) = (U;,U,,) and Il = triv

Let (G,G’) = (U;,U,,). Hence I’ = 2p. Consider the trivial representation triv of U;.
In the Schrédinger model, with a polarization W = X @ Y preserved by G, we have

w(@o(r) = x+(@vige) (GG veSX), zeX) (113)

where 4 : évp(W) — Uy is a function whose restriction to G is a character. See [AP14,

Proposition 4.28]. Let triv denote this restriction. Then triv is the lift to U, of triv that
occurs in Howe’s correspondence. Moreover, (113) implies that

W(éﬁ)v(x) = /Gv(g_lx) dg (veSKX), zeX).
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— ~ — —

Let triv be the representation of U, , which corresponds to triv. If [ = 1, then triv is a
minimal representation of U, ,, called the Wallach representation.

Iia this section we are computing f— el which is the Weyl symbol of the operator
w(O). As in our main theorems, we distinguish the cases { <" and [ > I’. Notice first

that the parameters appearing in (67) are

1—1 141 —1

:2 pu—
6] T and 0=p+ 5 5

Moreover, p = 22:1 (lTl —j)e;j for G =1,

7.0.1. The case [ < I'. The parameters (68) corresponding to I = triv are

/4 !
aj:—§+j and bj:_§+l+1_j7 (114>

where 1 < j <. Observe that the a;’s and the b;’s describe the same set
{=U')2+1,...,=U/)241—1,-1')2+1}

and b41_; = a; for all 1 < j <. Hence, by (D.6),

PalJrlfj?lerl*j (6) = ijvaj (6) = Pajvbj(_ ) ) (115)
Qal+1—jvbl+1—j (6) = ij,aj (6) = Qaj7bj(_ ) . (116)

Since a; = bj11—; <0 for all 1 < j < min{l,!'/2}, by (D.3),
Paj,bj,_2(§) = Pal+1—j7bl+1—jy2(€) =0 (1 <J< min{l> l,/2}) . (117)

In particular, a; < 0 for all j (and hence b; < 0 for all j) if and only if [ < I'/2.
Furthermore, a;+b; = [ —1'+1, which is independent of j, is > 1 if and only if [ =" = 2p.
As a consequence,

l/
Pyp, =0forall1<j <[ ifandonlyif [< >

Qa;p, 70 forall1 <j <1 ifl <l
Qa;p, =0forall 1 <j <1l ifl=1=2p,.

We now examine more precisely the formula for f— oy When [ < I'/2. This is the
stable range case. As remarked above, P, ;,, = 0 for all 1 < j <[, whereas

Qa,w, () = 2m(1+y;) "% (1 — y;) 7",

Hence p; = 0 for all 1 < 5 <, whereas

0(=0,,)" = 4;(,,) = <1+i0 )%—J(l_ia )%—(l—j+1)’

o Y o Y
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where * denotes the formal adjoint. Theorem 4 yields for ¢ € S(W)

o) = / O (@ T(@) () dg
= C/h“_i[%(—ayj)%(yj)}&(y)dy
= c[(f[qj<ayj>)F¢}<o>, (118)

where C' is a nonzero constant. Hence f—
W tr1V®tr1V

Another case where the formula for f—- ot simplifies is when [ = ' = 2p because

Qa;p; = 0 for all j. Since a; = bypy1—; < 0 for 1 < 5 < p, we have

Py (€) = 2Py, 5, 2(E)Ip+ (§) 1< 5 <p,
aj7bj Qﬁpaj,bj,—2(£)I[Rf (5) 1fp -+ 1 S ,] S 2p

In particular, in this case, we can replace in (71) the domain of integration h N 7(W)
with 7(h1), where by is the unique Cartan subspace of W and 7(h1) determined by the
condition that the first p values 0, in (37) are equal to 1 and the last p are equal to —1.
The explicit expression for f— — can be easily computed using (71), (D.1) and (D.2).

trivtriv

For instance, if p =1, i.e. (G,G') = (U, Uy ), then

[ (¢ / / T E (g1, ) dyndys (¢ € S(W)),

where C' is a nonzero constant.

» has support inside the nilpotent cone in

7.0.2. The case | > [I'. In this case, Qq4,, = 0 for all j and, according to Theorem 5,
the distribution f~ » is the locally mtegrable U; x U, ,-invariant function on W Whose

restriction to b is equal to the function given by (77). The Weyl group W (U, ,, ')
acts on b’ by permuting the first p coordinates and the last p coordinates (see Remark
1). The parameter a,; and b, ; appearing in (77) are therefore obtained by separately
permuting the first p = I’/2 and the last p terms appearing in (114), but the index j now
ranges between 1 and [’. Notice that
a; <0 ifandonlyif 1<j<b,
b; <0 ifandonlyif! <3 —landi+1-L <j<V.
In particular, since [ > [, for each j, at most one between a; and b; can be < 0. Moreover,
there is at least one index j for which both a; and b; are positive, namely j = g + 1.
When G = Uy (and hence I’ = 2), then W (U 1, ') is trivial, sp = 1 and (77) simplifies
to a nonzero constant multiple of
Pal761,2(27Ty1)PU«27b27—2(27Ty2)6—27T(y1—y2)
(Y2 — y1)(y1y2)' 2

where a;, b; are as in (114) and the denominator is the root product (A.4).

(y =7'(w),w € b"7),
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8. The integral over —G° as an integral over g
Let sp(W) be the Lie algebra of Sp(W). Set

sp(W)¢ = {x € sp(W); = — 1 is invertible} , (119)
Sp(W)¢ ={g € Sp(W); g — 1 is invertible} . (120)
The Cayley transform ¢ : sp(W)° — Sp(W)¢ is the bijective rational map defined by

c(z) = (x+1)(x —1)7L Tts inverse ¢! : Sp(W)¢ — sp(W)€ is given by the same formula,
cg)=(g+1)(g—1~"

Since all eigenvalues of x € g C End(W) are purely imaginary, = — 1 is invertible.
Therefore g C sp(W)¢. Moreover, ¢(g) C G. Since the map ¢ is continuous, the range
c(g) is connected. Also, —1 = ¢(0) is in ¢(g). Furthermore, for x € g,

cx)—l=@+De-1)"—(@-D@-1)"=2w-1)"
is invertible. Hence ¢(g) € GNSp(W)¢. This is an equality since ¢(c(y)) = y and ¢(G) C g.
Thus
c(g) ={g € G; det(g —1) # 0}

This is an open dense subset of G if G = U, or G = Sp,. If G = Oy, then ¢(g) is dense in
SOy;. Therefore, if G # Og41, then G® = —G°. Hence

/ T(5)On(3) dg = / T(5)0(3) dg (121)
-Go c(g)

If G = Og41, then ¢(g) is dense in the connected component of —1, which coincides with
—S0Og9;41. Therefore

L r@eu@ds= [ 1G)6u@ds, (122)
—e(g
and
| r@6n@ds= [ T5)6n(a)ds.
-Go c(g)
Let
iig—G (123)
be a real analytic lift of c. Set ¢_(z) = ¢(x)é(0)~. Then ¢_(0) is the identity of the group
Sp(W).
By (14), we have
T(&(x)) = O(e(x)) Xa prw - (124)

Therefore, for a suitable normalization of the Lebesgue measure on g,

/ On(9)T(9) dg = / On(c(x)) O(e(x)) Jg (%) Xo pw det, (125)
—@qo

g
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where j,(z) is the Jacobian of the map ¢ : g — c(g) (see Appendix B for its explicit
expression). Also, since ¢(0) is in the center of the metaplectic group,

On(3)T(3) dg = ¥n (& / On(c(2) OE()) jo(x) Xe v dz,  (126)

el
where xp is the central character of II; see (60). In the rest of this paper we shall write
dw = dpw(w), when convenient.

9. The invariant integral over g as an integral over §

We now apply the Weyl integration formula to reduce the integral on g in (126) to an
integral on a Cartan subalgebra of g. In section 3, this Cartan subalgebra was denoted
by h(g), see (46). To make our notation lighter, in this section we will write b instead of
H(g). Let H C G be the corresponding Cartan subgroup. Fix a system of positive roots
of (gc, hc). For any positive root a let gco C ge be the corresponding ad(he)-eigenspace
and let X, € gc be a non-zero vector. Then there is a character (group homomorphism)
¢o  H— C* such that

Ad(R) X, = &a() Xy (h € H).
The derivative of &, at the identity coincides with «. Let p € b denote one half times
the sum of all the positive roots. Then in all cases except when G = Og,1 or G = U,
with [ even, there is a character §, : H — C* whose derivative at the identity is equal to
p, see [GW09, (2.21) and p. 145]. When G = Oy or G = U; with [ even, the character
&, exists as a map defined on a non-trivial double cover

Hoh—heH. (127)
of H. In particular the Weyl denominator

A(h) = &(h) [T(1 = &-alh) (128)

a>0

is defined for h € Hor h € H according to the cases described above. The sign represen-
tation sgn, of the Weyl group W(G, b) is defined by

A(sh) = sgng(s)A(h) (s e W(G,H)), (129)

where either h € H or h € H. Notice that W(G,b) = W(G,b) because G is a central
extension of G.

_ We now determine the preimage Hof Hin G and, where needed, a double cover H of
H on which all functions A, £, and Op can be defined. At the same time, we define a lift

to ﬁ, or to ﬁ, of the modified Cayley transform defined on § by

c(@)=1+2)(1—2)" =—c(a). (130)
Suppose first that G = Og;. Then H = H° - Z is the direct product of the connected
1dent1ty component H of H and the center Z of Sp(W). According to Proposition E.1,
G — Gis 1som0rph1c to the det'/?-covering (E.12). Hence H° — H? is isomorphic to the
det/?-covering vH? = {(h;¢) € HY x C* : ¢2 = 1} = {(h; £1) : h € H°}, whose identity
component is isorgorphic to H. This connected component will be again denoted by H°.
In this notation, H = H° - Z.
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We have a chain of double covering homomorphisms
HOxZ —HxZ—HxZ— H

_ (131)
(h72) g (h,i) - (h,Z) - h‘7

where HO is the preimage of HY in H. We set I = HO x Z. We lift A and &, to functions

on H constant on the fibers of composition of all the maps (131) and the character Oy to
a function on H° x Z constant on the fibers of the leftmost map in (131).
The subset c_(h) C H® consists of all h € H® such that h+1 is invertible. In particular,
it is dense in HY. We choose a real analytic section
o:c_(h) — HO

to the covering map (127) and set

ihoz— (o(c_(z),1) eH=HOx Z. (132)
Suppose now that G = U; with [ even. If G’ = U, , with p + ¢ odd, then the covering
H — H does not split (see the proof of Proposition E.1). Hence H = H. Therefore A, ¢,

and Oy are defined on H. We have the Cayley transform c_ : h — H, an analytic section
o :c_(h) — H and the map

b3z —o(c_(x)eH. (133)
If G =U,, with p+ ¢ even, then H=Hx {1,1} splits by Proposition E.1, and we have
maps
H—H-—H-—H, (134)
h— h = (h1)>h.
Again A, ¢, and O are defined on H Aand (133) defines the lift of the Cayley transform

~

we shall use. In this case, we set then H=H. N

For the remaining dual pairs, H = H and we lift A and &, to functions on H constant
on the fibers of the covering map H — H and write ¢_ for ¢_, which was defined under
the equation (123).

Lemma 15. Let u € th*. Then

! : : !
. 1+ix; \" o o

e =11 () - [0+ i)™ wen).  13)
Proof. By (35), it is enough to verify this formula when [ = 1. In this case, z = z1.J;
and p = pre; = —ipgJ;. Let log denote the local inverse of the exponential map near 1.

Then, for x sufficiently close to 0,
log(c—(z)) =log (1 + 2)(1 —z)~") = log(1 + z) — log(1 — )

is a real analytic odd function of z. Hence it admits a Taylor series expansion

Z&nﬂfan _ Zan(—l)nﬁnﬂjl-

n>0 n>0
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Thus
: . \on 1 —x
plios(e-(2)) = = 3 an(=1)"a gy = = Y anlio g =t (1512 )

>0 >0 1 + 121

By taking exponentials, we obtain
1+dx \™
i~ — p—#llog(e—(x))) — 1

£ 2) = (1)

and the result extends to all x € § by real analyticity. O

Let IT be an irreducible representation of G, and let y € ih* represent the infinitesimal
character of II. When p is dominant, then we will refer to it as the Harish-Chandra
parameter of II. This is consistent with the usual terminology; see e.g. [Kna86, Theorem
9.20]. Then the corresponding character ¢, is defined as §,, = £,§,,—,, where &,_, is one of
the extremal H-weights of II. In these terms, Weyl’s character formula looks as follows,

OnMAMR) = o 3 seng(s)eulh) (136)
SEW(G,h)

—~

where h € HO or h € H, according to the cases above, and kg is as in (70).

Lemma 16. Let my be the product of the positive roots of (gc,bc) and let
_ Ty /5 () - -
K,([L’) - KOA(/C\_(SL’)) @(C(Z’))]g(l’) (Zlf € b)

Then, for a suitable normalization of the Lebesgue measure on b and any ¢ € S(W),
On(9)T(9)(¢)dg

_Qo
XD [ avm (o B
- et [ @) S ) | ety ) dua

= xu(¢(0)) h5—u(5—(fl?))ff@)?fg/h(x) /vaz(w)¢G(W) dw dz,
where ¢¢ is as in (63) and each consecutive integral is absolutely convergent.

Proof. Applied to a test function ¢ € S(W), the integral (122) over c(g) is absolutely
convergent because both, the character and the function T'(g)(¢) are continuous and
bounded (see for example [Prz93, Proposition 1.13]) and the group G is compact. Hence,
each consecutive integral in the formula (126) applied to ¢,

Ou(@)T(5)(6) dg = Xn(#0)) / On(7_(x)) O(&(x)) jylx) /W Yolw)é(w) dw d.
(137)

—Qo

is absolutely convergent. Since

Xg.z(W) = Xz (g_l w)

and the Lebesgue measure dw is G-invariant,

/c;/vvxg'm(w)qb(w)dwdg:/WXw(wWG(w)dw.
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Observe also that Aﬁ(g) — Ad(g) and the characters Oy and © are G-invariant. Moreover,
by (128) and (135),

A(e-(z)) = A@-(x)7h) = (-1)"A(C-(x)) (v €h),
where m is the number of positive roots, and

g/ (2) = (=1)"mg/p () (reh).

Therefore the Weyl integration formula on g shows that (137) is equal to ";‘/[“/Eg%)))| times

[ @ On(e- (@) (@) o(o) | xolw)o®w) duwda

b W
= [ € Exﬁiﬂg/h(z) () ja(x) |mam(x w) % (w) dw dx
~ Bl ) BEE) (T O 1) (o) [ xcw)e) s

= [enE @8 @ (o) [ alw)®w) dwde.
b W

Ro

(Here, we suppose that the Haar measure on H is normalized to have total mass 1.) This
verifies the first equality and the absolute convergence. Since

On(@ (x) MA@ (2) ) = ko Y senyy(s)&u@ ()

s€W(G,h)

= Ko Z Sgl’lg/h(s)g—su(g—(x)) ’

seW(G,h)

the second equality follows via a straightforward computation. O

Since any element x € g, viewed as an endomorphism of V over R, has imaginary
eigenvalues which come in complex conjugate pairs, we have det(1 — x)y, > 1. Define

ch(z) = det(1 — 21>  (z€g). (138)
Recall the symbols r and ¢ from (65) and (64).
Lemma 17. There is a constant C' which depends only on the dual pair (G, G') such that

K(z) = C'ch? " Y(z) (xebh).
Ko
Proof. Recall [Prz93, Lemma 5.7] that 7/ (2) is a constant multiple of A(c_(x)) ch" (),
g (x) = CA(c_(x)) ch" " (x) . (139)

(For the reader’s convenience, this is verified in Appendix C.) As is well known, [AP14,
Definition 4.16],

O(e(x))? =i Wdet (27 (z — 1)),  (z €sp(W), det(z —1) #£0). (140)

Hence there is a choice of ¢ so that

. %dimW 1
O(c(x)) = <%> det (1 —x)2 (xeg). (141)
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Furthermore, since the symplectic space may be realized as W = Homp(V’, V), see (32),
we obtain that

det (1 —z),, = det(1 — :c){l,/R (xeg). (142)
Also, as checked in [Prz91, (3.11)], the Jacobian of ¢_ : g — G is a constant multiple
of ch™(z). (Again, for reader’s convenience a —slightly different— proof is included in

Appendix B.) Hence the claim follows. O

Corollary 18. For any ¢ € S(W)

[, On@T@)6)dg = C a0 [ &) e wpmn(a) [ o)y s,
Qo W

where C is a constant which depends only on the dual pair (G,G'), ¢% is as in (63),
and each consecutive integral is absolutely convergent.

10. An intertwining distribution in terms of orbital integrals on the
symplectic space

We keep the notation introduced in section 3. Let

W@mmwz{& B =,

¥y x {£1} otherwise.
Denote the elements of ¥; by 1 and the elements of {1} by € = (e, €2,...,¢), so that
an arbitrary element of the group (143) is of the form t = en, with e = (1,1,...,1), if
D = C. This group acts on h(g), see (46), as follows: for t = en,

(Zyj ) - Z%‘yn*(j)s’j- (144)

7=1

As indicated by the notation, W (G, h(g)) coincides with the Weyl group, equal to the
quotient of the normalizer of h(g) in G by the centralizer of h(g) in G.
The action of W (G, h(g)) on h(g) extends by duality to ih(g)*. More precisely, let e;

be as in (47). If u € ih(g)*, then p = Z;Zl pje; with all p; € R If t = en € W(G, b(g)),

then
! !
t(ZMﬂj) =D Eitmiges - (145)
j=1 J=1

Recall the notation of Lemma 16 and the symbol § from (67).

(143)

Lemma 19. The following formulas hold for any y = 23:1 y;J; € b(g),

Eu(C(ty)) =& -1u(c-(y))  (t € W(G,h(g))) (146)
and
Eu(@_(y)) b H 1y )0 (1 — ayy) 0T (147)

where all the exponents are integers:
tu; +0€Z (1<j<). (148)
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In particular, (147) is a rational function in the variables yi, yo, ..., Y.

Proof. By (135),

§u(c-(y) = H (1 + Zyj) ’ = H(l +ay;)M (1 —dyy) 7

j=1

Hence (146) and (147) follow from the definition of the action of W(G, h(g)), the definition
of ch in (138), and the following easy-to-check formula:

! !
ch(y) = H(l + y] H 1 + dy;) 2L (1-— Zyj) (149)
i=1 j=1

Let A\ = Z;Zl Aje; be the highest weight of the representation II and let p = 23:1 pie;
be one half times the sum of the positive roots of h(g) in gc. If 4 is the Harish-Chandra
parameter of II, then A+ p = pu = Zé.:l pie;; see Appendix H.  Hence, the statement

(148) is equivalent to
s 4
it Pt %
Indeed, if G = Oy, then with the standard choice of the positive root system, p; = 5 — j.
Also, )\ € Z,v=1,r =d—1. Hence, (150) follows. Similarly, if G = Uy, then p; = @—j,
A + . € 7,1 =1, r =d, which implies (150). If G = Sp,, then p; =d+1—-7, \; € Z,

L= % =d+ 1, and (150) follows. O

1
(d—r+.)eZ. (150)
a _

Our next goal is to understand the integral
(@) | (o) o

occurring in the formula for f—GO On(§)T(j) dg in Lemma 16 and Corollary 18, in terms
of orbital integrals on the symplectic space W. The results depend on whether { <’ or
[ > 1" and will be given in Lemmas 22 and 23. We first need two other lemmas.

Lemma 20. Fiz an element z € b(g). Let 3 C g and Z C G denote the centralizer of z.
(Then Z is a real reductive group with Lie algebra 3.) Denote by ¢ the center of 3 and by
mg/; the product of the positive roots for (gc, b(g)c) which do not vanish on z. Let B(-,-)
be any non-degenerate symmetric G-invariant real bilinear form on g. Then there is a
constant C; such that for x € h(g) and 2’ €,

7Tg/h(g)(x)?Tg/z(x’)/GeiB(g.m,m)alg

=G >, 88N /b (q) (Do) (¢ )P (151)
W (Z(0)) €W (Gob(8))/W (Z.5(a))

(Here my ) = 1 if 3 = b. Recall also the notation g.x = gxg™'.)
Proof. The proof is a straightforward modification of the argument proving Harish-Chandra’s

formula for the Fourier transform of a regular semisimple orbit, [Har57, Theorem 2, page
104]. A more general, and by now classical, result is [DV90, Proposition 34, p. 49]. O
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The symplectic form (-, -) on W according to the Lie superalgebra structure introduced
in (28) is

(W', w) = trp/r(Sw'w) (w',w e W). (152)
Hence
(zw, w) = trpr(Szw?) (regdg, weW). (153)
Set
B(z,y) = 7 trp/r(xy) (x,y €9). (154)
Lemma 21. Recall the Gaussian x, from (13). Then
Xe(w) = ! BET®) (x € g,w € W). (155)

Proof. Notice that, for x € g® ¢’ and w € W,
trD/R(waz) = trD/R(:ﬂw2|V6) — trD/R(:ﬂw2|VT) ,
where
trp/z (2w lvg) = tro/r(@lvgwlvewlvy) = trom(wlvgrlvgwlvy)) = tro/r(wawlv;)

and similarly

tl"]D)/R(SL”UJ2|VT) = trD/R(wxw\VG) .

Hence
(zw, w) = trpr(Szw?) = — trp R (Swrw) = —(wWr, W) .
Therefore
(z(w), w) = 2 trpr(Szw?) (regdg, weW). (156)
Then (153) and (33) show that
Sle(w).w) = Bl r(w)  (reg, weW),
which completes the proof. O

The Harish-Chandra regular almost semisimple orbital integral F'(y), y € b, was defined
in [MPP20, Definition 3.2 and Theorems 3.4 and 3.6]; see also section 4 above. In
particular, [MPP20, Theorem 3.6] implies that, in the statements below, all the integrals
over b involving F(y) are absolutely convergent. Recall the notation Fy(y) for F(y)(¢).

Lemma 22. Suppose | <1'. Then, with the notation of Lemma 16,

%M@/XMWWWWMIC BN () dy
W T (W)

where C is a non-zero constant which depends only of the dual pair (G,G').

Proof. The Weyl integration formula on W, see (53) and (50), shows that

¢ = Ta/p(T(W)) Ty /5 (T(W i - &) dr(w
/Wxx(w)cb (w) dw—%:/ﬁq) o/ (T(W)) g/ (7(w)C (h1) o) by (X @) dr(w) , (157)
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where b%’ C h7"® is an open fundamental domain for the action of the Weyl group W (S, b1)
and C(by) is a constant, determined in [MPP20, Lemma 2.1]. Let us consider first the
case of a semisimple orbital integral

o) = [ () (saw)d(s5),
S/

where ST is the centralizer of by in S. Recall the identification y = 7(w) = 7/(w) and let
us write s = g¢’, where g € G and ¢’ € G'. Then

X:c(sw) —e 2(:(:(5 w),s.w) _ eiB(x,T(s.w)) _ eiB(x,g.T(w)) _ 6iB(:(:,g.y) (158)

and
6% (s.w) = 6%(g'w). (159)
Since [ < I, equation (I.1) implies that there is a positive constant C; such that

Hot (xa6C) = / @ gy [ 68 (g w) d(g'Z).
a a7

However we know from Harish-Chandra (Lemma 20) that

Tg/h (z) (/G e'B@9.y) dg) /b (y) = Cy Z Sghgp (t)eiB(:c,t.y).

teW(G,h)

Hence, using (157) and [MPP20, Definition 3.2 and Lemma 3.4], we obtain for some
suitable positive constants CY,

T () /W Yo )% (w) duw (160)
= C3 Y sgny,l(t Z / PO () my sy (y) ¢%(g"w) d(g'Z') dy
tEW (G,h) 7( Gz
= C ) Sg“gﬂﬂt)J/ PO Fua (y) dy
teW (G,h) UhTT(h%r)

o ¥ / PN (1y) dy

teW(G h) Uh— T(h

= C'4/ e PEYF o (y) dy
W(GH) Uy 7(0)

= 04/ eiB(m’y)F¢c(y) dy.
b (W)

Since Fyc = vol(G)Fy = F}, the formula follows.
Next we consider the case G = Og11, G’ = Spy,(R), I < I’ Then

o) (xa6C) = / (695 (w0 + wp)) d(sSMTH)
s/shrtwo

where wy € $;(V°) is a nonzero element.  Since the Cartan subspace by preserves the
decomposition (35), (w + wy)? = w? + w3. Hence, (s.(w + wp))? = s.(w* + w3). The



42 M. MCKEE, A. PASQUALE, AND T. PRZEBINDA

element = € b acts by zero on g'. Therefore z(s.(w + wy))* = x(s.(w + wo))?|v,. Since
S(V?) = Oy X Spyp_p(R) we see that wily, = 0. Thus zs.wjly, = 0. Therefore, by (27),

(x(s.(w 4 wp)), 5.(w + wo)) = tr(z(s.(w+wp))?) = tr(zs.w?ly,) = tr(zg.T(w)),
because s = gg’. Hence,
Xo(5.(w + wp)) = /2 @ wrwo))s.(wrwo)) — piB@.g.r(w)) — (iB@gy)

and
¢ (s.(w +wo)) = ¢%(g".(w + wy)).

Therefore, with n = 7/(wp), we obtain from (I.3) that
o () = €1 [ e dg [ o8(g ) (g2,
G G//Z/n
where Z'™ is the centralizer of n in Z'. Thus, the computation (160) holds again, and we

are done. O

Lemma 23. Suppose | > 1'. Let 3 C g and Z C G be the centralizers of T(by). Then for
¢ € S(W)

Wg/h(g)(ff)/WXx(w)ch(w) dw

=¢ > 580g/n(e) (1) Ts/0(@) (¢ -2) / PR (y)dy,
tW (Z,h(8))EW (G,b(9))/ W (Z,b(g)) ™ (ht")

where C' is a non-zero constant which depends only on the dual pair (G,G’).

Proof. By the Weyl integration formula with the roles of G and G’ reversed, see (54) and
(50),

/ Xa ()¢ (w) dw = Cy / o/ (7' (w)) gy (7' (w) o) (X267 7' (w),
w ™ (h57¢9)

where

1ow) (Xa®®) = / (Xe®) (s.w) d(sS").

s/s"T

Recall the identification y = 7(w) = 7/(w) and let us write s = g¢’, where g € G and
g € G'. Then, as in (158) and (159),

Xe(s.w) = €B@9Y and ¢S (s.w) = ¢%(g' w).

Since [ > I, equation (I.2) implies that there is a constant Cy such that

,UO(w)(X:cQSG) = C2/

(P9 dg / 6% (g'-w) d(g'H).
G a/m
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By (151) in Lemma 20 and [MPP20, (34)], we obtain for some constants Cj,

Ta/b(g) () /W X () (w) dw (161)
= G > s80g/n(q) ()s/mie) (8 -7) / e g (y)
tW(Z,h(8))EW (G,b(0))/W (Z,b(g)) 7(h1")

x / 6% (' w) d(g'H') dy
Q'

= G )3 580g/n(9) () Ts/o0) (£ ) / P Fa(y) dy.
tW(Z,h(8))EW (G,b(9))/W (Z,b(g)) (h7")

Since Fye = vol(G)Fy = F}, the formula follows. O

Lemma 24. Suppose | <1'. Then there is a seminorm q on S(W) such that
[ R ay] < g(o) @) (e b6 e SW)).
b7 (W)

Proof. The boundedness of the function T'(q)(¢), § € 6}, means that there is a seminorm
q(¢) on S(g) such that

Oleta) [ wiotw)du] <o) (@ eq) (162

Equivalently, replacing ¢(¢) with a constant multiple of ¢(¢), and using (138), (141) and
(142), we see that

[ st o] <g@)ant@) @ew), 163

Since | < ', Lemma 22 together with (163) prove that (again up to a multiplicative
constant that can be absorbed by ¢(¢)),

[ Fl) 9 dy] < 4(0) ()] (o).
b7 (W)
Recall the constants r and ¢ from (66) and (64). Then, as one can verify from (A.1),
1
max{deg, Ty ; 1 <j <1} =—(r—1), (164)
L

where degyj g/ denotes the degree of 7/ (y) with respect to the variable y;.
Also, (164) and (149) imply that
[T (2)] < C5ch™H(2) < Csch™™(2)  (z €h),

where Cf is a constant. Thus, the claim follows. O

Lemmas 22 and 23 allow us to restate Corollary 18 in terms of orbital integrals on the
symplectic space W.



44 M. MCKEE, A. PASQUALE, AND T. PRZEBINDA

Corollary 25. Suppose | <1'. Then for any ¢ € S(W)

[ en@T@)0)dy = Croxae0)) [ @ @) w) [ DB ) dyde,

b b7 (W)

where C' is a constant that depends only on the dual pair (G,G’) and each consecutive
integral is absolutely convergent.

Proof. The equality is immediate from Corollary 18 and Lemma 22. The absolute con-
vergence of the outer integral over § follows from Lemma 24. O

Corollary 26. Suppose | > 1. Then for any ¢ € S(W),

/ L Bu@T@)0) s = Craxn(@0) > sangugy / £ (@ () ()

s€W(G,h(g))

where C' is a constant that depends only on the dual pair (G,G’) and each consecutive
integral is absolutely convergent.
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Proof. The formula is immediate from Corollary 18, Lemma 23 and formula (146):

1 NP
— On(g)T(g) dg(¢)
Ko —Qo
= C1xu(¢(0)) ” )€—u(cf(x))chd"’"_b($) (Wg/m(ff) /W X (0) 6% (w) dw) dx
g
= Coxn(é(0)) £ ,(@(x)) ch® ()
h(g)
X > 580g/n(e) ()3 /p(@) (¢ -2) / PRy dy | da
twm ))EW (G.b(a))/W (Z,b(0)) 7/(b")
~ Cyxu(e / o
é- h —r—t T
IWZh D (@)
X > seng e BT (T 2) / eBEE () dy | da
teW (G,h(g)) ™ (br")
= C3xn(¢(0)) Z sgng/h(g / £, hd T (t.1)
teW(G,h(g))

X Wz/h(g)(x> /l(h - eiB(t.:c,t.y)Fd)(y) dy) dx
= C3x(¢(0)) Z sgng/h(g / §11y z)) ch? - ‘()

teWw(G,h(g))

X (Wé/h(g)(:)s) //(hreg) ciBxy) Fyly )dy) dx.

Let G” be the isometry group of the restriction of the form (-,-) to Vg’o and let h” =
Z] _y41 RJ;. Then, as in (164), we check that

1
max{deg, m/n@g; 1 <j <1} =max{deg, myp; I'+1<j<1}= L(r” -1),

2 dim gy
d VO 0

ch? "~ Y(@) |7 6(0) ()] < const ch? (1) = const ch3(x).

Furthermore, Fy is absolutely integrable. Therefore, the absolute convergence of the last
integral over h(g) follows from the fact that ch™" is absolutely integrable. 0J

where 7" is defined as in (65). Since r — r”" = d’, we see that

To prove Theorem 4 (and Theorem 5), we still need the following explicit formula for

2
the form B(x,y). Let g = —W, where ¢ is as in (64). Then
L

! ! l
ry)==6Y zy,  (r= zJ;y=> y;iJ; €b(g)). (165)
=1 j=1 j=1
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Indeed, the definition of the form B, (154), shows that

B(z,y) = mtrpr(zy) = WZtID/R(Jij)%yk
4k
2m
= WZtrD/R(—lvé_-)xjyj =2 TY;. (166)
J J
Proof of Theorem 4. Notice that the degree of the polynomial Qy; 4, is —a; —b; = 20 — 2
and is independent of p and j. Explicitly,

25—22%(d,—7“—b) (167)

(where ¢ = 1/2 if D = H and 1 otherwise). Hence, by [MPP20, Theorem 3.6], the
function F, has the required number of continuous derivatives for the formula (71) to
make sense. The operators appearing in the integrand of (71) act on different variables
and therefore commute. Also, the constants a;, b; are integers by (148). Hence, equation
(71) follows from Corollary 25, Lemma 19, formula (165), and Proposition D.5.

For the last statement about (72), we have

21 — 21 if (G,G") = (O, Spyy (R)),

2 =21 — 1 if (G, G’) = (Og41, Spyy (R)),
I'—1—1 if (G,G) = (U,U,,),p+q=1,
I —1-1 if (G,G’) = (Sp;, O3y) -

d—r—1= (168)

Thus, since we assume [ < !’; the product (72) is a function if and only if ' —r—¢ < 0, i.e.
if and only if [ =" and (G, G’) # (Og, Spyy). Furthermore, (72) contains no derivatives
(but terms involving dy are allowed) if and only if  —r — ¢ = 0, which corresponds to
either [ =" and (G, G’) = (O, Spyy(R)), or I’ =1+ 1 and D = C or H. This completes
the proof. O

Suppose now [ > I'. Let b’ = Zi»:m RJj, so that

hg) =Habh" (169)

Then the centralizer of 7(by) coincides with the centralizer of h in g and is equal to
3=bag", where g” is the Lie algebra of the group G” of the isometries of the restriction
of the form (-,-) to VQ. Furthermore, the derived Lie algebras of 3 and g” coincide (i.e.
3,3 = [9”,0"]) and h” is a Cartan subalgebra of g”. We shall identify h and §’ by means
of (43). This justifies writing h(g) = b’ ® h” when we need to emphasize the role of g'.

Lemma 27. Suppose I > I'. In terms of Corollary 26 and the decomposition (169)
& ou(@ (@) b (@) my () (@)
= (£ aul@ @) e (@)) (€@ (@) e @ g (27 ), (170)

where x = 2’ + 2" € h(g), with 2’ € ' and 2" € K. Moreover,
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/h () T g (a”)

=C Y sy (T (sl + "), (171)
HGW(G” h//

where C is a constant, p” is one half times the sum of the positive roots for (g¢, b¢) and
oy s the indicator function of zero.

Proof. Formula (170) is obvious, because 7,y (2" + ") = mgrspr(2”). We shall verify
(171). Let " denote the number defined in (65) for the Lie algebra g”. A straightforward
computation verifies the following table:

g r r! d—r+1r"
Uy d d—d 0
o4 |ld—1]|d—-d —1 0
5P, d+% d—d’+% 0

By (139) applied to G” D H” and g” D b,
gy () = CYA" (@ (2")) ™ (") (2" € b"),

where A” is the Weyl denominator for G”,
A// == ffg Z Sgng///h//(S//> gs”p” (172)
s"EeW (G h'")

and

Rg =

v {% if G” = Oy where d” is even (173)

1 otherwise.

Hence, by (149), the integral (171) is a constant multiple of

Eoau(@(a")A"(@(a")) ch” T (2”) ch ™ (2) da” = 2mY” / ( )f_su(h)A”(h) dh,
o= h//

h//

where ¢_(h") C /.
Notice that the function

H 5 h — &_,,(h)A"(h) € C
is constant on the fibers of the covering map
H"0 — 1. (175)

Indeed, the covering (175) is non-trivial only in two cases, namely G” = Ogny; and
G” = Uy with " even; see (127). In these cases, (172) shows that this claim is true
provided that the weight —su + s”p” is integral for the Cartan subgroup H” (i.e. it is
equal to the derivative of a character of H”).

Suppose G” = Ogl//+1. Then G = Og41, Aj € Z and p; € Z+ 1. Hence, (—sp); € Z+ 3

Since, p € Z + 3, we see that (—su); + pff € Z.

(174)
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Suppose now that G” = Uy with I” even. Then G = U, and (—su); € Z + 3. In fact,
if ' is even, i.e. [ =1"+1" is even, then \; € Z and p; € Z+ % If 'isodd, ie. [ =104+1"
is odd, then \; € Z + % and p; € Z. Since pj € Z + %, in both cases, we conclude that
(—sp); + pj € Z.

Therefore, (174) is a constant multiple of

S s [ W () dn (170
SIIGW(G”7hII) H//O
B vol(H"?) sgngn g (s”) i (sp)lgr = 8"p",
L0 if (sp)lyr & W(G",b")p",

= VO].(H//O) Z Sgng///h// (3//)]:[{0} (_ (8[[,6) |h” —'— S//p//> .

s"EW (G h')
O
Corollary 28. Suppose | > I and keep the notation of Lemma 27 . Then
| en@r@dg=o
_go
unless there is s € W(G, b(g)) such that
(sp)lyr = p". (177)
If G = Og41 or Spy, then (177) is equivalent to
plor = p" and sy =1. (178)

Suppose G = Og, and write " = by & RJ;, where hjj = Z;_:%,H RJ;. Then (177) is
equivalent to

plor =p", sl =1, and sgs, ==+1. (179)
Finally, if G = Uy, then (177) holds if and only if there is jo € {0,1,...,I'} such that
Hiorj = Pigg  and  s(Jjory) = Jrey (1< j<1=1). (180)

Suppose that (177) holds. Then for any ¢ € S(W)

/_  Oul)T(3) dg(9) = € roxu(#(0) 3 5804/n(g) (9)

s€W(G,h(g)), (sp)lgrr=p"
X [ € su(c=(x)) chd/_r_b(x)/ eiB(m’y)F¢(y) dydx, (181)
h’ (07"°%)
where C' is a non-zero constant which depends only on the dual pair (G,G’), and each

consecutive integral is absolutely convergent.

Proof. Observe that B(z' + 2”,y) = B(2',y) for 2/ € §’, 2” € h” and y € 7/(h7¥) C b'.
We see therefore from Corollary 26 and Lemma 27 that
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[ en@r@ dato

= Croxn@0) Y Y ey smug (Lo (~(s)lyr + ")

s€W(G,b(g)) s”€W(G",h")

En@@) ) [ IE ) dyde. (152)
;

)

Notice that for x € ' and s" € W(G”,h"), we have s"z = x. Thus &, (cZ(x)) =
§_orsu(c(z)) by (146). Notice also that W(G" ") € W(G,b) and sgng . (s") =
S8g ) (). Moreover, Ligy (—(sf1)lys +5"p") = Ljop(—(s" syl + o). Hence, replacing

s by s”s in (182), we see that this expression is equal to

C koxm(¢(0)) Z Z s8y(5)/6 () L0y (—(51) [y + ")

s€W(G,b(g)) s”€W(G",h")

@@ ) [ BIE ) dyde, (19
h’ /(5"0)

which yields (181), with a new non-zero constant C, equal to C|W (G”,§")|.  Clearly
(183) is zero if there is no s such that (su)|s» = p”. The absolute convergence of the
integrals was checked in the proof of Corollary 26.

Recall that h” = Zgzl, +1 RJj and g = A+p where ) is the highest weight of the genuine
representation II; see Appendix H. If D = R or H, then plyr = p”. All coeflicients of p
are positive and strictly decreasing by 1 except when G = O, where p; = 0. Hence s|y»
cannot contain sign changes when G = Oy or Sp;, whereas s|ys cannot contain sign
changes when G = Og. Using the form of the coefficients of A, one easily sees that (177)
is equivalent to (178) or (179). If G = U;, then A = &2 + v, where vy > vy > -+ > 1 are
integers. Moreover,

l—p— 1
Ly == =g, (1<i<i-0), (184)
The Weyl group W (G, h(g)) consists of permutations of the .J;’s. Hence a genuine Harish-
Chandra parameter p satisfies (177) if and only if among its coefficients py, . .., 1y we can
find a string of I — I’ successive coefficients 41; equal to py ..., p; and the permutation
s translates the corresponding string of J;’s onto Jyyq, ..., J;. This proves (180). 0

In the next lemmas we study the integrals appearing on the right-hand side of (181).
Lemma 29. Fors € W(G,h(g)) and y € 7'(by), in the sense of distributions on 7' (hy"),

l/
— f—r—t iB(z — v i
[ @ e = ([ Poy, ()= (1)
Jj=1

where as ;, bs; and  are as in (78) and (67), and P, is defined in (D.4).

Proof. This follows immediately from Lemma 19, (D.5), and Proposition D.5, since a, ; +
by; = —20+2>1for > 1. O
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Suppose that p satisfies (177) for some s € W(G, h(g)). The integral corresponding to s
in (181) vanishes when the intersection of the support of the right-hand side of (185) and
7'(h7"*?) has an empty interior. We first study this intersection for some specific elements
in W(G,b(g)).

If D =R or H, define sy = 1 as in (73). Then clearly sou|y» = p” by (178). If D = C,
fix jo € {0,1,...,0'} as in (180) and define s¢ ;, as the permutation in W(G, h(g)) given
by

Jj (1<37 <o)
S0jo(Jj) = § Jr—jori o +1<j <jo+1-1) (186)
Sy (Jo+1=1+1<j<1),
ie.
(..o} Go+1,....1 1.0
[ ] [ ] [ ] [ ] @) @] @] @] @] (@] @] (@] @] (@] @] (@]
wl ] =
[ ] [ ] [ ] [ ] (@) @] (@] (@] (@] @] o O @] @] @] @)
{1,.... 50} Pot+ Lot l=0}  {o+l-VU+1....1}
Equivalently,
1221 (1 <J< jo)
(So,j0k)j = Hagt Gy = \ Hi-v+i (Jo+1<j<) (187)

tjo-v; (U+1<j<1).
Hence (s, 1) |y = p”. Notice that sg,, is the element sy defined in (74).
Lemma 30. Let ! > 1" and suppose that v satisfies (177). Let so = 1, asin (73), if D =R
or H, and let sy j, be as in (186) if D = C.
IfD =R or H, then
v v

l/
1 Pees s, (Bus) = @) T Poyry2Bui)Iee (u;)  (w=>_wiJi€b)  (188)
j=1

j=1 j=1
has support equal to 7'(hy).

IfD =C, then

l/ l/
[T Py sy (Bu) = (27 (Hpagb 2By M (43)) ( TT Poysrcs 280 (35
J=1 J=1 J=jo+1

ll
(y=>_wyJjeh)  (189)
7j=1

has support equal to ( iozl R+J]’-) & (Z] —jor1 R™ J’). This support is equal to 7'(by) if
Jo = p, whereas its intersection with 7' (hy) has empty interior if jo # p.

Proof. Let D =R or H. By (67) and (167) and since p|pr = p” = plyr, we see that

> e > s = s = =3,
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These inequalities are equivalent to
CL1:—M1—5+1<a2:—,u2—(5+1<"'<CLl/I—Iul/—(5+1§O (190)

because the p;’s and ¢ are either all in Z or all in Z + % Hence P, 2 = 0 for all
1 <j < 1" by (D.2). Moreover, since a; +b; = —26 + 2 > 2, the polynomial P, 2 is
nonzero for all 1 < j <[’. Hence the function on the right-hand side of (188) has support
equal Y0 R*.J; = 7'(by).

Let now D = C. By (180), (184), (67) and (167),

[—-10'—-1
i1 > g > >y > fljgrn = Py = s = —4(>0),
I=0-1 "
(0>)d = BT Pr = Hjoti—tr > Hjoti—1'+1 > =+ > [ -

Since the p;’s and ¢ are either all in Z or all in Z + %, these inequalities are equivalent to
alz—,ul—5+1<a2:—,u2—5+1<-~-<aj0:—,uj0—5+1§0
02> bjosi—vr+1 = fjopi—tv41 — 0+ 1> >b = —6+1. (191)
Hence
Pop2=0 ie. Pap(ys) = 27 P, b, 2(yi) e+ (y;) (1 <5 <o),
Paj,bj,Q =0 1ie Paj,bj(yj) = 27TPajybj7_2(yj)]IR7 (y]) (]0 +1— ! +1< ] < l) .
The polynomials appearing in these expressions of F,, 5, are nonzero because a; + b; =
—20 +2 > 0 for all j. By (41) and the convention on the symbols d;’s for the dual pair

(U, Up,y) with [ > " = p + ¢, the claims on the support of the right-hand side of (189)
follow. O

Let D = C. Suppose that there is s € W(G,h(g)) such that (su)|lyr = p” and that
the string of coefficients of p equal to those of p”, see (180), starts at jo + 1, where
Jo € {0,1,...,I'}. Then s = s¢, satisfies (su)|y» = p”. Lemma 30 shows that if jo # p
then the intersection of the support of Hé.lzl Pu,,  ibs . ; With 7/(by) has empty interior.

130°77790,50 07

We now prove that if j, # p the same holds for the support of Hg:l P,
s € W(G, b(g)) such that (su)|y = p".

Lemma 31. Let D = C. Suppose that p and s € W(G,h(g)) satisfy (180) for jo €
{0,1,...,U'}. If jo # p, then the intersection of the support of H§:1 P, with 7' (hy)
has empty interior.

\.bs; fOT every

5,5:0s,j

Proof. Since

Sojo(Sjors) = Juwjs  8(Jjgws) = Jryy  (L<j<1=1),
the composition s™'sg;, fixes the elements of {Jj ;1,..., Jj+i—r} and permutes those
of {J1, ..., Jjo} U{Jjor1—v41.-- -, Ji}. Then s7 = (s71s05,)50j, maps {Jyy1,. .., J;} onto
{Jjo+1, - - Jjori—r } and hence {Jy, ..., Jy } bijectively onto {Ji, ..., Jjo }U{Jjori—v+1,- - -, Ji}-
Therefore {(sp); = ps-1¢;;1 < j < I'} is a permutation of {y;;1 < 5 < jo} U{pj;5 50 +1—
I'+1 < j <l}. By (191), there are j, negative a; and I’ — jy negative b; for 1 < j <’

The same is then true for the a,; and the b, ;. The support of Hg:l P, ... is therefore a

5,7:Y8,3
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product (in some order) of jy copies of RT and I’ — jy copies of R™. Its intersection with
7/(b1) has therefore empty interior if jy # p. O

When the intersection of the support of H Pa, ,b.; and 7'(by) has empty interior,
the integral on the right-hand side of (181) that corresponds to s vanishes. Lemma 31
shows that every such integral is zero when j, # p. This yields the following corollary.
Recall that we are supposing that ¢ > p.

Corollary 32. Suppose that 11 is a genuine representation of fjl with Harish-Chandra
parameter p satisfying (180) for jo € {0,1,...,I'}. If jo # p then

Jrem = én(g)T(g) dg=0.
U
Thus, if Il is a genuine representation of ﬁl which occurs in Howe’s correspondence, then
its highest weight must be of the form \ = 22:1(% + v;)e; where

N>V 22U 2V = =U_q=02v_qn1>-21.

In the proof of Theorem 5 we will see that the condition on the highest weight of II is
also sufficient for the nonvanishing of the intertwining distributions.

Because of Corollary 32, we can restrict ourselves to the case jo = p when G = U;. In
this case, to simplify notation, we will write s, instead of s,,. Hence

so=1 (fD=RorH) and sy=s9, (HD=C). (192)

Observe that this notation allows us to write
l/
H Paso 3:bsg.d (By;) = 27T H Paso :bsg.55 5yJ>H6 r+(Yj) (193)
j=1
which unifies (188) and (189).
Suppose that s € W(G, h(g)) satisfies (177) and jo = p if D = C. Then

sy pr =1 and ssyt(h) = b. (194)

The condition ssy*(h) = b and the identification (43), allow us to consider ss; ' as isomor-

phisms of i’. In the following lemma we prove that such a s contributes to the right-hand
side of (181) if and only if ss;* € W(G’, ). Moreover, in this case, the contribution from
s agree with that of sg.

Lemma 33. Let [ > 1" and let p and s € W(G, bh(g)) satisfy (177) with jo = p if D = C.
The integral

EnEE) R T [ R dyds (195)
h/ 7 hT'reg
18 Zero:
(a) if ssy |y acts by some sign changes, when D =R or H,
(b) if ssytly does mot stabilize {Jy,...,J,} (and {Jpi1,...,Jp}), when D = C.

FEquivalently, by identifying b and b’ via (43), the integral (195) is zero unless ssg
W(G', ). Moreover, (181) becomes: for any ¢ € S(W)

le
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’
/ , Ou@)T(§) dg(9) = C roxu(@(0)) / e (TT Pavys g (Bi) )= 0Ly dy
- (b)) "=
(196)

where C'is a non-zero constant which depends on the dual pair (G,G’).

Proof. Let D = R or H. Suppose that ss;*(J;) = —J; for some j € {1,...,I'}. Then
(sp); = —(Sopt);, which interchanges the j-th indices a and b of sy and sop. Thus Py, s, |
is supported in R, and the support of (185) has a lower dimensional intersection with
7' (by).

The case D = C is similar: if ssy'(J;) = J; where 1 < i < p < j < I, then (sp); =
(sopt);, which interchanges the i-th and j-th indices a and b of su and sou. The support
of (185) has therefore a lower dimensional intersection with 7/(by).

By the above and by identifying h and §’ via (43), we can restrict the sum on the
right-hand side of (181) to the set of s € W(G, h(g)) such that ss;'|, € W(G', ') and
ss5 |y = 1. Therefore, the sum can be parametrized by W (G’,§’). By (185) and since
sgng/h(g)(ssgl) = sgng,/h,(ssgl), we obtain that | ., On(9)T(g) dg(¢) is koxu(c(0)) times
a constant multiple of

> seugp(s) [ Con@@)e ) [ e ) dydo
s'EW (G/,1y) b’ 7/ (by"°9)
l/

— l‘, .
= > Sgng'/h'(sl)/(h )<HPHM 5503(5?1)))6 P Wl Ey (y) dy
7 T'reg

S/ €W (G0) j=1

Observe that
l/
1
HPSSOJ L By] HPCLSOJ SoJ 8, y>?)
j=1

because s’ € W(G', i) permutes the indices 1 < j <[’. Recall also that Fj(y) transforms
as the sign representation with respect to the action of W (G, §’). Formula (196) therefore
follows. The new non-zero constant C'is the one appearing in (181) times |W (G’, b’)| times
S0 /n (g (S0), Which is equal to 1if D = R or H and (—1)?"") if D = C. O

Proof of Theorem 5. The conditions on the highest weight A rephrase the condition (177)
for the Harish-Chandra parameter p of II determined in Corollary 28 and its proof. The
case of D = C was further considered in Corollary 32. Hence [ ., On(3)T(3)dg = 0
unless A satisfies them.

Formula (76) holds because by Lemma 30, it is a restatement of (196).

By (193), the function H P, b, (By;) has support equal to 7/(hy) and we can
rewrite the right-hand side of (196) as a constant multiple of

ll

— l‘, .
/ ( )<HPaSO,j,bsO,j,zajwyj))e PR WE (y) dy (197)
el hT'reg j:l
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By the W(G’, b’)-skew-invariance of Fj,, we can replace the term

(HP&SOJ SoJ (5%))6 623:1 |y
j=1

in the integral (197) by its W (G, b’ )—skew—invariant component

(m > sangy(s Hpasm bay 5,25, (B(5'y); ))6‘523':1'%‘. (198)

S'EW (G )

Here we have used that Z;lzl |(s'y);| = ijl ly;|. Notice that

v i

H Paso,J bso B (/B(S y) ) H Paslflso’j,bslflsoijz(sj (/By.?)

j=1 J=1
because W(G', ') only permutes the y-coordinates for which the d,’s have equal sign.
Moreover, (198) is non-zero because P, , , s, ., 25,(By;) is not W(G’, h’)-invariant

s 50, 0,7

when W (G’ ') # 1. Indeed, the condition pq > g > -+ > pyp implies by > by > -+ > by
and a1 < ag < --- < ap. If W(G',b') # 1, then there are at least two indices j # j’
such that §; = J;» and the corresponding factors in (198) have different degrees. (If b > 1
then the degree of P, ;9 is b — 1 and if @ > 1 then that of P,;, 5 is a —1.) Recall from
[IMPP20, Definition 3.2] that

Fo(y) = Gy (y) /S/s*w $(s.y)d(sS™) (¢ € S(W),y € 7(h7"*)), (199)

where S is the centralizer of by in S and Cy_ is an explicit constant. By (199), [MPP20,
Lemma 2.1] and the definition of Cy_,

l/
G, / 2sew(ay) 580y (8') Tt Py ey 120, (B(59);) e B luil
/(h reg 7-‘-9/5 (y>

< g D7) [ 05 d(sS) dy

S/s"T

ll
_ idimg/h / ZSIEW(GIJJI) SNy /s (S/) Hj=1 PaSO,j7b50,j,26j (5(8/?/)]) o b Z;”:l |y
(h_reg) 7Tg/3 (y)
@] [ oo disSdy e by =rw). (200
S/S"T
We now prove that
’ v It
Zslew(G/J}/) sey i () [1j21 Pasy j bay .26, (B(8'T (w))) BT [ w)
Tg/5 (7' (w))
is the restriction to hy"“ of a locally integrable function, say ®, on W.

Using (A.3) and (A.4), we see that there is a non-zero constant Cj;, depending of
(G, G’), such that

mo/s(y) = Cymypy (y) det(y)y,  (y = 7(w) = 7'(w), w € by), (202)

(201)

reg
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where

=1 iftD=C

I—U'+3 ifD=H

l—l’—% if D =R and g = soy
=0 if D =R and g = 509,11
and det(g’)ys denotes the determinant of ¢’ as an element of G' C GLp(V’). (See the
remark after (E.11) in Appendix E for the case D = H.)

The polynomial in parenthesis in (198) is W (G, h’)-skew-invariant. Hence it is divisible
by 7y /5 (y). Therefore the fraction

(203)

l/
ESIEW(G/J]/) Sgng’/h’(sl) Hj:l Paso,jybso,j726j (ﬁ(s/y>]>
o 1y (Y)
is a W(G', b)-invariant polynomial. By Chevalley’s restriction theorem, see e.g. [Wal88,

3.1.3], it extends to a G'-invariant polynomial on g’. Thus its pullback by 7" is a GG'-
invariant polynomial on W.

(yeb) (204)

We now consider the term e~ Z5=11%! Notice that for w = Z;lzl w;u; € by,

4 4 4 4 4
Doyl =D 1 E ) =D wi =605 (7 (w) = (Z 5jJ]’-*> o7'(w).
j=1 j=1 =1 i=1 =

This is a quadratic polynomial on by, invariant under the Weyl group W (S, ht). Such a
polynomial has no GG’-invariant extension to W, unless G’ is compact.
Indeed, suppose P is a real-valued GG’-invariant polynomial on W such that

v
P(w) = (Z @J;*) o7 (w) (w € by).

Then P extends uniquely to a complex-valued G¢Gg-invariant polynomial on the com-
plexification W¢ of W. Hence, by the Classical Invariant Theory, [How89a, Theorems 1A
and 1B] there is a Gg-invariant polynomial ) on g such that P = @) o 7. Hence,

Q(7'(w)) = P(w) = (Z 5ng/'*> or'(w)  (w€by).

Since 7/(hy) spans b, we see that the restriction of @ to b’ is

v
Qly = Z(W]/'* € be.
j=1
Since () is G-invariant, the restriction @]y has to be invariant under the corresponding
Weyl group. There are no linear invariants if G’ = Spy, (R) or Of,. Therefore G' = U, ,,
p+q = l'. But in this case the invariance means that all the J; are equal. Hence G’ = Uy is
compact. In the case G’ = Uy, the sum of squares coincides with (J(w),w) for a positive
complex structure J on W which commutes with G and G’ and therefore

=Bt 10,077 (' (w))] (205)
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extends to a Gaussian on W. If G’ is not compact then (205) extends to a GG'-invariant
function on W, which is bounded but is not a Gaussian.

Finally, the function det(y)3, appearing in (202) is the restriction to 7/(h;"’) of the G'-
invariant polynomial z — det(z){, on g’. Its pullback by 7’ is a GG'-invariant polynomial
on W.

The above constructions define the GG'-invariant function ® on W restricting to (201)
on hy"®. It remains to prove that ® is locally integrable. For this, it is enough to prove
that the integral [, ®(w)¢(w)dw is finite for every ¢ € C°(W). Weyl’s integration
formula on W with [ > I, see (54), together with the GG'-invariance of ®, yields

[ owotwyto= [ s np@d] [ sendsstdy =),
w 7/ (hy"*9) S/8"T
(206)
which coincides up to a non-zero constant with the finite integral [ ., On(9)T(g) dg(¢)
we started with.

It is still left to prove that if the highest weight A\ of II satisfies the conditions (a) or

(b), then the integral (75) is nonzero. Let

7 S(@)2 Y = hor € S(W)©
be the pullback by 7. According to [MPP20, (25)], there is a surjective map 7. : S(W)¢ —
S(g’) such that
Trorl(¢) =0 (o €SW)Y).
By [MPP20, Theorem 3.4 and (39)], since | > I',
Bly) = Chmew(s) [ 2(0)(g') dig'W),
where H C G’ is the Cartan subgroup corresponding to b’ and C{]T is a suitable non-

zero constant. Observe that ®(y) is a not-identically zero W (G, h’)-invariant real-valued
continuous function. (Recall that W (G, ") = W(K', '), where K’ is maximal compact
in G’, hence a unitary group.) Therefore (200) can be written as

Ou(3)T(3) dg(¢) = C / By ) Fay) dy  (w € by = 7' (w))

/(577%)
(207)
Thus Corollary 2 shows that this integral does not vanish for a suitably chosen ¢ € S(W).

—qo

The proof is now complete. 0J

11. The special case for the pair (Og, Spy, (R)) with I <’

Here we consider the case (G, G’) = (O, Spyy (R)) and suppose that the character Oy

is not supported on the preimage of the connected identity component G°. Since the case
[ > 1" was considered in Theorem 6 and the dual pair (Oq, Spy, (R)) was treated in section
6, we will suppose in the following that 2 < [ <!’. Recall the element s € G, (86), with
centralizer in h equal to b, = Zé;ll RJ;, and the spaces

Va,s:V%GBV%@"'@V%_I@RU%’ VS:VG,S@VT
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The corresponding dual pair is (Gs, G)) = (Og-1, Spyr (R)) acting on the symplectic space
Ws = HOHI(VT, Vﬁ,s)'

Let HY C H be the identity connected component of the centralizer of s. The map
k:H UHYs — Gy, (208)
obtained by restricting an element of H) UHYs C End(Vg) to Vg, , is a bijection onto the
Cartan subgroup of G,. Notice that x : HY — x(H?) is an isomorphism. Moreover,
k(hs) = k(h)k(s) (h e HY). (209)

If we identify h € HY with its (2]) x (2)-matrix with respect to the basis {v;}i1<j<o of
Vg, then x removes the (20 — 1)™ row and column of h. Let g, be the Lie algebra of Gi.
Then k defined as above extends to b, and k(hs) is a Cartan subalgebra of g;.

Lemma 34. Every element of the connected component G%s is G-conjugate to an element
of HYs.

Proof. Fix an element g € G. As shown in [Cur84, page 114], g preserves a subspace of
V of dimension 1 or 2. Hence V decomposes into a direct sum of g-irreducible subspaces
of dimension 1 or 2, and the claim follows. O

Let us consider the p-function and the Weyl denominator for the root system of type
C)—1 which is dual to that of (gs, k(bs)) :
pr=(10—1e1+ (1 —=2)ea+---+¢e_4 (210)

and
-1

AR =) [T (= Cores M)A = &) - T[T = €2ey () (h € HY).

1<j<k<l-1 Jj=1

(211)
Here the e;’s are considered both as elements of ik(h,)* and elements of ih* vanishing
on RJ;. Hence, for every root a of (gs, k(hs)) , we can think of £, as a character of H?
satisfying

*

Ea(h) = Ea(k(h))  (heHY). (212)
Observe that the Weyl group of the root system of type C;_; coincides with W(G?, k(hs)).
Its elements act by sign changes and permutations of the Ji, ..., J;_;. The following

two lemmas follow respectively from [Wen01, Theorems 2.5 and 2.6].

Lemma 35. For any continuous G-invariant function f : G% — C,

1
da —
oo 79 = TG RO S

Notice that the coverings

f(hs)|AL(h)[* dh..

GOs — G, GO — QO
split (see Appendix E). Hence we may choose continuous sections

Hs > hs — hs € H0s and H®> h — h € HO. (213)
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Lemma 36. Consider the map

H? > h — hs € HOs

obtained by composing the multiplication by s and the fixed continuous section. Then

7. @H(g) 0
= H 214
On(hs) @Hs(l)@HS(h) (h € Hy), (214)
where
sgn(w)&, (xp,0) (R
On. (h) = Zwew(gg’“(hS))A]:g(,f) fooem ) ), (215)
A is the highest weight of 11, see (88), and
On(3)
==1. 216
O (1 210
Let
=
ps =0~ 3 > e (217)
j=1

be the p-function of (091, x(hs)). Then &,, is well defined on the double covering
M5h—hel
introduced in (127). Set

-1

Ahy=6,,(h) ] (=oeey (M)A —toeie () - JJA =€ (h)) (R EHT).

1<j<k<i—1 j=1

R R (218)

Notice that Ag(h) depends only on k(h). Hence we shall write Ag(h) = AS(JE)), when
needed. Let o denote the spin representation of Spiny,_; and let ©, be its character. By
[Lit06, Ch. XI, III., p. 254],

-1

Oo(m) = [[ &eam)(L + &, (M) (hn € K(HY)). (219)

j=1
Lemma 37. Let A be the highest weight of II. Then
=
AS:A+§Zej (220)
j=1

is the highest weight of an irreducible representation 11, of Spiny,_,. Let O,  denote its
character. Then

On, (M) A2(R)AL(R) = O, (r(h)O, k() A(M)AL(R) (b e HY), (221)

where ©, is the character of the spin representation o of Sping_;.
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Proof. By (211), (218) and (219),

~ ~

AL(h) = O4(k(h)) As(h) (k€ Hy). (222)
Notice that this character is real valued. Since A + p? = A\ + ps, formula (221) follows
immediately from (215) and (222). O
Remark 11. The same computations leading to (221) show that
O, (r(h,
On () = 20Dy oy
O, (k(h))
The right-hand side is a continuous W (G?, b )-invariant function on @. It is therefore

—

the restriction to x(H?) of a central function ® on Spiny_;. Hence ® is a finite linear
combination of irreducible characters of Spin,,_;. Let us embed G, into G by letting it
act trivially on Ruvy_;1. Thus, despite the fact that the denominator of (215) is the Weyl
denominator for a root system of type Cj_;, the function Oy, extends to a finite linear
combination of irreducible characters of Spiny,_; on G?, the connected component of the
identity in Gs.

To compute @(;Lvs), we need the following lemma. Recall from [AP14, Definition 4.16,
(35) and (101)] that

02(g) = ™Vt (J Mg - 1)) L,y (9€SP(W)). (223)

Define
te(@) =Xapw (7 €g). (224)
Let Oy, ts, Ts be defined as in (16) and (14) for the dual pair (Gg, G).
Lemma 38. For h € H? we have
©?(hs) = ©2(k(hs)) (225)
and
t(hs) = ts(k(hs)) ® do, (226)
where &y is the Dirac delta on WE.
Proof. By definition
W =W,® W, where Wi = Hom(Vy, Rug_y).
Since
hlwe =1lwe and  slwe = 1w
we have (hs — 1)W = (hs — 1)W; = (k(hs) — 1)W,. Furthermore
W, = Hom(V, Vg & V3 & --- & Vi) & Hom(Vy, Ruy)
and
(hs — 1)|Hom(vT,v%@v§@m@vg1) = (h— 1)|Hom(vT,v%@v§@m@vg1)

= (/{(hS) - ]‘)|H0m(VT,V%€BV%@---@Vl671)
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whereas

(hS - 1>|H0m(VT,Rv21) = -2 1Hom(VT,Rv2l) = (H(hS) - 1)‘Hom(VT,Rv2l) .

We may fix the complex structure J that acts as an element of G, see the proof of Lemma
5.4 in [DKP05]. Then J~!(hs — 1) = (hs —1)J 7! so that J~!(hs — 1)W = (hs — 1)W =
(k(hs) — 1)W, = JY(k(hs) — 1)W,. Hence,

det(J_l(hs - 1>>Jfl(hs—1)W = det(li(h&’) — 1)J*1(n(hs)—1)ws .

By (223), this verifies (225).
Let wy, € W, and wy € W Then, writing (-,-) = (-,-)w, + (-,-)ws, we have

(c(hs)(hs — 1)(ws + w7y ),(hs — 1)(ws + w7 ))
= (c(hs)(hs — 1)ws, (hs — 1)wy)
= ((hs + 1w, (hs — 1)ws)
= (c(r(hs))(r(hs) = Dws, (k(hs) — Dws)w, ,

which proves equation (226). O

Proof of Theorem 7. Let us choose h = h in (213) and define the section HYs — }/1\2; SO
that

O(hs) = O4(k(hs)). (227)

Then

T(hs) = Ty(k(hs)) @ .. (228)
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In these terms, Lemmas 35, 37 and 38 show that

| en@r@@)dg

:‘W(GO ] Oen<hs>|AD<h>|T<hs><¢>dh

[
‘/ On(115) [0 (5(1)) 2| Au ()T (h5) (6°)

O (1) 0 (1)) P A (1) PT2 (1)) (6 v, )
) —_—

= B (1) TWCT, RG] gy O ()[Oa ()P A (BT, (k(h)R(s))) (6% w. ) dh

On(s

(

@H(~) 1 5 ; o .

(1) WG, 5 (02)] Juo O, (K (1))|On (K (1)) |2 A (1(R)) PTu k(1) r())) (6% |w. ) dh

IW(GO R(Bs)| Jrg

~ On.(1

sﬁ (<§1)> W (G 1,4@ D sy Ot ()10 (1) 212, () 2T () (6w, ) g
(fffl 5 /(HO O, (—#(3)h) [ (—r ()10 ) 2| A (—ri(5) ) PTa () (6w, )
Sj((;)) (G 1%(h T .y O (RO {s) ) A=) P (=F)) (6 )
SE(S)) W 1 T -y O EORIO L) Pl 1) P () 6 )
sf({l)) |W<Gg,1< 71y O (RO (R () PT () (.

@H(g) 1 On1, oo (R(3)h) | Au(hr) PT (1)) (6% w, )

m, (1) [WAGE, 5(b))] J o)
The function -
—k(H2) 3 by — O, goe (k(s)h)
is W(GY, k(h,))-invariant. Hence there a GY-conjugation invariant function ®r such that
Pu(in) = On, eor(R(5)hn) (€ —R(HD)).
Therefore

/ On(3)T(5)(9) dg = C(IT) / $uu(g)T(g) dg,
GOs —-G9

where C(II) = g);((gl)).

Clearly ®(—g) is a finite linear combination of some irreducible characters ©,(g) of

GO'
=) a:0:(9) (9€G).

s*
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Thus
O(g) = Y a=O(—g) (g€ —G).

™

In particular,

Pr(c(2)) = Y aOn(—c(z))  (z€g).

s

([
Remark 12. In fact,
C(IM Py (i) = On(k-t(h))det(1 + s~ (1)) (€ —w(HY)).  (229)
Indeed, by [Lit06, Ch. XI, IIL., p. 254], the character of o is real valued and
Ossoc(9) = O5(g) = det(l+9)  (9€G)). (230)
By Remark 11,
O, (WO2((1)) = O, (k(M)Oa (k) (h € HY). (231)
If hy € —k(H?), then k(s)hy € k(H?). Hence, by (231), for hy € —r(H?),
Prr(h) = On,, (~(5)1)Os (R (5)h1) = O, (5™ ((5)h)) O2 ((5)ha) -
Notice that
kN k(s)hy) = sk (hy) = k™ (hy)s (hy € —k(HY)). (232)

Moreover, £~ (hy) € —GY. So, O (k~1(hy)) is well-defined, and by (214) and (231), we
obtain

CM)®n(h1) = On(k—(h)) det(1 + w(s)h1)  (hy € —k(HY)). (233)

By (232), det(1 + k(s)h;) = det(1 + sk~'(hy)), where the first determinant is taken in
Og—1 and the second in Oy. This proves (229).

The function —x(H?) 3 hy — det(1 + sx7(hy)) € R is W(GY, k(h,))-invariant. Hence
it extends to a GY-invariant function on —GY. However, this extension is not obvious, as
one can see for example when GY = SO3. In this case

1 0(0[ 0 cos(t) sin(t) |0] O
[0 1]0] 0 1 | —sin(t) cos(t)|0] 0
s=fhoto| * M=7 0 [1]0

0 0]0]—-1 0 0 0]—-1

and hence
det(1 + sk (1)) = 4(1 + cos(t)) = 2(2det(r™" (h1)) + tr(k ™" (h1))) ,

and the right-hand side extends to a G%invariant function on —GY.
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12. The special case for the pair (Og1, Spyy(R)) with 1 <[ <V

Recall the decomposition (93). Let us denote the objects corresponding to Wy by the
subscript s: O, ts and T,. If H is a Cartan subgroup of G, then H® = H? is a Cartan
subgroup of G, C G, and the Lie algebras g and g, share the same Cartan subalgebra
b = b,. Since any element h € H acts trivially on W, we see that (h—1)W = (h—1)W,.
Hence,

det(h — 1)(h—1)W = det(h — 1)(h—1)WS
and, just as in section 11, we check that
O(h) = 0,(h), t(h) =t (h)®d  (heH, (234)
where dy is the Dirac delta on W,
Proof of Theorem 8. Let H > h — h € H be the double covering of H on which the
functions &, and A are well-defined; see (127), It is easy to check that
A=A B det(1—h)  (heH), (235)

where

As(h) = gps(h) H (1 - €—€j+5k(h))(1 - g—ej—ek(h)) :

1<j<k<l

Hence, for ¢ € S(W),

| en@re) do -
B 1
a ‘W(Gsabs” HY

_ /G On(g) det(1 - 9)T.(3)(¢% w.) dy.

This proves (94).
Consider the Cayley transform c : b, — H? where

1
(W(G2,0)] Jo

On(h) det(1 — h)A,(h) Ay (h)O(R)ts(h) (6% w,) dh

On(h)AMR)AMR)T(h)(¢C) dh

iz, iz, 0) = (vn, ..o, 1), w=€%§% (1, €R1<j<I).  (236)
By (234) and since c(h;) is dense in H? = HO,
- B B 1 . ~ T ~ G
[, 8a@T @) b = [y || OatABATOHI ()6 ) dh
4t N — N N 1
- WG], OrEREEIAE). @)
<0, (0) | ) (@) (o) du- e Ha) do, (237)

S

where the jacobian of the map ¢ : h, — HY is computed using Appendix B for G = SO,.
We now proceed as in Lemma 16:

On(@(x)A@E(x)) = On(@(z) HA@=) ) = Y senyy(s)-w(@@)),

s€W(G,b)
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Appendix C, (141) and (149) show that there is a constant C} such that

1

A(E(x))@s(g(x))m

ch~2(z) = Cy ch 2+ (2) ch? (z) ch™?(x)
= Oy ch? 2 (). (238)

By Lemma 22, there is a constant C5 such that

o0, (2) /W () (0%, (W) dw = Cs [ Pe g, ()dy.  (239)

S

This, together with Lemma 19, implies that (237) is equal to a constant multiple of

£, (@(x)) ch® 2N (2)e PV Fyay, (y) dy da

/ H Va0 (L) 40! / PN Fyayy, (y) dy da

bs j— bs
/ H (1 —iw;) ™% (1 4 da;) % / eiB(x’y)F¢G|WS (y) dydx, (240)
bs j= hs

where § = 3(20' — 21 — 1), see (67), and a; and b; are as in (68).

Since 7(W;) Nbhs = b for D = R, we are in the situation considered by Theorem 4,
see also Corollary 25. The same computation as in Theorem 4 (with a; and b; reversed)
shows that (240) is equal to

/H Pb a; (By;)e B‘yﬂ+5_1ij,aj(—5_1yj)50(yj)>F¢G\ws(y)dy- (241)

hsjl

Since —1 € W(Gy, bs) has signature 1 and Fyc|w, is W(Gs, b,)-skew-invariant, we have
Fyopw,(—y) = Fyepw,(y). By (D.6), the change of variable y — —y transforms the
previous integral into

/h ) Al 4 ﬁ_lQaj,bj (_5_1yj>50(yj)>F¢G|Ws (y)dy =

5]1

[ T (1) + 2,800 a2
h.s] 1
Suppose first that [ < 1" and let wy € s7(V°), as in (49). Then by (I.3), there is a constant
C53 > 0 such that
| dadesm =cn | [ llg.g)w) dgdgZ") (0 € SOW), w e b),
S/ShT+w0 el G//Z/n
(243)
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where Z'" is the centralizer of n = 7/(wp) in G’. Because of the embedding G; C G and
the normalization vol(Gg) = 1,

//ﬁ (95, ¢)w) dgs d(g'Z'™)
G, G’/Z’”
//‘ /¢ 900,9)-w) dg dg, d(g'Z™)
s G//Z/n

— [ | ollgg)w) dgdlgZ™) (6 SW), we by ),
G G//Z/n
Hence, by (243), there is a positive constant C% such that

Howw) s (8°1w.) = Ciptow s, (¢)  (w € by'™). (244)
Proceeding as above with (I.1) instead of (I.3), we see that (244) holds in the case [ =1
as well. Observe that g/ (y) = 74, /5. (y) by (A.4). Hence

Foenw. (y) = CsFo(y)  (y = 7(w), w € by™).
Since hs = b, (242) becomes

CS/hjljl (pj(yj) +qj(—ayj)5o(yj)>F¢(y) dydz,

which is a positive constant multiple of the integral [ ., On(§)T(7) dg from Theorem 4.
O

13. A different look at the pair (O 1, Spyy(R)) with [ >

Recall the decompositions h(g) = b @ h” from (169) and W = W, & WL from (98).
Recall also that we often identify f and §’ via (43). As before, we denote the objects
corresponding to W, by the subscript s: g5, G, O, ts and Ts. In particular, b, = h(g),
see (46), and H? = H(g)?. Since any element h € H(g) acts trivially on W, we see that

(h— )W = (h — )W,
Hence
det(h — 1)(h—1)W = det(h — 1)(h—1)WS

Therefore, as in section 11, we check that
O(h) = O4(h), t(h) = ts(h) ® by, (245)

where §j is the Dirac delta on W.

Let 35 denote the centralizer of b in g5. Then 35 = h @ g7, where g’ is the Lie algebra of
the group G” of isometries of the restriction of the form (-,-) to the 2({ — I’)-dimensional
real vector space (V%’O)L. Then h” is a Cartan subalgebra of g?. The following lemma is
a variation of Lemma 27 in the present situation.

Lemma 39. Suppose | > I' and let ju be the Harish-Chandra parameter of a genuine
irreducible representation of Oy 1. In terms of the decomposition (169)
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& ou(@)) N (@), o) (@)
= (6 @) 1)) (€ @) B (@ g (e ) . (246)
where x = ' + 2" € h(g), with ' € b and " € §”. Moreover,
& ou(@@")) e 2N @ )myy g (2) da”
b
=C > sgngy (S Ioy (= (sp)lyr + 5"p"), (247)

HGW(G” h//

where C' is a constant, p" is one half times the sum of the positive roots for (g¢, b¢) and
oy s the indicator function of zero.

Proof. Formula (246) is obvious, because 7, /i) (2" 4+ 2") = gy /pr(2"). We shall verify
(247). By (C.2) applied to g” D b,

g iy (:L’//) _ C{/A//(/C\(:L’//)) chz(l_l/)_l(:c”) (x// c b//>7

where A” is the Weyl denominator for G”, see (172). Hence, the integral (247) is a
constant multiple of

E-su(@a")) A" (E(2")) ch™? (") da” = 240" §—su(h)A" (h) dh,
h” E(h//)
where ¢(h”) C ~mm, Noticing that vol(—H"?) = vol(H"?), we obtain the right-hand side
of (247) as in the proof of Lemma 27. O

Proof of Theorem 9. As in section 12, we check that for ¢ € S(W),
[ eu@T@@)ds = | On(@)det(1 - L@ lw)dg,  (38)

which verifies the first equality in (101). On the other hand, similar computations as
those done in section 12 and (245) imply that the right-hand side of (248) is a constant

multiple of
(On(ele) AR ™) (Mes@(m»)

D Jo) T /b(g) ()

X Wgs/h(g)(x)/w Xz (w) ((;SG\WS) (w) dwch™(x) dz, (249)

where ¢ : g, — G? maps onto a dense subset of G? and is such that c(h;) is a dense subset
of H(g,)". Notice that H(g)? = {diag(h,1);h € H(gs) }. Lemma 23 shows that there is a
constant C] such that

T /b(g) (Z) /W Xa(w) ¢%|w, (w) dw

=G / e > S8y, /n(a) ()75, /(e (8 2)e P Fyay o (y) dy
O W (2s.5(0) €W (Cs 0 (9))/W (25 h(0))
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where 35 C g, is the centralizer of h = b'. By (238), for a suitable constant Cf,
A(cl /

M@s(é(z)) ch™2(z) = Cy ch? =27 Y(z) .

Tas /() ()

Hence (249) is equal to a constant multiple of

Z sgng/h(g / //(h_reg u"lz)) ch? —21_1(@

weW(G,h(g))

x 5804, n(e) ()50 (8 2)e PO Fyay o (y) dy da.
W(Zs, h(g))GW(Gs h(g))/W (Zs,b(g))

Interchanging the sums, changing the variable of integration z to tx and using that
ch(txr) = ch(x) and B(tz,ty) = B(z,y), we see that (249) is a constant multiple of

> D seng () seng, sy (t)
tW(Zs,b(9))eW (Gs,h(9))/W(Zs,b(g)) ueW (G,h(g))
/( / " (' 42)) 2 (@), oo (2)€BED Fu (y) dydr.
Q _re

Now, replace u € W(G,h(g)) with tu, where t € W(Gy, h(g)) € W(G,h(g)). Since
SENy /() (EU) SN (o) (B) = 881 /() (1), we conclude that (249) is a constant multiple of

Z S581g/1(g) (“)/ / £, (@utr)) ch® "2 ()
h(g) T/(hT’r'eg)

ueW(G,h(g))
X Ty () (2)e P Fyey, (y) dyda . (250)

Lemma 39, together with the identification (43) of h and §’, implies that this last expres-
sion is a constant multiple of

> Sgﬂg/m( )( D seugy () (- (Uﬂ)\h”JrU/ﬂ"))

uwEW (G,h(g W' €W (G b

/ / o (E(2)) AN () BV B () dy d
b h reg
- Z Sgng/h(g /E ue(e(2)) o2 @) // 6iB(x7y)F¢G\ws (y) dy dz .

ueW (G.h(g)) 7/(h5"%)
(ups)] g =p"

(251)

From Corollary 28 we see that (251) is zero unless there is u € W (G, h(g)) satisfying (178).
As in Theorem 5, this imposes the condition (a) on the highest weight A of II. Moreover,
ulp = 1 can be idenfied with its restriction to h’. The sum is hence over u € W (G, §’). For
ue W(G,h) CW(G,h(g)) and 1 < j <, recall the parameters a, ; and b, ; introduced
n (78). Notice that Qy, 4, = 0 for 1 < j <1 because a,; + b, ; = 2(l —=1) +1 > 2 for
[>1.
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Hence, as in Theorem 5 (with the parameters a,; and b, ; reversed because we are
evaluating £_,, at ¢(z) and not at ¢_(x)), formula (251) becomes a constant multiple of

l,
g ]
Z S8y () / <H By, s (27Tyj))€_27T 2= |yJ‘F¢G\w5 (y) dy.

wEW (/) ") =1

We can replace u € W(G', §’) with uou € W(G', '), where ug = —1. By the W (G, §’)-
skew invariance of Fya|,, () the above integral is equal to

I
4 )
Z Sgng’/h’ (u) / ( H Pau,j,bu,j (27Ty]))€_2ﬂ- Zj:l |y]‘F¢G‘W5 (y) dy

ueW (G/,1) ") =1

l/
_on s .
[ (T Posstom))e i, ().
! hTreg

Finally, by (D.4) and (41), the last integral is a nonzero constant multiple of

4 )
/ <h (HP uyg2(2my5) e 2 W Eye () dy.
! T'reg

j=1

The final formula (101), as well as the non-vanishing of the distribution [, Ou(9)T(3) dg
when the highest weight A satisfies condition (a), now follows using the steps leading to
Theorem 5. 0]

14. Proof of Corollary 12

We need to distinguish three cases:

(a) p=0,ie. I <qg=1,

(b) p>landp <l=p+yq,

(c)p>landp<li<p+q.
In case (a), the dual pair is (U, Uy), which has both compact members. The condition
on A\ 41 requires that ¢ +1 <[, which is not possible here. On the other hand, as proved
in [MPP23a, Corollary 3] using the explicit intertwining operators for this case, IT occurs
in Howe’s correspondence for (U;, Uy) if and only if Ay > -+ > A\ > lz—l = 2. This proves,
in particular, that \; < £ cannot occur in Howe’s correspondence.

2
In the cases (b) and (c), we prove that if

‘LéﬂmT@Mg%O (252)

then A1y < 52 and A, > 2.
Consider first case (b). Then a; +b; = =26 +2 =1forall 1 <j < 1. So Qg = 0 for
all 1 < j <, and hence, in the notation of (71),

l

TT (b)) + 45 (=0(7))50 () F (Ha (By) ) Bl Ey(y) . (259)

J=1
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Moreover, by Lemma D.1, for every 1 < j <, at most one between P, 3. » and Py, 2
can be nonzero. By [MPP20, Lemma 3.5] and because | > p=1— ¢ > 0,

l
h ﬂ’T(W) = W(G> b){y = Zyj‘]j Yty >yl—q 2 0 2 yp+l> cee ayl} (254)

j=1
= {y = Z y;J;j : p coordinates y; are > 0 and g coordinates y; are < O} .
j=1

If (252) holds, then P, ;, o # 0 for p coordinates y; and P, 5, —» # 0 for ¢ coordinates y;.
The first condition is equivalent to a; > 1 for p values of j, which in turn implies that
b; < 0 for p values of j. The second condition is equivalent to b; > 1 for ¢(= [ — p) values
of j. Since the b,’s are strictly decreasing, we conclude that if (252) holds, then

by > >b_p>1>0>bgy >--->10.
Hence a,+1 > 0. By (68) with = XA+ p and (37),

[+1 1
1§bl—p:)\l—p+%_(l— )+§ if and only if )\lp>¥,
l 1
1> ag1 = )\q+1—%—l—q+1—|—§ if and only if )\q+1<¥

This proves the claim in the case (b).
Let us now come to case (c). Then Q4,3 # 0 for all 1 < j < [ because a; + b; =
—26+2 < 1. By (254),

hnrwW) = |J ¥,

SEW(G,h)
where

Yy = Zyjjj SYs)s - - -5 Ys(i—q) > 0 > Ys(p+1)y - -+ 7ys(l)} . (255)

Hence the integral in (71) is a sum of the integrals over the Y;’s. We consider each of
them separately. Let then s € W(G,h) be fixed. For v C {1,2,...,1}, let |y| denote its
cardinality and set v¢ = {1,2,...,l} \ 7. Hence the integral over Y; is equal to

Z / 11 7s(ws) (H% 50%)) o(y) dy, (256)
vC{1,2,.. jene =

where empty products are equal to 1. As in case (b), by Lemma D.1, for every 1 < j </,
at most one between P, ; o and Py, s, —o can be nonzero. By (255), if the integral (256)
is nonzero then

Je€{s(1),...,s(l —q)} N~ corresponds to a term Py, 5,2 # 0, i.e. a; > 1 and b; <0,
je{s(p+1),...,s(l)} N+ corresponds to a term P, 5, _» # 0, i.e. b; > 1.
For I € {7,~°}, define
_ _ ) y;=0forallje{s(l),...,s(l-¢q)}NT, }
Yor = {yr _Z‘%JJ ' { y; <Oforall je{s(p+1),....,s()}NT ’

jer
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Then Y; =Y, X Y; ., and (256) becomes

Z (2m)i=h /Y ( H Pr; v;,2(BY;) e+ (yy))

vE{L2,0h = je{s(1),s(l-a)}me
% ( H Pay b;,~2(BY;)Ir- (yj))e_ Ljeqe Ivi]
JE{s(p+1),...,s(DFye

< e Sl (TLas(-00)00) Folo) do, d

s JEY

= > e [ (T Pasalow)
YC{1,2,0.} Yor T jeds(1), s () e
Je{s(p+1),....,s()}Nye
% (TL (=00 Fo)luy=oer ) dye (257)
Jjey
where empty products are equal to 1.
Suppose there is j, € {s(1),...,s(l —¢)} N~. Every y = Zgzlyjjj with y; > 0 for

je{s(1),...,s(l—q)}N7° y; <0forje{s(p+1),...,s(l)} N~y and y; =0 for j € v
belongs to

! yj = 0forall j € {s(1),....s(l —q)} \ {jr}.
{y =Ny < Oofor all j € {s(p+1),...,s()}, } C a(h N T(W)),
J=1 Yy, =

where (h N 7(W)) denotes the boundary of h N 7(W). For all 1 < j </,
deg Qo 0, = aj+b;=-20+2=1—p—q+1<p+qg—1—1,

because | < p+¢. Hence the term (Hje,y qj(—ﬁ(Jj))Fd,(y)) |y;=0,jey 18 zero on A(hNT(W))

by [MPP20, Theorem 3.6]. Choosing j = j,, we see that the integral corresponding
to v in (257) vanishes. Similarly, the integral corresponding to - vanishes if there is
Jjv € {s(p+1),...,s()} Ny. The sum in (257) therefore reduces to a sum over the 7
having no intersection with {s(1),...,s(l—¢)} U{s(p+1),...,s(l)}. For these 7’s,

{s(1),....s(l=q)}p Ny ={s(1),....,s(l = q)},
{s(p+1),....s(D}Ny={s(p+1),...,s()}.
Hence
bs(jy <0 for1<j<Il—gq,
bsjy =1 forp+1<j5<1.
This means that, if jy is chosen such that
by >-->bj, >21>0>0bjp41>---> 10,
then

{s(p+1),...,s(D} € {1,....50} and {s(1),...,s(0—¢q)} S {jo+1,...,1}.
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In particular, there are at least | — p elements b; > 1. So b;_, > 1. Similarly, there are at
least [ —q elements b; < 0. So by41 < 0, i.e. ag41 > 1. Asin the case (b), we conclude that

if the integral over Y; corresponing to this + is not zero, then \;_, > 2 and A\, < 52,

This applies to all v and all s. Hence, if (252) holds, then A\;_, > %52 and A\, < 552

iS]

15. A sketch of a computation of the wave front of IT’

Corollary 40. For any representation Il @ Il which occurs in the restriction of the Weil
representation to the dual pair (G, G’),

WFIT') =7 (r7(0)).

Here W F(II') stands for the wave front of the character O at the identity and 0 =
W F(II) since II is finite dimensional.

The complete proof is rather lengthy but unlike the one provided in [Prz91, Theorem
6.11], it is independent of [Vog78|. We sketch the main steps below. The details are going
to appear in [MPP23b].

The variety 771(0) C W is the closure of a single GG'-orbit O; see e.g. [Prz91, Lemma
2.16]. There is a positive GG'-invariant measure peo on this orbit which defines a homo-
geneous distribution. We denote its degree by deg po.

Recall that if V is a n-dimensional real vector space, t > 0 and M;v = tv for v € V,
then the pullback of u € §'(V') by M; is M;u € §'(V), defined by

(Mu)(¢) =t "u(po M)  (¢€S(V)).
In particular, for V=W
M; i = 1910 5.
Define 7, : 8'(W) — S'(¢') by 7.(u)(¢) = u(¢p o 7') . Then, for t > 0,
2AMIN o 7L = Vel o My (258)

A rather lengthy but straightforward computation based on Theorems 4, 5 and 7, shows
that

s o M frem tjo C o, (259)

as tempered distributions on W, where C' is a non-zero constant.
Let F indicate a Fourier transform on S’(g’). Then, for ¢ > 0,

Mo F =t"9m¢ Fo M, . (260)
Hence, in the topology of S'(g'),
t2deg oy MtZ-FT;(fl'I@H’) t—>—0>+ CFuor (261)

where C' # 0 and O' = 7(0O).
There is an easy to verify inclusion WF(II') C O, [Prz91, (6.14)] and a formula for the
character O in terms of F(7;(fuem)),
1 _—

. ¢ O = 7/(fiemw), (262)

where o is a smooth function, [Prz91, Theorem 6.7]. By combining this with the following
elementary lemma, one completes the argument.
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Lemma 41. Suppose f,u € S'(R™) and u is homogeneous of degree d € C. Suppose
M) o () (0 e S@Y). (263)

0+
Then
WFO(f) Dsuppu, (264)

where the subscript 0 indicates the wave front set at zero and

f)y= [ fly)em=vdy.

R

APPENDIX A. Products of positive roots

Keep the notation introduced in section 3. Recall, in particular, that Z?;l y;J; € f)%|\/6
and Zzﬂzl y;J; € b2|y. are identified via (43). Here I” = min{l,'}.

Suppose | < I’. We can choose the system of the positive roots of b in g¢ so that their
product is given by the formula

7Tg/h(z yiJj) (A1)

H1§j<k<l i(=y; + Ur) if D=C,
H1§j<k<l( y] + yk) H ( QZyJ) if D=H,
H1§j<k§l( y] +43) if D=R and g = soy,

H1§j<k§l(_y]2‘ + i) - H§:1(_iyj) if D=Randg=s0y;.

Let 3’ C ¢’ be the centralizer of h. We may choose the order of roots of b in g /3¢ so that
the product of all of them is equal to

l
oy (O yi)) (A.2)
=1

( zy]) —d if D=C,

) if D=H,
i (=ig)?~?  if D=Rand g = soy,
é 1( ) —d+l o f ]D):Randg:5021+1.

H1§j<k§l i(_yj + Yk - H
H1§j<k§l(_y]2' +u) - Tl-
H1§j<k§l<_y]2‘ +u) - 11=

IT;-

H1§j<k§l(_y]2' + i) -

Suppose [ > I'. We can choose the system of the positive roots of b’ in g so that their
product is given by the formula

H1§j<k§l’ i(—y; + Yk) if D=C,
7Tg’/b'(z ij]’.) = H1§j<k§l’(_y]2' + y7) if D=H, (A.3)
= Ticioner (42 +92) - TI_ (—2iy;) if D=R.
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Moreover, let 3 C g be the centralizer of h. We may choose the positive roots of b in
gc/3c so that their product is equal to

!
o (O vid;) (A.4)
j=1
H1§j<k§l’ Zb(_yj + yk) : Hé’:l(_iyj>d_dl if D= (C7
_ H1§j<kgz/(_%2' + i) - H§':1 2iy; - H§:1(_yg2‘)d_dl if D= H,
[li<jorer (=47 +40) - HZ' L(=iy) if D=Rand g =soy,

H1§j<k§l(_yj2' + yl%) ) Hl, 1 (=1y;) - Hl/ (_iyj)d_d/ if D=Rand g=s0941.

AprpPENDIX B. The Jacobian of the Cayley transform

Here we determine the Jacobian of the Cayley transform c¢_ : g — G. A straightforward
computation shows that for a fixed x € g,
c(ztyle () —1=01-z—y) 291 +2)""  (yeg).
Hence the derivative (tangent map) is given by

C(r)y=(1-2)""2y(l-2)"" (yeg). (B.1)
Recall that G is the isometry group of a hermitian form (-,-) on V. Hence we have the
adjoint
Endp(V) 3 g — ¢* € Endp(V)
defined by
(gu,v) = (u, g™v) (u,v € V).
Let us view the Lie algebra g as a real vector space and consider the map

v : GLp(V) — GL(g), ~(9)(y) = gyg".

Then det oy : GLp(V) — R* is a group homomorphism. Hence there is a number s € R
such that

det(v(g)) = (det(g)vy)” (g9 € GLp(V)),

where the subscript R indicates that we are viewing V as a vector space over R. On the
other hand, for a fixed number a € R*,

det(y(aly)) = a*¥™9 and det(aly)y, = a®™VF.

Hence, ’
det(1(9)) = (det(g)v) %% (g € GLy(V)).

If x € g, then 1 +2 € GLp(V) and

(I+2)*=1F2 and ((1+ a:)_l)* =(1F2)" "
Hence

_(z)y =2(1—2) 'yl +2) " e_(2) =2(v (1 = 2) y)e_(z)  (y€g).

Notice that |det(c_(x))| = 1 because ¢(g) C G. Therefore

2dimg

| det(c_(2))] = 298 det(1 — 2), " = 29™0ch(2)™> (v €g), (B.2)
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where ch and r are as in (138) and (65), respectively.

APPENDIX C. The Weyl denominator lifted by the Cayley transform

Consider the orthogonal matrix group
G = Og41 = {g € GLy1(R); gg' =1}

and keep the notation introduced in sections 9 and 12. In particular, recall the Cayley
transform ¢ : b, — HY defined in (236). In this appendix, we and verify the following two
formulas:

A(C(2)) = Crmgy(z) ch ™ (z)  (z€h), (C.1)
A(e(x)) = Comy,pp, (x) ch™H(z)  (z€bs=b), (C2)

where €} = (—1)2"” and C, = i!2”. Notice that (C.1) is a special case of (139) for
G = Og41. The proofs of formula (139) for the other cases are similar to the proof of
(C.1).
We identify
. a b
a+zb—<_b a) (a,beR).
Then
SO3(R) ={u e C; |u| =1}.

Fix the diagonal Cartan subgroup

H = {diag(u1, ua, ..., u, £1); u; € SOz(R), 1 < j <I(}.
Then the connected identity component of H is

H° = {diag(uy, us, ..., u;, 1); u; € SOo(R); 1 <5 <1}.
The group Ho may be realized as

HO = {diag(uy, ug, ..., u;, 1;€); u;, € € SOa(R), 1 <j <1 € =ugug- -y}
and the covering map (127) is
diag(uy, ug, ..., uy, 1;€) — diag(ug, ug, ..., uy, 1) .

In these terms, the usual choice of the positive roots e; £ e, with 1 < j <k <[, and e;,
with 1 < 7 <[, gives

Eepren(diag(ur, ug, ... u, 15€)) = iy,
Eepe(ding(ur,us, . u, 156) = ugtuyt
& e, (diag(ur, ug, . up, 15€) = uj,
Eoldiag(ur, ua, ... w, 158)) = uiub €

We now prove (C.1). Ifx = diag(izy,ixs,...,ix;,0) € b, then c¢_(z) = diag(uy, ug, ..., u; 1)

has coordinates
. 1 + Zj

Uj ) Z]:'l[lf], ]-Sjgla

with |u;| =1 and u; # —1 for all j. We shall use the branch of the square root

Vreil = \/re's (r>0,—m<6<m)
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applied to the coordinates u; of the elements in c¢_(h). It is easy to check that, for this
choice,

1+ 2z; 1+ z;
Vi TR =V b= VT, ([T = VIEayT

(Zj = in, T € R) . (Cg)

We choose the section o : c_(h) — HO of the covering map for which & = \/u\/uz - - -/,

1.e.

U(diag(u1>u2a <oy U, 1)) = diag(u1>u2a ey U, ]-7 \/u_l\/u72 o \/U_l) .
Recall that ¢_(z) = (o(c_(x)), 1), see (132). We shall use the polynomial identity

[T ab= (ﬁ a7 (ﬁ bt) (C.4)
1<j<k<l =1 ey

when either b; =1 or b; = a; for all 1 < j <. By (128) and (C.4),

-1

A =€(TTw7) T (0 -wtuh0 = oy w) [T0 - u)

j=1 1<) <k<l
l
=¢ H 1—uj uknl—u
1<5<k<I j=1
By (C.3),
a_ 14z 1-% 2(%; + 21)
uj — Uy, - = )
Cl—z 14z (1—z)(1+2)
1—u_1uk:1—1_2]1+2k: Q(ZJ_Zk) ,
J 1+2 11—z (142)1—2)
]_—u._lz _ 1—Zj _ 2Zj _ 2Zj ‘
J T4z 142z /T42/T+z

Since £ = Hé.:l /U, we obtain by (C.3), (C.4) and (A.1),

I l
1 1
ae-@=2" Il g=mg=all Il Gorae -]l
1<j<k<l (=20 = 2) i VI-2V/1+ 2 1<j<k<l i=1
l

02 (M HHlfx?) @ (eh).

le

which gives (C.1).
Let us now consider (C.2). If z = diag(iz, iza, ..., ix;,0) € b, then ¢(z) = diag(vy, ve, ..., v, 1)

has coordinates

Zj + 1

= —u; Zi = 1L, 1<5<1
Zj—l ‘Bl j i ~71>

Uj:
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with |v;| =1 and v; # 1 for all j. We shall use the branch of the square root
relf = \/re'? (r>0,0<86<2m)

applied to the coordinates v; of the elements in c¢(h). Here /r is the usual square root of
positive numbers, so that /- has a one-sided continuous extension to 0 < 6 < 27. It is
easy to check that for this choice of square roots

Zj+1

Zj+1:\/2j+1\/2j+1,

isign(z;)\ /1422 = /2 + 1/z — 1 (z; = 1z;, z; e R\ {0}), (C.5)

where sign(z) = z/|z|. We choose the section ¢ : ¢(h) — HO of the covering map for

which & = \/v1,/v2 - - - /v;, and recall that ¢(x) = (o(c(x)), 1), see (132).
As before,

l
=¢ H v; — vy ) 1—21 V) Hl—v
7j=1

1<j<k<l

where, by (C.5),

’U-—'U_l—zj_'_l—Zk_l— 2<Zj+2k)
TR T -1 e+l (=) (1)
| — o=lw _1_zj—1zk—|—1_ 2(z; — z)
j Yk — ] R ] — )
zi+1lz,—1 (2 +1)(z— 1)
J zi+1l  z+1l i+ 1% +1

Since £ = ngl \/Uj, we obtain by (C.3), (C.4) and (A.1),

12 Z]—l-l
) =2 H H (22 —1) H\/zj+1\/zj+1 H (2t 2)(z = )

1<g<k<l J 1<j<k<l

2T 1 !
2l2 Hagn () hl ! H ! Tg. /()
\/z—l\/zj—i-l\/zijl (1—2z3)1

l2 ]. ]_
e Lot et e Tt

1

— 9%l (ﬁ
j=1 ,/1+x (1+

which extends by continuity to h and gives (C.2).

) Ten(e) (2 €0\ 0D,
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ApPPENDIX D. The special functions F,;, and @,
For two integers a and b define the following functions in the real variable &,
b-1 a(a"‘l)‘“(a"‘k—l)2—a—k€b—1—k ifo>1
P, — k=0~ KI(b—1—F)! = D1
wu© = {2 e 0.1)

yotbt S0 B bk oy hokgaik
Pop—2(§) = { (=1) 2 k= F{a—1—F)! (—2)7"7"¢ ifa>1 (D.2)

0 if a <0,

where a(a+1)---(a+k—1) =11if k = 0. Notice that

Pup—2(8) = Pran(—€)  (E€R, a,be 7). (D.3)

Set

Pap(§) = 2m(Pap2(EIr+(§) + Pap,—2(§)Ir-(£)) (D.4)

= 27T(Pa,b,2(£)HR+(£) + Pba2( )HR+( 5))

where Ig denotes the indicator function of the set S. Also, let

0 ifa+b>1,
oo deteathm Do —ak(] —jy)b=b if —a>b—1>0,

S k=
Qap(iy) =27 b b(b+1)- k(b+k 1 o—b- k(l +iy)k‘“ if —bs>a—1>0, (D.5)
(1+Zy) (1 —iy)~° if a <0andb<0.
Observe also that
Ppa(§) = Pup(—=¢)  and  Qpa(iy) = Qup(—1y)- (D.6)

The following elementary fact will be crucial at several points.

Lemma D.1. Suppose that a+b < 1. Then at most one between P, o and Pyp o can
non-zero. Hence Py, s either 0 or a the restriction of a polynomial to a half line.

Remark 13. Let I' denote the gamma function. If £ is a nonnegative integer, then

I(a+ k)

ala+1)---(a+k—1)= Tla)

which is often shortened by the Pochhammer symbol (a),. Another useful formula is

In this notation, for an integer b > 1 and h=0,1,...,b—1,

(b—1)!

b=1=ml = S

be

I(—a+1—k)

and I'(—a—b+2+h)=T(-a—b+2)(—a—b+2),.
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Hence
b—1
[(—a+1) 1 ok b1
P, = 1)k g—a—kcb—1-k
s2(¢) kz%( ST Cari—® M- 1R ¢
b—1 1 1
— T(—a+1) )i h g—a—b+1+hch
@t hz:% (Ca—b+2+h) (b—1—R)Al s
I'(—a+1) L (=b+ 1)
— -1 b—12—a—b+1 9 h
(=1) I'(—a—0b+2) b—l'hzo a—b+2hh'(£)
I'(—a+1)

— (_1)b—l2—a—b+1

T(—a—b+2)(b—1) (b4 1 —a—b+2;2¢)
= (Z1)PT2Te L (28)

where 1 F] is the confluent hypergeometric function and L%(x) is a Laguerre polynomial.
See [Erdb3, 6.9(36), §10.12].

Proposition D.2. For any a, b € Z, the formula

/R A +iy) (- i) o) dy (6 € SR)) (D.7)

defines a tempered distribution on R. The restriction of the Fourier transform of this
distribution to R\ {0} is a function given by

/R (14 i) (1 — i) e dy = Poy(€)e (D.5)

The right-hand side of (D.8) is an absolutely integrable function on the real line and thus
defines a tempered distribution on R. Furthermore,

(1+iy) (1 —iy) " = % RPa,b(@e“S‘e”’5 dy + %Qa,b(iy) (D.9)
and hence,
[ i1 = in) e dy = Pusf€e 8+ Qual—5)l6) (D.10)

Proof. Since, |1 £iy| = /1 +y?, (D.7) is clear. The integral (D.8) is equal to

1
—./ (1+2)7(1 —2)"e**dz
iR

= 21 (—Ig+ (&) res,—1 (1 + 2)"*(1 — 2) Pe ™ + Tp- (&) res,— (1 + 2)"%(1 — 2)"e™%).
(D.11)

The computation of the two residues is straightforward and (D.8) follows.

Since
| eteag— -
0
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we have

/OOO EmeSelY d¢ = (%)m (1—iy) P =m!(1—iy) ™"  (m=0,1,2,...). (D.12)

y
Thus, if b > 1, then

/ Pop2(€)ete dg
0

-1

Q‘

ala+1)---(a+k—

1
k' )2—a—k(1 o iy)_b+k

e
Il

0
b—1

(1= i)t a—l)...(—a—k+1)(_%(l_iy))k.

k=0

Also, if a < 0, then

(14 ig)s — (1— %(1—z‘y))_a=i< T ) (‘%“‘iy))k

k=0
S (ca)(—a-1)-(-a—k+1) /1. A\
= 2 o (——(1 —iy)
Hence,
/ooo Papa(§)e e de — (14 iy) (1 —iy) ™" (D.13)
b—1 k
=<1—zw—%—“(§j(‘““_“_1)@ Lokt D (La-i)

— (—a)(—a—1 —a—k+1 1 g

_Z%( e D)ooz ><_§u_ﬂy0 )

Recall that P,;, o = 0 if a < 0. Hence, (D.8) shows that (D.13) is the inverse Fourier
transform of a distribution supported at {0}, hence a polynomial.
Suppose —a < b — 1. Then (D.13) is equal to

b—1 k
. —a)(—a—1)---(—a—k+1 1 b
ro §° Cozam -
k=—a+1 ’
which is zero because (—a)(—a—1)---(—a—k+1)=0for k> —a+1. If —a=b-1,
then (D.13) is obviously zero.
Suppose —a > b — 1. Then (D.13) is equal to

N~ o)=Y (a—kt ) (1N
—2 ; o (-5) (1 —iy)e*. (D.14)

As in (D.12) we have

0 m
/_Oo Emesely d¢ = (d(czly)) (1+dy) ™t = (=1D)"m!(1 +iy)"™* (m=0,1,2,...).
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Suppose a > 1. Then

0
/ Py, —2(§)e*e™ d¢

a—l—b lzb b_l'l b_l'k_l)( 2)—b—k(_1)a—1+k(1_'_Z-y)—a—l—k
k=0
e (b)(=b 1) (=b—k+1) 1\
= (1 +iy) 2 ;( I )k:!( )<—§(1+1y)) .

Also, if b < 0, then
—b

k
2(1—iy)™ =) =h)=b - ) k' (b-k+]) <—%(1 + z’y)) .

k=0
Hence,
| Puca(@esr e — (1 i) e - i) (D.15)
e (S (Db =) (b =k 1) 1\
= (L+iy) "2 (kzo 7 (—5(1+zy))
_b —_ —_ J— oo [ — J— k
T2 s- 1)/<;!( AR (—%(1+iy)) )

As before, we show that (D.15) is zero if —b < a — 1. If —=b > a — 1, then (D.15) is equal

to
oy e Gy

If a > 1 and b > 1, then our computations show that

oo 0

/ Pypa(€)e e dE + / Pop-o(§)et e dE — (1 +1iy)~*(1 —iy)™" (D.16)
0 —00

is a polynomial which tends to zero if y goes to infinity. Thus (D.16) is equal zero. This

completes the proof of (D.9). The statement (D.10) is a direct consequence of (D.9). O

The test functions which occur in Proposition D.2 need not be in the Schwartz space.
In fact the test functions we shall use in our applications are not necessarily smooth.
Therefore we shall need a more precise version of the formula (D.10). This requires a
definition and two well-known lemmas.

Following Harish-Chandra denote by S(R*) the space of the smooth complex valued
functions defined on R* whose all derivatives are rapidly decreasing at infinity and have
limits at zero from both sides. For ¢) € S(R*) let

Y(O0+) = lim $(€), v(0-) = Tim v(&), (Yo = ¥(0+) - ¥(0-).

In particular the condition (¢)y = 0 means that ¢ extends to a continuous function on R.
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Lemma D.3. Let ¢ =0,1,2,... and let ¢ € S(R*). Suppose

(@)o=---= (V) =0. (D.17)
(The condition (D.17) is empty if c=0.) Then

/Rx e™Woyp(€) dg| < min{L, [y~ H(Wol+ 1l + (1w 1) (D.18)

Proof. Integration by parts shows that for z € C*
/ eTHP(E) dE = 2T (0+) + -+ 2T (04) + 27 / e (g) de,
R+ R+

/ CeE(E) de = —2Hp(0-) —-~-—z‘c‘1w(c’(0—)+z_c_l/ T de

Hence,

/ e (E) de
RX

= N P+ + 2 @) g + 27T (WD) 4 27 / e r(€) de
RX
and (D.18) follows. O

Lemma D.4. Under the assumptions of Lemma D.3, with 1 < ¢,

/ / (iy)" ey () dedy = 2mp™(0)  (0<k <c—1),
R JRX
where each consecutive integral is absolutely convergent.
Proof. Since
/ [yl min{1, [y| =} dy < oo,
R

the absolute convergence follows from Lemma D.3. Since the Fourier transform of ¢ is
absolutely integrable and since 1 is continuous at zero, Fourier inversion formula [Hor83,
(7.1.4)] shows that

/R/Rx e_iy5¢(§) d¢é dy = 2m(0). (D.19)
Also, for 0 < k,

/ (i) e () de — / —00) (i) e ) (€) de
RX

= [0 @ vierds+ [ (00 (@) uie) d
= ()" Y0+ + / gty de
= @0+ [ e dg

= (i) Hho+ [ ()T I(€) de.

RX
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Hence, by induction on k£ and by our assumption
/R (e ™€) ds = ()" W)o+ ()" P (Wo - + (@)
=& (R () d
N I
- [ et
RX

Therefore our lemma follows from (D.19). O

The following proposition is an immediate consequence of Lemmas D.3, D.4, and the
formula (D.9).

Proposition D.5. Fix two integers a, b € Z and a function » € S(R*). Let ¢ = —a — b.
If ¢ > 0 assume that

(@) ="-= (D) =0. (D.20)
Then

/]R/]RX (1 +dy) (1 — dy) e ™4p(€) d€ dy (D.21)
- /R Pay(€)e™ S (€) d€ + Qup(0) () ]e=o
= /R (Pap(©)e™ ¥ + Qan(—0¢)0(€)) ¥(€) dE

where 0y denotes the Dirac delta at 0.
(Recall that Qup =0 if ¢ < 0 and Qqp is a polynomial of degree if ¢, if ¢ > 0.)

Let S(RT) be the space of the smooth complex valued functions whose all derivatives
are rapidly decreasing at infinity and have limits at zero. Then S(R') may be viewed
as the subspace of the functions in S(R*) which are zero on R™. Similarly we define
S(R7). The following propositions are direct consequences of Proposition D.5. We sketch
independent proofs below.

Proposition D.6. There is a seminorm p on the space S(R™) such that

/R (e e

and similarly for S(R™).
Fiz integers a,b € Z with a +b > 1. Then for any function ¢ € S(RY),

/R (1+iy) (1 — iy)™ / () dg dy = 2 / Pusa(©)eSu(€)de,  (D.23)

R+

<min{l,|z| "}p(x) (¥ € S(R"), Rez>0), (D.22)

and any function ¢ € S(R™),

Jaswrea-uw [ ewu@dsdy =2 [ Pas@cviod,  D21)

where each consecutive integral is absolutely convergent.
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Proof. Clearly

[ v < [ e uoras <ol
R+ R+
Integration by parts shows that for z # 0,

/ (€ dE = = p(0) + = / e (€) dt
R+

R+

Hence (D.22) follows with p(¢)) = [(0)|+ || ¥ |1 + || ¥’ ||1-
Let a,b € Z be such that a + b > 1. Then the function

(14 2)79(1 - 2)™ / (e de

R+

is continuous on Rez > 0 and meromorphic on Rez > 0 and (D.22) shows that it
is dominated by |z|72. Therefore Cauchy’s Theorem implies that the left-hand side of
(D.23) is equal to

HEY(E) df) |

The computation of this residue is straightforward. This verifies (D.23). The proof of
(D.24) is entirely analogous. O

R+

—2mres,— ((1 +2)7(1 - z)_b/

APPENDIX E. The covering G—G

In this appendix we recall some results about the splitting of the restrictions L — L of
the metaplectic covering

1 — {#1} = Sp(W) — Sp(W) — 1 (E.1)

to a subgroup L of the compact member G of a dual pair (G, G’) as in (2). This is well
known, but we could not find a reference sketching the proofs of the results we are using
in this paper. We are therefore providing a short and complete argument.

If K is a maximal compact subgroup of Sp(W), then K is a maximal compact subgroup
of Sp(W). The group Sp(W) is connected, noncompact, semisimple and with finite center
Z. (Since Sp(W) is a double cover of Sp(W), only the connectedness needs to be com-
mented. It follows from the fact that the covering (E.1) does not split; see e.g. [AP14,
Proposition 4.20] or the original proof [Wei64, p. 199]). The maximal compact subgroup

K is therefore connected; see e.g. [Hel78, Chapter VI, Theorem 1.1]. Hence the covering
K — K (E.2)

does not split.
As is well known, K is isomorphic to a compact unitary group. In fact, if W = R?" and

0 I,

Sps,, (R)72" = { (Z _ab) : a,b € GL,(R), ab’ = ba', aa’ + bb" = [n} (E.4)

then
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is a maximal compact subgroup of Sp,, (R) and

Sps,, (R)”>" > (Z a ) —a+ibe U, (E.5)

is a Lie group isomorphism. Any two maximal compact subgroups of Sp(W) are conjugate
by an inner automorphism. Let K — Sp,,(R)”’" be the corresponding isomorphism.
Composition with (E.5) fixes then an isomorphism ¢ : K — U,,. Set

K? = {(u,¢) € K x C*; det(p(u)) = ¢*} (E.6)

Recall the bijection between equivalence classes of n-fold path-connected coverings and
the conjugacy classes of index-n subgroups of the fundamental group (see e.g. [Hat01,
Theorem 1.38]). Then, up to an isomorphism of coverings, U, has only one connected
double cover. Hence (E.2) is isomorphic to

K?> (u,() »uekK. (E.7)

Let L C K be any subgroup and

L-L (E.8)
the restriction of the covering (E.2) to L. Let L? be the preimage of L in K®. Then (E.8)
splits if and only if

L - L (E.9)
splits, i.e. there is a group homomorphism L 3 g — ((g) € U; C C* such that ((g)* =
det(¢(g)) for all g € L. For instance, if L is a connected subgroup of K such that

L C {u€K; det(p(u)) = 1}, (E.10)

then (E.8) splits.

To fix ¢, let (V,(-,-)) and (V’, (+,-)") be the defining spaces of G and G’, respectively,
with dimp V = d and dimp V' = d’. Realize W as V®p V', considered as a real symplectic
space, with symplectic form (-, ) = trp/r ((, )R (- -)’), where trp/r denotes the reduced
trace; see [How79, §5] and [Wei73, p. 169]. Then the group G is viewed as a subgroup
of Sp(W) via the identification G 2 g — g ® 1 € Sp(W). ' Similarly, G’ is viewed as a
subgroup of Sp(W) via the identification G’ 3 ¢’ - 1 ® ¢’ € Sp(W). Recall that n-by-n-
matrices over C can be identified with 2n-by-2n matrices over R under the isomorphism

ReM —ImM)

o M= (hnAI Re M

Moreover, n-by-n-matrices over H can be identified with 2n-by-2n matrices over C under

the isomorphism
pivt > (200 T
Here, for v € H, we write v = z1(v) 4 jzo(v) with 21 (v), 22(v) € C, and we similarly define
z1(M) and z(M) if M is a matrix over H.
Since G is compact, there is a compatible positive complex structure J on W such that
the maximal compact subgroup K = Sp(W)” of Sp(W) contains G. Moreover, since G

IFollowing the notation at the beginning of Section 3, one should identify ¢ and (g H@l.
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commutes with J, there is J' € G’ such that J =1® J'. Set I,, = (Ié’ _OI ) Then,
q

the explicit expressions of J’ with respect to to the standard basis of V ~ D? and of J

with respect to the standard basis of W ~ R?" are given as follows:

(GuG/> J/ n J
(Od? Sp2m (R)) Jom md Jomd
(Ua,Upg) | —ilyg | d(p+q) ( 0 fdp,dq>
_Idp,dq 0
; Jo 0
Spy; O3 L. | 2md pm
(Spg; 03,,) J m ( 0 szm>

Notice that in the (Ug, U, 4)-case we have SJS™ = Jogiq) for S = (Id(p+q) 0 ); in

0 Idp,dq
I 000
X 1 0010 .
the (Spy, O3,,)-case, TJT = Jy,, for T' = o7 0ol Hence, in all cases we can
00 0 [

embed G in (E.4) from the identification ¢ — g®1 € Sp(W)” followed by the isomorphism
of Sp(W)” and Sp,, (R)’>" corresponding to the conjugations by S or T, and then apply
(E.5). We obtain:

det(g)m  if (G, ) = (O, Spy,,(R))
det(¢(g)) = { det(g)% ? if (G,G") = (Ug, Upy) ’ (E.11)
1 if (G,G’) = (Spg, O3,,)

where det(g)yv denotes the determinant of ¢ as an element of G C GLp(V). (The deter-
minant of an n-by-n matrix over H can be reduced to a determinant of a 2n-by-2n matrix
over C via the isomorphism 5. For elements of Sp(d), this notion of determinant coin-
cides with other possible notions of quaternionic determinants; see [Asl96] for additional
information.)

Proposition E.1. The covering G — G splits if and only if det(¢(q)) is a square. This
happens for all pairs (G, G') different from (Og, Spy,,(R)) with m odd and (Ug, U, ,) with
p+ q odd. In these two non-splitting cases, the covering G — G is isomorphic to the
det'/2-covering

VG3(9,¢) > g€eG (E.12)

where

VG ={(g9,¢) € G x C*;¢* = det(g)v} . (E.13)

Proof. By (E.11) there is a group homomorphism G 3 g — ((g) € U; C C* so that
C(9)* = det(¢(g)) for all pairs (G, G') except at most the two cases listed in the statement
of the Proposition.

Suppose that G' = Sp,,,,(R), and let ¢ : O4 — U; be a continuous group homomorphism
so that ((g)? = det(g9)% = (£1)™. Then ((O4) C {£1,+i} and it is a subgroup with
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at most two elements. So ((O4) C {£1}. On the other hand, if g € O4\ SOy, then
det(g)c = —1. Thus ¢(g)? # det(g)% if m is odd.

Suppose now that G’ = U, ,, and let ¢ : Uy — U; be a continuous group homomorphism
so that ((g)* = det(g)} % Restriction to U; = {diag(h,1...,1);h € Uy} C U, yields a
continuous group homomorphism h € U; — ((h) € U;. Thus, there is k € Z so that
C(h) = h* for all h € U;. So h?* = ((h)? = det(diag(h,1,...,1))P~7 implies that p + ¢
must be even.

For the last statement, consider for k& € Z the covering My = {(g,¢) € G x C*;¢* =

det(g)¥*'} of G. Then (g,¢) — (g,CTlﬂ) is a covering isomorphism between M, and
M. 0J

Remark 14. Keep the notation of (E.6) and let « : K¢ — K be the isomorphism lifting
¢~': U, — K. Then, by [Fol89, Proposition 4.39] or [Prz89, (1.4.17)], the map

(u, ¢) = ¢'w(a(u, ()
is independent of (.

APPENDIX F. On the nonoccurrence of the determinant character of O, in
Howe’s correspondence

Consider the reductive dual pair (Og4, Spy,(R)) where d > 2n. Let My, (R) denote the
space of d x n matrices with real coefficients and consider the Schrodinger model for the
Weil representation w, with space of smooth vectors S = S(Mgy,(R)). Moreover, let x.
be the character of Oy defined in (79). As recalled on page 5, the representation w ® Xjrl
descends to a representation wy of O4 given by

wo(9)f(z) = flg7'z)  (9€0q, fES, x€Myu(R)). (F.1)

In this appendix, we prove that, under the assumption that d > 2n, the determinant
character det does not occur in wy. This property is a consequence of [Prz89, (C.43)
Corollary| (which considers the more general case of the pseudo-orthogonal groups O, ,
where p+ ¢ = d > 2n). However, the proof in [Prz89] uses part of the classification of the
K-types of representations occurring in Howe’s correspondence, determined by [KV78].
The proof below, which follows the p-adic case in [Ral84, p. 399], is classification-free.

Proposition F.1. If d > 2n, then det does not occur in wo. In other words: if d > 2n,
then there is no character o of Oy occurring in Howe’s correspondence such that o ® X;I
descends to the determinant character det of Oy.

Proof. We argue by contradiction. Suppose that det occurs in wg and let fy € § be a
non-zero function satisfying

folg~'z) = det(g) fo(x) (g € Oa, v € Mg, (R)).

Fix s € Oy satisfying s> = 1 and det(s) = —1, and consider the two element subgroup
{1, s} of O4. By (F.1), the restriction of wy to {1, s} yields the decomposition
S = Str S Sdet

into {1, s}-isotypic components. Since Oy = SOy U sSOy, the space Sge; contains fo.
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Define Z = {z € My,(R) : = has maximal rank n}. Since Z is Og-invariant, wy re-
stricts to a representation of Oy on S|z = {f|z; f € S}. Restricting to Z also yields the
decomposition

S‘Z = 8tr|Z ©® Sdet‘Z .

The restriction map f — f|z is injective by the density of Z in My, (R). Hence fy|z # 0.
Therefore Sget|z # {0} because it contains fy|z.

Decompose Z as a union of Og4-orbits O. Then there is an Og4-orbit O such that fy|o # 0.
Set ¢ = folo. Then

o(g~'z) = det(g)p(z) (g€ 04, z€0). (F.2)

The centralizer of any element in O is isomorphic to Oy4_,. Hence O = 04/04_,, and
€ Indgjin(l). By (F.2), det occurs in Indgjin(l). Frobenius’ reciprocity then implies
that the character det |o, , contains 1, i.e. det|p, , = 1. This is clearly impossibile, and
we have reached a contradiction. Thus det cannot occur in wy. O

APPENDIX G. Tensor product decomposition of 7" over complementary
invariant symplectic subspaces of W

We keep the notation introduced in section 1. Let

_ o
= Te)

(Recall that x4 is not a character on é?)(W), since éB(W) does not have any nontrivial
character. However, x, becomes a character when restricted to specific subgroups of

Sp(W), such as Oy; see (79).) By definition, see (14),
X3 (@)T(G) = 19@)Xehg-nw (9 € Sp(W)) (G.2)

descends to a distribution on Sp(W).

Let W = W; & W5 be an orthogonal decomposition of W, and endow each subspace
W; (where j = 1,2) of the symplectic form (-,-); = (-, -)|w,xw,. Suppose that g € Sp(W)
preserves Wy and Wy. Let g; and gy respectively denote the restrictions g|w, and g|w, or
g to theses subspaces. Suppose we have chosen a complete polarization W = X @Y of W
such that X = X;®Xs and Y = Y{@Y,, where Wi = X;®Y; and Wy = Xo@Y, are complete
polarizations. Similarly, suppose that the compatible positive complex structures J, J,
Jo on W, Wy, Wy, respectively, satisfy J = J; x Jo. Then J(X) = Y if and only if
J(X1) =Y; and J(X3) = Yy, which we assume.

Write Ty, Tw, and Ty, for the distributions corresponding to Sp(W), Sp(Wy), Sp(Ws),
respectively. Similar notation will apply to other symbols occurring in the computations
below. For the tensor product of tempered distributions, we refer to [Tre67, Corollary of
Theorem 51.6, especially (51.7)].

(9 € Sp(W)) (G.1)

Lemma G.1. In the above notations,

1Ow(9) [ Xe(g)hig—1yw = [Ow, (91)[Xe(gr) higi—1yw @ [Ow, (92)[Xe(gr) H(gz—1)Ws -
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Consequently, independently of the choice of the preimages of g, g1 and gs in Sp(W)
Sp(W1), Sp(Wy), respectively,

X2 (@) Tw (@) = X790 Tw, (31) @ X3 (G2) T (32) -

Proof. Since W = W, & W, and g1 = glw,, 92 = glw,, we have (g — )W = (g1 — )W, @
(92 — 1)Wa. Recall from [AP14, Definitions 4.16, 4.18 and 4.23] that

0(9)* =0%9)  (9€Sp(W)).
Thus [Ov(9)[* = |©3(g)| for V € {W, W;, W,}. Tt follows that |Ow (g)| = [Ow, (71)]|Ow, (52)],
and this independently of the choice of the preimages of g, g1 and g» in Sp(W), Sp(Wy),
Sp(W,), respectively. Since the decomposition W = W @& W, is orthogonal,

(c(g)w, w) = (c(g)wr, wi)1+(c(g2)wa, wa)o  (wj = (9, =)Wy, j =1,2, w =w;+ws),
where ¢ denotes the Cayley transform. Therefore x.) = Xe(g1) ® Xe(g2) O W = W1 & W),
Finally, the normalization of measures on subspaces of W fixed at the beginning of section
1 is such that py—1yw = fg—1)wi @ H(go—1)W,- O

APPENDIX H. Highest weights of irreducible genuine representations of G

In this appendix we collect some root /weight for the irreducible genuine representations
of G, where G is a compact member of a reductive dual pair (G,G’). Let h be a fixed
Cartan subalgebra of the Lie algebra g of G. We denote by A™ a choice of positive roots
for (g(c, hc) and by p the one-half of their sum. The genume irreducible representations

of G are parametrized by their highest weights A = Z 1 Aje; listed below.

(G7G>_<U17Up,q>v l217q2p207p+q21
If Il =1, then he = gc. If [ > 2, then:

l
l+1 )
_{6]_619’ 1<]<k<l} (type Al 1 Z<—_]>eja
Y q—p =1
_T+V]> ViEL, v,

(G? G/) - (021+1> Sp2l’(R))> [ > O> 4 > 1
If I =0, then g=0. If l > 1, then:

l
AT ={ejtep; 1<j<k<IfU{e; 1 <5 <1} (type By), Z(H———j)e],
N EL, M =X>--2N20. j=1

There are two irreducible genuine representations of highest weight .

(G,G") = (Sp,, O%), 1> 1,1' > 2:

I
={ejxep 1 <j<hk<Il}U{2,; 1<j<I} (type (), Zl—i—l NEE
)\jGZ, M=o 2> >0 Jj=1

(G, G = (Oa, Spop(R)), 1 > 1,1 > 1:
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If I =1, then he = gc. If [ > 2, then:
!

T={ejten 1<j<k<Iy(type D)), p=> (I—je;,
NjEZL, M =X>- >N =1

If \; =0, there are two irreducible genuine representations of highest weight .

APPENDIX I. Integration on the quotient space S/Sg

We retain the notation of sections 3 and 4. The purpose of this appendix is to prove
the following lemma.

Lemma I.1. Suppose first that G # Oq 1 with | < I'. Then are positive constants Cy and
Cy such that for all ¢ € Co(W) and w € h™*

/,,_¢< w) d(s8") / 6((9,9)w) dgd(g'Z)  if 1<l (L1)
S/s"T e/

/,,_‘b( d(s8™) / &((g,9")w) d(gZ)dg'  ifL>1. (12
S/8™T a/zJar

Now, let G # Ogpq with I <1’ and let wy € $1(V°) be a nonzero element. Then there is a
positive constant Cs such that for all ¢ € C.(W) and w € h7™*®

| ssaydsse—c [ [ g dgdgz). (13)
§/s’1 o G /e
)

where Z'" is the centralizer in 7' of n = 7' (wy).

Before proving Lemma 1.1, let us consider the special case of the dual pair (G,G’) =
(O1, Spy, (R)), which is not included in this lemma but will be needed in its proof. In the
notation of section 3, V. = Vg5 @ Vi, where dimVg = 1 and dim V; = 2n. We have the
identifications

S=G x G =0(Vg) x Sp(Vq), W = Hom(Vg, Vp) .
Let 0 # wy € W. We shall describe Staba(wy), the stabilizer of wy in G = Sp(Vy), as
2
well as (O(Vg) x Sp(Vy))™ and (O(Vg) x Sp(Vy))™.

Since dim Kerwy = dimW — 1, we see that dim(Kerwy)® = 1. Let X = (Kerwy)=.
Since dim X = 1, this is an isotropic subspace of W. Furthermore Kerw, = X*. Let
Y € W be a subspace of dimension 1 such that W = Kerwy @Y. Set U = (X + Y)*.
Then the restriction of the symplectic form of W to U is non-degenerate and

Vi=XaoUaY. (1.4)
Let Py C G’ be the parabolic subgroup preserving Y. Then we have an isomorphism

Py = GL1(Y) x Sp(U) x N,

where N is the uniponent radical, isomorphic to a Heisenberg group. We see from (1.4)
that

Stabe: (wo) = {1} x Sp(U) x N. (L5)
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If wy, we € s7(V) are non-nonzero and such that w? = w3, then wy = +w;. Equivalently,
let 7/ : W — ¢’ = sp(W) denote the unnormalized moment map. Then 7/(w;) = 7/(w,)
implies wy, = Zw;, because O; acts transitively on the fibers of 7/. Equivalently, if

one thinks of W as M »,(R) and setting w* = Jw' for J = (_(i 16‘), one has that

wiw, = wiwy implies wy = Fw;.
Now, one readily checks that ¢’ € Sp(Vy)“s if and only if ¢'7’(wo)g
for ¢’ € Sp(Vy),

't = 7'(wy). Since,

/1 1—1

g7 (wo)g' ™ = gwiweg " = (wog' ) (wog' ) = 7' (wog' ),

this is equivalent to 7/ (wog’ ") = 7/(wp), i.e. wog’~' = Fwy. In turn, this means that
+¢' € Stabg/ (wp). Thus

Sp(Vg)“8 = {£1} x Sp(U) x N. (1.6)
It follows that
(O(Vg) x Sp(V)"™ = {&1} x ({£1} x Sp(U) x N) (1.7)
and
(O(Vg) x Sp(V1))™* = {(e;e,m,n);e = £1, m € Sp(U), n € N}. (1.8)

Notice that they do not depend on the choice of 0 # wg € W. Moreover,

(O(V5) x Sp(V5))“?/(O(Vg) x Sp(Ve))"™ = ({1} x {£1})/{£(1,1)}
is a group isomorphic to O;.

Proof of Lemma I.1. We now prove (I.1), excluding for the moment the pair (G,G’) =
(O2141, Spy (R)).

If ] <1U, then b = hdh. Write 35 = h @ 3" and, for the corresponding groups,
7' =H x 7". Then 8" = H x 7.

Let A : H — G x G’ be defined by A(h) = (h, (h,1y_;)), where 1, denotes the identity
matrix of size r. Then S"T = A(H)({1;} x ({1;} x Z")). Set

L =8"/S" = (Hx Hx 2Z")/S" = (Hx H x {1,_,})/A(H),
Then L is a compact abelian group because so is H. It acts on S/ Sg by

(97 Ql)ShT ) (hh ha, 11'—1)A(H) = (th 9/(}12, 11'—l))ShT

The action is proper and free. Hence the quotient space (S/ Sg) /L, i.e. the space of
orbits for this action, has a unique structure of smooth manifold such that the canonical
projection S/S"T — (S/SPT)/L is a principal fiber bundle with structure group L. Since
we have fixed a Haar measure on H, we also have Haar measures on H x H x {1;_;} and
A(H). This fixes a quotient measure on on L = (H x H x {1;_;})/A(H). Recall the
notation d(sS"T) for the quotient measure of S/S"T. Then there is a unique measure ds®
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on (S/ST) /L such that for all ® € C,(S/S"T)

/ ®(sS77) d(sS™)
s/s'T

N / </ ((g.9') (P Do, 11’—1)ShT)d((h17 ha, 11'—l)A(H))> d(g,9)°
(/8" T)/L \J (HxHx{1,_,})/AH)
1
= - (I) 7/h7h,11_Sthh’h )dg7g/o;
vol(A(H)) /(S/ShT)/L (/HxH ((g 9)(h1, ho, 1p) ) (h1,ha) ) d( )

see e.g. [DKO0O, §3.13, p. 183]. As a set,

(S/S")/L = ((G x @) /shf) /((H w H x 7") /shf)
=(GxG)/(HxHxZ")
=(GxG)/(HxZ)=G/HxG')7, (L.9)

where the second equality holds under the identification (g, ¢')S"TL = (g, ¢')(H x H x Z").
Since the measure d(sS%) on S/SY is invariant with respect to the action of S by left-
translation and this action commutes with the right-action of L on S/S"T, the measure
ds® is left S-invariant. By the above identification, (G x G’)/(H x Z’) is endowed with an
S-invariant measure, which must be a positive multiple of the quotient measure of those
of G x G and H x Z’. Thus ds® is a positive multiple of the product measure of the
quotient measures of G/H and G’/Z’. In conclusion, there is a positive constant C' such
that for every ® € C,(S/S"T)

/ ®(sS"T) d(sST)

s/s't

=¢ (/ (I)((g’ g/)(h'la ha, 11’—1)ShT) d(hlv hz)) d(gH> d(g/zl) :
G/HxG'/Z/ HxH

Suppose that ®(s) = ¢(s.w), where ¢ € C.(W) and w € h7*®. Hence ¢(sS"1.w) = ¢(s.w).
Observe that

(9,9)(h1, ha, 1y—y).w = ghyw(hy ', 1p_) g™ = ghihy wg' ™" = (ghihst, ¢')w.
Hence
/ 6((9: ') (s, gy Loy)oaw) d(, ) = / / o((ghs, ')-w) dhs dhs
HxH HJH
— vol(H) / 6((ghy, g')w) dhs
H
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and

/ / 6((9, ') (B, by, p_i)w) d(hy, hy) d(gH) d(g'Z)
G/HxG'/7' JHxH

—vol(tt) [ [ ([ olohi gy gt d(o'2)
a/uJaryz N Ju
—vol(tt) [ [ ol(g.g)w) dgd(y'Z)
aJayz
In conclusion, there is a positive constant C' such that for all ¢ € C.(W) and w € h;™®

| otwrdssm=c [ [ allg.g)a) dgda'2). (110)
/ST cJajz

Let us now consider the dual pair (G, G’) = (Og1, Spyy(R)) with 1 <1 <1'. We keep
the notation introduced on page 22. In particular, V* = V2 @ VY where dimV? = 1 and
dim VY = 2(I' —1). Each h € H° fixes V) and hence every h € H is of the form h = (ha,¢)
where h, € O(V{@- - -Vla) ~ Og and € € O(VY). The elements h, form a Cartan subgroup
H, of O(V% P - - -Vlﬁ). At the group level, the decomposition b’ = b @ b” arising from the
identification (43) corresponds to a decomposition H = H, x H” of the Cartan subgroup
H' of G'.

If I =1, then h” = 0 and the equality 3/ = b’ = b corresponds, at the group level,
to Z = H = H.. Hence S"f = Hx 7' = Hx H, = H, x H, x O(V?) and St =
{(he €, he); he € Ho} = A(H,) x O(VD), where A(H,) = {(h,h);h € H,}. Thus L =
Sh%/ShT =~ (H, = H,)/A(H,) is a compact abelian group and, as a set,

(S/S'T)/L = ((G x G)/S"T)/((H x Z')/S") = G/H x G'/Z',

as in (1.9). Hence (I.1) follows as in the general case [ < ',
Let us now consider the dual pair (G, G") = (Ogy1, Spyy) with 1 <1 < 1'. Let 0 # wq €
51(V°) = Hom(VY, V9). We shall describe S®T+%0)* and its subgroup SPT+vo.
Since bt preserves the decomposition (35), we see that (b + wg)? = h% + w? and hence
glbrtwo)® — ghy+ug — (Sf’%)w8 =H, x O(V]) x Hy x Sp(V9)",
~ H, x Hy x (O(V2) x Sp(V2))"™? (L11)

where O(V9) = {£1} and Sp(V?)" is the centralizer ofn = 7'(wp) in the symplectic group
Sp(V2). Notice that we can also write

Shrwo)® — H x 7™ (1.12)
where Z'™ is the centralizer of n in Z’. In the identification (I.11),

Shitwo = {(h, h,s);h € Ha,s € (O(VD) x Sp(V9))™"}
= A(H.) x (O(V2) x Sp(V¥))™ . (I.13)
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The groups (O(VY) x Sp(V%))wg and (O(V9) x Sp(V9))™ are computed as in (1.7) and
(1.8), respectively, with V replaced by V°. Then

L = SOT+H0)® /$hw0 ~ (H, x H,)/A(H.) x (O(V2) x Sp(V2))“0/(O(V2) x Sp(V2))"™
>~ (Hy x Hy)/A(H,) x {£1},
which is a compact abelian group. By (1.12), we therefore obtain that, as a set,
(S/8" ) /L = (G x Q') /(HxZ'") = G/Hx G'/Z'",

and (1.3) follows as in the general case [ <.
The proof of (I.2) is similar to that of (I.1) and left to reader. O
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