Journal of Functional Analysis 274 (2018) 1284-1305

Contents lists available at ScienceDirect =
Journal of Functional Analysis
www.elsevier.com /locate/jfa
The character and the wave front set )
correspondence in the stable range ity

Tomasz Przebinda

University of Oklahoma, Norman, OK, USA

ARTICLE INFO ABSTRACT

Article history: ‘We relate the distribution characters and the wave front sets
Received 10 February 2017 of unitary representation for real reductive dual pairs of type I
Accepted 3 January 2018

in the stable range.

Avaﬂable_onhne 5 January 2018 © 2018 Elsevier Inc. All rights reserved.
Communicated by P. Delorme

MSC:
primary 22E45
secondary 22E46, 22E30

Keywords:

Howe correspondence
Characters

Wayve front set

Contents
1. Introduction ... ... ... ... . 1285
2. The Weil representation . . . . . ... .. .. 1287
3. A mixed model of the Weil representation . . . . .......... ... ... ... ... .. 1289
4. The restriction of the Weil representation to the dual pair. . .. .......... ... ... ... 1291
5. The functions ¥ € C°(G”) act on Hy via integral kernel operators . ... ........... 1295
6. Theequality O = O, . . . . ... 1298
7. The equality WF(IT) = 7 (7, ) (WF(II')) ... 1302

Acknowledgment . . . . .. 1304

References . . . . ... 1304

E-mail addresses: tprzebinda@gmail.com, tprzebinda@ou.edu.

https://doi.org/10.1016/j.jfa.2018.01.002
0022-1236/© 2018 Elsevier Inc. All rights reserved.


https://doi.org/10.1016/j.jfa.2018.01.002
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jfa
mailto:tprzebinda@gmail.com
mailto:tprzebinda@ou.edu
https://doi.org/10.1016/j.jfa.2018.01.002
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jfa.2018.01.002&domain=pdf

T. Przebinda / Journal of Functional Analysis 274 (2018) 12841305 1285
1. Introduction

In the late seventies Roger Howe formulated his theory of rank for irreducible unitary
representations I of any connected cover of the symplectic group Sp,,, (R), see [12]. The
symplectic group has a maximal parabolic subgroup P with the Levi factor isomorphic
to GL,(R) and the unipotent radical N isomorphic as a Lie group to the space of the
symmetric n x n matrices with the addition. In particular any connected cover of N
splits. The Spectral Theorem implies that the restriction of II to N is supported on the
union of some GL, (R)-orbits in the dual of N, which may be viewed as the space of the
symmetric forms on R™. The rank of II is the maximal rank of a symmetric form in this
support.

A surprising result is that the representations IT of rank r < n are very special. The
support of I|y is a single GL, (R)-orbit of forms j of signature (p,q) with p + ¢ = r.
Furthermore, II factors through a double cover Spy,(R) of Spy,(R) and remains irre-
ducible when restricted to some other maximal parabolic subgroup Py C éTogn (R). The
Levi factor of Py is isomorphic to GL,(R) X Spy(,,_,)(R) and the unipotent radical N;
is a two-step nilpotent group. The isometry group of a fixed form S is isomorphic to
Op.q € GL,(R). According to [13, Theorem 1.3], there is an irreducible unitary repre-
sentation IT" of f)p,q such that 1_I|151 is induced from a representation involving IT' of
the subgroup (C~)p7q X §]§J)2(n_7.) (R))N; C P;. The argument is based on the Stone von
Neumann Theorem [30], the theory of the Weil Representation [32] and the Mackey
Imprimitivity Theorem, [20].

In particular the operators of 1'I|f,1 are as explicit as the operators of II'. However the
remaining operators remain obscure. Fortunately there is a different description of the
representations II and IT'.

The groups (Op,q, SPa(s—ry (R)) form a dual pair in Sp,,(R) and there is Howe’s cor-
respondence for all real dual pairs (G,G’), [14, Theorem 1]. As shown by Jian-Shu Li
in his thesis, the representations IT and II' are in Howe’s correspondence. Li extended
Howe’s theory of rank to all dual pairs of type I and proved that it provides a bijection of
representations of G and G’ equal to Howe’s correspondence, see [18] and [17]. The con-
dition of low rank is transformed to the dual pair being in the stable range, with G’ — the
smaller member. Now the operators II(g), g € C~}, are much better understood because
the Weil representation is known explicitly, see [23] or section 2 below, for a coordinate
free approach.

Nevertheless an explicit description of all the II(g), g € G, seems out of reach. Instead
one may try to describe the distribution character ©p of II, [8], in terms of Oy . This
approach has a solid foundation, because for the dual pair (U,,U,) the correspondence
of the characters is governed by the Cauchy determinant identity, see [22, Introduction].
In fact [22, Definition 2.17] provides a candidate ©f;, for Oy in terms of ©py. (For a more
precise version see [4, Formula (7)].) Let G} € G’ be the Zariski identity component.
Here is our first theorem.
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Theorem 1. Suppose (G, G’) is a real irreducible dual pair of type I in the stable range
with G’ — the smaller member. Let II' be any genuine irreducible unitary representation
of G’ and let 11 be the representation of G corresponding to 1. Assume that either
G/ =G or G' # GY, but the restriction of I to G/ is the direct sum of two inequivalent
representations. Then the restriction of O to (~}1 is equal to ©%,. (For a character
equality in the exceptional case see (25) below.)

The proof looks as follows. As shown in [4, Theorem 4], ©f;, is an invariant eigendis-
tribution. Hence, by Harish-Chandra Regularity Theorem, [9, Theorem 2], it suffices to
know that the two distributions are equal on a Zariski open subset G” C G. This is
verified using the method developed in [6] combined with a localization which requires
the notion of a rapidly decreasing functions on (N}, as defined in [31, 7.1.2].

Another invariant that tests our understanding of a representation is W F(II), the wave
front set of IT. This notion, adapted from the theory differential operators, [10, chapter 8],
was introduced to representation theory by Howe in [11]. Since the wave front set of a
representation of a reductive group is a union of nilpotent coadjoint orbits in the dual g*
of the Lie algebra g of G, there are only finitely options for W F(II). Nevertheless it is
surprisingly difficult to compute it. In part for that reason, Vogan introduced the notion
of an associated variety of the representation (or rather of its Harish-Chandra module)
in [29]. As shown by Schmidt and Vilonen in [25], the two notions are equivalent via the
Sekiguchi correspondence of orbits, [26].

In order to state our second theorem, which expresses W F(II) in terms of W F(II'),
we need to recall that a dual pair (G, G’) is contained in the symplectic group Sp(W), the
isometry group of a nondegenerate symplectic form (-,-) on a finite dimensional vector
space W over R. Hence, there are moment maps 74 : W — g* and 75 : W — g’* defined
by

T3(2) = (z(w),w)  (z€9, weW) (1)
and similarly for g’.

Theorem 2. Suppose (G, G’) is a real irreducible dual pair of type I in the stable range
with G’ — the smaller member. Let II' be any genuine irreducible unitary representation
of G’ and let II be the representation of G corresponding to II'. Then

WE(II) = (1, (WF(IT'))). (2)

We shall see in section 7 that Theorem 2 follows from Theorem 1, except when G’ # G
and the restriction of II' to G} is irreducible. In that case, if WF(II') has more than
one orbit of maximal dimension, we use a result of Loke and Ma, [19] combined with a
theorem of Schmid and Vilonen, [25]. In fact, [19, Theorems A and D] prove the equality
analogous to (2) for all cases with the wave front set replaced by the associated variety.
Therefore one is tempted to deduce (2) from their result and from [25]. However, this is
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not straightforward, because Schmid and Vilonen [25, page 1075] work with the groups
that are the sets of the real points of a connected complex linear reductive groups. For a
real ortho-symplectic dual pair either one member is a metaplectic group, which is not
linear, or the other is an even orthogonal group, whose complexification is not connected.
(Also, there are two Sekiguchi correspondences, see [26] and [7, Proposition 6.6], and the
wave front set of a distribution depends, up to the =+ sign, on a choice of the Fourier
transform, see [10, Definition 8.1.2].)

One may probably circumvent [19] and [25] by producing the correct extension of O,
from Gl to G but this would require a good understanding of the twisted orbital
integrals, [24], and is beyond the scope of this article.

The distribution Oy, is defined also beyond the stable range and does not depend on
the unitarity of II’. Furthermore, the Springer representations generated by the lowest
terms in the asymptotic expansions of Of, and O behave as if (2) were true beyond
the stable range under some other mild assumptions, [1, Theorem 1]. Therefore a gener-
alization of the above two theorems seems likely.

2. The Weil representation

In this section we recall the Weil representation [32] with the details suitable for our
computations following [2]. Fix a compatible positive complex structure J on W, i.e.
J € sp(W) is such that J? = —1, minus the identity in End(W), and the symmetric
bilinear form (.J-,-) is positive definite. For an element g € Sp(W), let J, = J~!(g — 1).
Then its adjoint with respect to the form (J-,-) is J; = Jg~(1—g). In particular J, and
J; have the same kernel. Hence the image of J, is J;W = (KerJ;)J— = (KerJ,)*, where L
denotes the orthogonal complement with respect to (J-,-). Therefore, the restriction of
J, to J,W defines an invertible element. Thus it makes sense to consider det(.J,)7\ J,wo the
reciprocal of the determinant of the restriction of J; to J,W. Let

Sp(W) = {g = (9,:€) € Sp(W) x C, & =™ det(J,); 1}

There exists a 2-cocycle C : Sp(W) x Sp( ) — C, so that éTa(W) is a group with respect
to the multiplication (g1, &1)(g2,&2) = (9192, £1£2C (g1, g2)). In fact, by [2, Lemma 4.17],

det 91 Jg W dEt(J!M)JgQW
91792 d (3)
et 91g2)Jg192w

and by [2, Proposition 4.13 and formula (102)],

m - X(é s20(dg1 g2)); @

2mir

where x(r) = e*™", r € R, is a fixed unitary character of the additive group R and

sgn(qg, g, ) is the signature of the symmetric form
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((g2 4+ 1)(g2 — 1) "', u”)

€ (g1 —1HWnN (g2 — HW).

1 1
o ga (0 0") = 591 + Dlgs — 17" u”) + 5
(W,

By the signature of a (possibly degenerate) symmetric form we understand the difference
between the maximal dimension of a subspace where the form is positive definite and
the maximal dimension of a subspace where the form is negative definite. The group
gf)(W) is known as the metaplectic group, see [2, Lemmas 4.14, 4.15, 4.19 and Defini-
tion 4.16].

Let W = X@&Y be a complete polarization. We normalize the Lebesgue measure on W
and on each subspace of W so that the volume of the unit cube, with respect to the form
(J-,-), is 1. Since all positive complex structures are conjugate by elements of Sp(W),
this normalization does not depend on the particular choice of J.

Each tempered distribution K € S*(X x X) defines an operator Op(K) €

Hom(S(X), §*(X)) by
x) = /K(m,x')v(x’)dm'
X

Here S(X) and S*(X) denote the Schwartz space on the real vector space X and the space
of the tempered distributions on X. The map Op : S*(X x X) — Hom(S(X), §*(X)) is an
isomorphism of linear topological spaces. This is known as the Schwartz Kernel Theorem,
[28, Corollary of Theorem 51.6].

Fix the unitary character x(r) = €2, r € R, and recall the Weyl transform

K : S*(W) = S*(X x X)),

K(Dea) = [ o= + (Gl +al)dy  (FeSW)).
Y

2

Let
Xe(g) (W) = X(%«g +1)(g — 1) u,u)) (u=(g— 1w, weW).

In particular, if g — 1 is invertible on W, then x.(4)(u) = X(%( (9)u, u) where c¢(g) =
(g +1)(g — 1)1 is the usual Cayley transform. For § = (g,&) € Sp(W) define

0@ =¢ T3 =O@Xe(g)g-vw>  w(G) =0poKoT(g),

where 11(,—1)w is the Lebesgue measure on the subspace (g —1)W normalized so that the
volume of the unit cube with respect to the form (J-,-) is 1. In these terms, (w, L2(X)) is
the Weil representation of QY)(W) attached to the character x, see [2, Theorem 4.27]. In
fact this is the Schrédinger model of w attached to the complete polarization W = X@ Y.
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Furthermore, © is the distribution character of w and T'(g) is a normalized Gaussian.
For future reference we set p = Op o K and recall the following formula

tr (@(@)p()) = T(@)(#) (3 €Sp(W), ¢ € S(W)). (5)
3. A mixed model of the Weil representation

In this section we recall the explicit formulas for w(g) for some particular elements g
of the metaplectic group. For a subset M C End(W) let M¢ = {m € M : det(m—1) # 0}
denote the domain of the Cayley transform in M.

Proposition 3. Let M C Sp(W) be the subgroup of all the elements that preserve X and Y.
Set

ety /2(m) = O(m)| det (5 (e(mbe) + D) * (€ M),
Then
(det;”?(m))z = det(mlx)""  (m e M),

/2. M¢ — CX eatends to a continuous group homomorphism

the function dety
det)zl/Q: M — C*
and

w(m)o(z) = dety (m)v(m™e) (M eM, veSX), xeX).

Suppose W = W; @ Wy is the direct orthogonal sum of two symplectic spaces. There
are inclusions

Sp(W1) € Sp(W),  Sp(Wz) € Sp(W) (6)
defined by

g1(w1 + wa2) = grwy + we

g2(w1 +w2) = w1+ gowz (g5 € Sp(W;), wj € W;, j=1,2).
Furthermore, the map

Sp(W1) x Sp(Wa) > (g1, 92) — 9192 € Sp(W) (7)

is an injective group homomorphism.
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Let us choose the compatible positive complex structure J so that it preserves both
W, and Wy. Then we have two metaplectic groups Sp(W;), j = 1,2. It is not difficult to
see that the embeddings (6) lift to the embeddings

Sp(W1) € Sp(W),  Sp(W2) C Sp(W).
Also, as is well known and easily follows from (3) and (4),
Clg1,92) =1 (95 € Sp(W;), 7 =1,2).
Hence (7) lifts to a group homomorphism
Sp(W1) x Sp(Wa) 3 (1,d2) = 12 € SP(W),
with kernel equal to a two-element group. Moreover, in terms of the identification
S(W) =S(W1) @ S(W2),

we have

T(152) = T1(31) © T2(@2) (G5 € Sp(Wy), j =1,2),
where T);(§1) is the normalized Gaussian for the space W;, j = 1,2. Hence,

w(frge) = (@) @wn(@2) (3 € SPW,), j=1,2),

where w; is the Weil representation of SB(WJ-), ji=12.
Suppose from now on that W; = X; @ Y;, 7 = 1,2, are complete polarizations such
that

Xixl@XQ and Y:Y1®Y2
Then, in particular, we have the following identifications
S(X) = 8(X1) @ S(Xz) = S(X1,8(Xz2)). (8)

Corollary 4. Suppose m € Sp(W) preserves X1 and Y1. Denote by my the restriction of
m to X1 and by mq the restriction of m to Sp(Ws). Then for v; € §(X1), va € S(Xa),
r1 € X1 and xo € Xg,

(w(mnmiz) (v ® v2)) (w1 + 22) = det (M1 )vy (my 21) (wa (12)v2) (2)
Thus, in terms of (8),

w(mima)v(z) = et > (mn)wa (M2)v(my 1) (v € S(X1,8(Xa)), @1 € X1).
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Proposition 5. Suppose n € Sp(W) acts trivially on Yi. Then for v € S(X1,S(Xz)) and
T1 € Xq,

w(n)v(x1) = EXe(—n)(271)v(21) -

Proposition 5 is well known. If Wy = 0 then it coincides with [2, Proposition 4.29].
The general case may be verified via an argument similar to the one used there.

4. The restriction of the Weil representation to the dual pair

The defining module (V, (-,-)) for the group G is a finite dimensional left vector
space V over a division algebra D = R, C or H, with a possibly trivial involution, and
a nondegenerate hermitian or skew-hermitian form (-,-) such that G C Endp(V) is the
isometry group of that form. Similarly we have the defining module (V,(-,-)") for the
group G’. The stable range assumption means that there is an isotropic subspace X(;y € V
such that dimV’ < dim X(;). Select an isotropic subspace Y(;y C V, complementary
to X(Ji), and let V() € V be the orthogonal complement of X1y & Y(1), so that V =
X ® V) @ Yq).

The symplectic space may be realized as W = Hom(V, V’) with

(W', w) = trpp(w*w’), (9)

where w* € Hom(V',V) is defined by (W,v")" = (v, w*v’), where v € V and v' € V'. The
group G’ acts on W by the post-multiplication and the group G by the pre-multiplication
by the inverse. Set X; = Hom(X(),V’), Y1 = Hom(Y(y),V’) and Wy = Hom(V (), V’).
Then Y; and Xi are complementary isotropic subspaces of W with respect to the sym-
plectic form (9) and Wy is the orthogonal complement of W; = X; + Y;. We shall
work in the mixed model of the Weil representation adapted to the decomposition
W = X; & W5 @Yy, as explained in the previous section.
For any symmetric matrix A € GL(R™) define

y o5 sgn(A)
=T

The real vector space Y1, is equipped with the scalar product (J-,-). Given z € g,
the formula ¢.(y,y’) = %(zy,y’ ) defines a symmetric bilinear form on Y;. Denote by
A, the matrix of this form with respect to any orthonormal basis of Y;. Denote by
iy, 1 Y1 = X1 & W3y @ Y; the injection and by px, : X1 & Wy @Y7 — X; the projection.
The matrix A, depends only on the map px, ziy, : Y1 — X;. The stable range assumption
implies that we may choose X(;y and Y(;) so the set of such elements z in non-empty.
We shall fix such a choice for the rest of this article and let v(gpy, ziy, ) = 7(A2).
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The complete polarization Wy = X; @Y, leads to the Weyl transform Ky : S*(W;) —
S*(X1 xX1). Hence K1 ®1 : S*(W) — §*(X1 x X1 X Wa). In order to shorten the notation
we shall write IC; for K3 ® 1. Explicitly

Ka(f)aa'swe) = [ flo =o'+ 4w (Gl + ) dy
Y1
(f € S(W),z,2" € X1, we € Wap).

By computing a Fourier transform of a Gaussian, as in [10, Theorem 7.6.1], we obtain
the following Lemma.

Lemma 6. Let z € g° be such that px, ziy, s invertible. Then for z,x’ € X1 and wy € Wy
we have

K1 (T (e(2))) (@, 2", w2) = O(e(2))7(dpn, =iv, ) (10)
({L‘ - )X(pxlzwl) 1(;5 +z _px1( (LL' - .’L‘/) + Zw?))

(zw2,x — )Xz (w2) .

1
X(g

Let h € G be the element that acts via multiplication by —1 on Wy and by the identity
on Was. Suppose that in addition det(hc(z) — 1) # 0 and let z;, = c(he(2)). Then

— —

Kr(T(c(zn))) (@, 2, ws) = dety /2 (R (T(c(2)) (@, ', ws)

(Here h is one of the two elements in the preimage of h chosen so that the right hand
side is equal to the left hand side.)

Here is a technical lemma, analogous to [6, Lemma 4.3]. Recall that for a test function
U e CX(G)

is a well defined tempered distribution on W. Hence IC1 (T'(0)) is a tempered distribution
on X1 X X1 X W2.

Lemma 7. Fiz a euclidean norm |- | on the real vector space End(V). There is a Zariski
open subset G C G such that for W € C(G") the distribution K1(T (%)) is a function
on X1 X X1 x Wy. Moreover, for N = 0,1,2,.. there are constants Cn such that for all
z, 7' € X1 and all wy € Wo,

K (T (9)) (2, 2, wa) (11)
< ON(L+ [a"a] + |27 2| + o™’ + |2"" | + o wa] + [ wa| + [wiwa]) ™
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Proof. The function (10) is of the form €' %=+ .w2(*) where

B wa (2) = (2(z — '),z —a')
+ <(px12iyl)_1(l‘+l’/ — DXy (Z(.’E - x/) +Zw2))7x+xl — DXy (Z(CE - xl) + Zw2)>
+ 2{zwa, x — ') + (2wa, wa) .

In order to simplify the computations we introduce the following notation

A =px, Zixg,, B=pxu vy, C=pv,zix,, F=C7,
D =pvpyzivay, B =pvp 2ixg,, 22 =Py 2ive, -
By using the explicit description of the symplectic form, (9), and remembering that the

Lie algebra g acts on W via minus the right multiplication, we can view the A, B, ..., F’
as elements of End(V), so that

_¢I,I/,w2 (Z) = tln]D)/]R ((1’ - xl)*((l? — ZC/)B
+ (42" + (¢ —2)A+wB) (z + 2’ + (x — 2’ )A+ wyE)F

+2(z — 2")*we D + w;‘wgzz) :

The derivative of —¢g »/ w,(2) viewed as a function of the variables A, B, F', D, E, z; is
given by

_¢I (z)(AAuABaAFaADaAEaAzz)

’
x,x’ wa

= trp/r ((33 —2')"(x —2")Ap
(x —2")AA) (z+ 2" + (xr — ')A + we E)F
r+2' + (x—2)A+wE) (x — 2 )AsF

+(
+(
+ (weAg) (x + 2" + (x — ')A+ waE)F + (x + 2’ + (z — 2') A + wo E)*wo ApF
+ (@42 + (-2 )A+wE) (x+ 2" + (x — 2" ) A+ w E)Ap

+

2(z — 2" *we Ap + w;szZ2> .

Notice that AgF = F(Ad(F~1)A4). Also, by the structure of the Lie algebra g, the

variables A4, Ap, Ap, Ap,Ag, A,, are independent and fill out the corresponding vector

/

spaces. The norm of the functional ¢}, ./,

(z) can be estimated from below by taking
Agp = 0 and Ap = 0. Furthermore, all norms on a finite dimensional vector space are

equivalent. Hence, with the appropriate choice of the norm | - | on Endp(V),
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|00, (2)] 2 (& = 27)" (2 — 2))| (12)
+ |z — 2"V (x+ 2 + (x —2')A+wE)F)|

+ (x4 2 + (z — 2" ) A+ wa B)*(x — 2')F Ad(F )|

+ 2|(x — ') we| + [wiws| .

Using the operator norm inequality |ab| > |a|[b~1|~! and the fact that |a*| = |a| we see
that

@ — ') (@ — )| > (o — a')"(x — ')Al A]

(z — o) (x+ 2"+ (x — ')A+ wa E) F|
>z =) (z +2' + (& - ) A+ w B)||[F 77,

|(z 42 + (x — 2 YA+ w E)*(x — 2/)F Ad(F )|
>|(x—2) (x4 2"+ (x — 2 ) A+ wyE)| Ad(F)F~ 171,

|(z = 2')"wa| > |(2 — 2') w2 B||E|7" .

Hence,
|00 000 (2)] = C(2) (|(x = 2") (2 — )| + (2 — 2')" (2 — ") A +

[z —2")" (@ + 2" + (2 — 2 ) A+ w2 B)| + [(z — 2") w2 E| + (2 — 2) wa| + [wiwa]),

where
1 1
C(2) =min(3,Co(2)),  Co(z) = min(G|A["H[C|™ + [Ad(F)C]H BT,
Using the triangle inequality |a| + |b] > |a & b| we see that

[z — ') (& = 2)A| + [(z — )" (x + 2" + (z = 2 ) A+ w2 B)| + |(2 — 2")"w, |
>l—(@—a2)(x—-2)A+(x—2)(x+2" + (x —2")A+waF) — (x — 2')*wa E)|
= |(z —2")"(x +2/)|.

So,

|0 00 (2)| 2 C(2) (| = &) (2 = 2") [ + (2 = 2)" (2 + 2')| + |(z — 2") wa| + [wiwl)

All this is done under the condition on z that Cy(z) is finite.
Recall that Lemma 6 provides another expression for the function we would like to

estimate, in terms ¢}, _, . (zx). Our computation applied to 25 shows that

|0 05 (20)| = C(2n) (I — 2')" (@ — ) + |(z — &) (& + 2")[ + |(z — ) w2 + [wiwal).
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Hence, by the triangle inequality again,

|¢;,m/,w2 (Z)| + |¢Zx,—m/,w2 (Zh)|
> min(C(z), C(z1))

("] + [« 2| + 272" + |2 2] + [ wa| + |27 wa| + [wiws])

By the method of stationary phase (i.e. [10, Theorem 7.7.1]) and Lemma 6, the left hand
side of (11) is dominated by

min (1 + 16 2 0, (2)) 75 (14 [0, (2)]) )

1
< (1 506 () + 1685 (z)) ™

< 2N(min(C'(z)7 C(Zh))_N
(

x| + |27 &' | + a2’ + |a" x| + |2 wa| + & wa| + [wiwa]|) TV

which completes the proof, with G” equal to the image under the Cayley transform of
the z € g¢ such that z, € g¢ and both Cy(z) and Cy(zp,) are finite. O

As an immediate consequence of Corollary 4 and Proposition 5 we deduce the following
lemma.

Lemma 8. Let Z C G be the subgroup that acts trivially on Yi. Then for i € Z,
v € S(X1,8(Xq)), 1 € Xy and §' € G/,

w(R)v(r1) = EXe(—n) (221)0(21) (13)

and

w(@ () = ety (@) (3 )o(g 1) (14)
5. The functions ¥ € C’;”((N}’ ’) act on Hyy via integral kernel operators

Given the polarization Wy = X5 @ Yo we have the map
p2 : 8*(Wz) — Hom(S(X2), 8*(Xz2))
as in (5). Then
1® pa: S (X1 x X3 x Wa) = §* (X1 x X1) ® Hom(S(Xz3), S*(X2)) .

In order to shorten the notation we shall write py for 1 ® pe and K1 (T(g))(z,2') =
K1(T(g))(x,2',+). In these terms



1296 T. Przebinda / Journal of Functional Analysis 274 (2018) 1284—-1305

w(g)v(z) = /pz(Kl(T(é))(x,x’))(v(l"))dﬂb/ (7€ GveSX,8(%)).  (15)

Xy

Let X{*** C X; be the subset of the surjective maps. The stable range assumption implies
that this is a dense subset. For fixed z,z’ € X{*** the operator norm of

p2(Ky(T (W) (x, ") (16)

is bounded by the Hilbert—Schmidt norm, which is finite. Indeed, Lemma 7 shows
that

Ky (T(9)) (2, 2", ws)

is a rapidly decreasing function of z*ws and hence of ws, because z*, as a map from V'
to X(1) is injective. Therefore

’Cl(T(\P))(mv xlv ) € L2(W2) ’

which means that the Hilbert—Schmidt norm of (16) is finite.

In general, we denote by p© the representation contragredient to p and by H, a Hilbert
space where p is realized.

The group G’ acts on X7*** | via the left multiplication, so that the quotient G"\X{***
is a manifold. If dx is a Lebesgue measure on X;, we shall denote by dx the corresponding
quotient measure on G'\XJ***. Let Hy be the Hilbert space of the functions u : X{*** —
L2(X5) ® Hype such that for all § € G

u(g'r) = (we ® det;ll/2 ') (g )u(xr) and / | u(z) ||* di < oo (17)

G/\X’]V:YLO/(D
Lemma 9. The representation Il is realized on the Hilbert space Hiy and for U € C(‘fo(é”),

the operator II(W) is given in terms of an integral kernel defined on X% x X% gg
follows

(I(W)u)(z) = / Ku(0) (2, 2 Yu(a') di’ (u € M),

where

Kn(9)(z,2') = / w2 (§)p2 (K1 (T (V) (g L, 2, ) @ dety /*(9)I1°(g) dg . (18)
d
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Furthermore,
tr K () (z, x")
//Tg (wa) K1 (T(T ))(g_lx,x’,wg)det)zll/z(g)@nm(g) dwy dg ,
G’ Wa

where sz T5(g)(w2)p(ws) dwy stands for To(G)(d).
Proof. We proceed as in [6, Proposition 4.8]. Define a map
Q : S(Xl,S(XQ)) Q Hmre — Hn

by

Qo ©1)(z) = / (w0 ® TI°)(g) (v ® ) () dg

G/’

Then (14) shows that

Qv ®n)() = / wa(§)(v(g™ ) ® dets (GIT°()n dg

G/

1297

(19)

(20)

This last integral converges because |¢g~1x| is a constant multiple of the norm of g, as
defined in [31, 2.A.2.4]. (The constant depends on z, which is fixed.) The argument
used in the proof of Lemma 3.11 in [6] shows that the range of Q is dense in Hy. The
action of § € G on Hy is defined via the action of w(g) on the v. Furthermore, with

7(§) = dety/*(§)I(g), we have

QU () @ 1) (2)
~ [wa@)(@@u)ga) @ x(@ndg

[eX

- / / wa@)p2(K1 (T(D)) (g ', 2')) (v(a")) ® 7(g)n da’ dg

- / / wa(@)p2 (K (T(®)) (g™, ")) (0(a")) © 7(G)n dg d’

- / / / wa(§)p2 (a (T(W)) (g™ 2, b~ ")) (w(h™a")) © (@) dg dh i’

G’\XY"C"Z G’ G/

- / / / wa§R)pa (K1 (T(R)) (g~ e, ™)) (o (h ™)) @ (3 dg dhdi

G/\X'{‘n,azc G’ G/
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- / / / o) () pa (K (T(W)) (g, 2')) (wn (o (k™ a))
GAXpaT G G

® n(gh)n dg dh di’

- / / w2 (§)pa (K (T(9) (g™ 2, 2')) © 7(3) dg | Qo @ n) (&) dit',

(eY \Xinaa: G’

where by Lemma 7 all the integrals are convergent. This verifies (18).

The usual argument shows that K1 (T(¥))(g~tx, 2, ws) is a differentiable function
of g and ws and that the derivatives are rapidly decreasing, as in Lemma 7. Hence (19)
follows from (18) and (5). O

6. The equality O = Of,

Recall the group Z defined in Lemma 8. For a Schwartz function ¢ € S(3), on the
Lie algebra 3 of Z, define a distribution 17 on G by vz = 1z, where D(n) = Y(c(—n)),
n € Z, and uy is the Haar measure on Z viewed as a distribution on G. Also, recall the
space S(G) of rapidly decreasing functions on G, as defined in [31, 7.1.2].

Lemma 10. For any ¥ € C°(G) and any ¢ € S(3), the convolution ¥ x ¢z € S(G).
Proof. Notice that for z € 3,
—c(z)=(1+2)1—2)"t=0+2)(1+2)=1+2z,

because 22 = 0. (Indeed, recall that z annihilates Yi-. Since (221,y1) = —(z1,2y1) = 0

we see that z maps X; to Yi, so 22 = 0.) Therefore we may choose the euclidean norm

on the Lie algebra and the norm on the group, [31, 2.A.2.4], so that |¢(z)| = |z|, z € 3.

Furthermore the map Z 3 n — ¢(—n) € 3 is a bijection with inverse 3 3 z — —c¢(2) € Z.
Recall that

W da(@) = U@ dua ().
Z

Let C be a constant such that |g| < C for all ¢ in the support of ¥. Then

rbr@ <Nl [ O <) [ 0 i),

lab]<C lal <jp-1

Since v is rapidly decreasing,

[DO~Y)] < On(1+ o).
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Furthermore,
_NJ2
[ et amm s [ ae ) e (142
lal<jp-1| lal<jp-1|

Thus ¥ x 17 is rapidly decreasing. Further, we compute the left and right derivatives
and get a similar estimate. O

Clearly, Lemma 10, with the obvious modifications, holds for the groups G and 'Z,
and we shall use it that way. Define a Fourier transform

B(Q) = / PO &z (e y)
3

and the moment map
W = 3%, 7(w)(z) = (2w, w) (weW,ze3).

We shall see in (23) that the following lemma removes the “deep” stable range assumption
from [6].

Lemma 11. For any ¥ € C>°(G") and any 1 € S(3),
K (0 % 4z) (') = 298 Ky (0) (2, "), (2")) (z,2" € X[*"). (21)
Proof. The formula (13) implies that
Ki(T(¥ # ¢))(w, 2') = 283K (T (D)) (2, 2 ) (73 (a”)) - (22)
Hence the lemma follows from (18), because Z commutes with G’. O

In the remainder of this section we prove Theorem 1. Recall the distribution ©f,
defined in [22, Definition 2.17]. (For a more precise version see [4, Formula (7)].) That
invariant distribution was defined on smooth compactly supported functions, but that
definition extends to S(Gy), without any modifications.

Let U € C(G") and let ¢ € S(3), with supp? compact. Denote by v ((—1))
the scalar by which II'((—1)) acts on the Hilbert space My, so that O ((—1)j) =

x1 ((=1))Omr (§). Also, recall [2, sec. 4.5] the twisted convolution
siia(w) = [ — wdalw)x(5lw ) dw (91,02 € SW)),
W

which extends by continuity to some tempered distributions so that, in particular,
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T(91)5T(92) = T(5192) (31,32 € Sp(W)) .

Also, we see from (22) that the formulas (18) and (19) hold with W replaced by ® = Wx1)y.
There are no convergence problems here because the elements x, 2’ € X7*** are fixed.

On the other hand, we see from (21) that the integral kernel Kp(®)(z, ") has better
estimates than Kp(¥)(z,2’) because Yo T, is compactly supported. (This is despite the
fact that ® may not be supported in G .) This is why all the consecutive integrals in
the following computation are absolutely convergent:

On (W # ) = tr TI(D) = / e Kot (T(®)) (x, ) dit (23)
anxyes

_ / tr Kut (T(®)) (=, —) di

anxyes

- / //T2(§)(w2)/C1(T(¢’))(—g’lx,—x,wz)detilw(ﬁ)@n'(é’l)dwzdgda':
GI\Xprer G/ Wa

— / / / To((~138) (w2) K (T(®)) (g~ 2, —2, w»)
G\Xpar G Wa
detxl/Q(( 1)§)0m (571 dws dg di
—wl(-1) [ [ (BUDR@E @) e 2,) (0)
G\Xpar G
dety((~1)§)Ow (57 dg di
— (1)@ ((~ / / / (To(@)4C (T(®)) (g 2, —2. ) (w2)

G’ \Xmam G’ Wy

dety M ((=1)§)Om (57 ") dws dg dit
— xar(—1))Os((~1)) detig /(- / / / K1 (To(@)T () (g, 2, ws)
GAXPrer G Wa
dety?(§)Om (571) dws dg di

=y ((=1))©2((—1)) dety /*((~1))

[ [ [r@sr@e oy

G\Xer G Wa Y

1 ~— .
_<y7 T — x>)®l’[/ (g 1) dy d’lUQ dg dz

X(5
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—w(Ce-1) [ [ [ [1@@@)ety )

G\Xer G Wa Yq

O (571 dy dws dg di:

where the functions under the integral are constant on the fibers of the covering map
because we assume that II' is genuine. Also, the integral over (G'\X7"**) x G’ is also
absolutely convergent. Furthermore, O is indeed a function even if G’ # Gf, see [5,
Theorem 2.1.1].

Suppose first that G = G}. Then we apply the Weyl integration formula for G’

/f dg—Z|WH,|//f (g/W'g' =) dg' | A2 dn’

H’ G//H/

to the integral over G’ in (23) and see that

@H(\If * ’(ﬂz) (24)

= (= Z|W / /// D tytwe)

H/\XvnaJ: H W3 Y,

@H,(i}/*l) |A(K) 2 dy dws db d:

R E kg | [ f [

H’' H/ xmua_ Ws Yy

@H,(h’—l) |Ag: (W)|? dy dwsy db di:

ol ZIW i [ ] r@r@w

H’ H/\Wma=

@H/(E’*l)m( N2 dh' diwv
- ZW o / o (i N aw)E [ [ e@ris)dgan do.

H’ \Wmaa: (N}

Here we integrate over the regular elements i/ € H'. For a fixed I/ , the integral over
H\W™a ig a distribution on the group (~}, which happens to be the unique restriction of
a distribution defined on the centralizer of the vector part of H' in é\f)(W), as explained
in [22, Proposition 10]. Therefore (24) is equal to O, (¥ * 7). However, as shown in
[4, Theorem 4], ©f is an invariant eigendistribution. (Being an eigendistribution is
a local statement, so it does not depend on the class of the test functions.) Hence, by
Harish-Chandra Regularity Theorem, [9, Theorem 2], we have the equality for a sufficient
class of test functions to conclude that the two distributions on (~}1 are equal.

Indeed, notice first that any invariant eigendistribution acts continuously on & ((~}) via
an absolutely convergent integral. We see from the explicit formula for such a distribution
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restricted to a Cartan subgroup, [16, Theorem 10.35], that this claim will be verified as
soon as we check that the Harish-Chandra orbital integral corresponding to a Cartan
subgroup HCG maps S (é) contlnuously into the space & (H” ) of the rapldly decreasing
functions on the regular set H” of H, as in [31, Theorem 7.4.10(ii)]. If the H is compact
then the appropriate version of [31, Lemma 7.4.5] carries over with an easier proof,
because one does not have to invoke [31, Lemma 7.4.3]. Hence, [31, Lemma 7.A.4.2]
implies that the last claim. Also, one sees from the inequalities [31, (v), page 232] that
the Harish-Chandra transform [31, (v), page 231] maps S (é) continuously into the space
of rapidly decreasing functions on the correspondlng Levi factor. Hence, [31, 7.4.10(2),
page 249] implies the claim for an arbitrary H. Next we notice that G acts continuously on
S (G) by translations, see the proof of Theorem 7.1.1 in [31]. We may choose the function
1z to be non-negative (squaring it results in the convolution on the Fourier side, which
keeps the support compact) and have integral equal to 1 and use the dilations on the Lie
algebra 3 to construct the approximative identity, so that, with the notation of Lemma 10,
W1y approaches ¥ continuously in & (é) (This is a standard argument used for example
in [27, chapter 2, Theorem 2.1].) Therefore our two invariant eigendistributions are equal
on V. Thus they are equal on the Zariski open subset G C G This suffices for the
equality everywhere.

Now we consider the case G} # G’, where the Weyl integration formula is not valid.
The assumption that the restriction of II’ to (N}’l is the direct sum of two inequivalent
representations means that Oy is supported on G4. Each coset G'z € G/\X7"9* is the
disjoint union of two disjoint G} cosets G'a = G{2zU(G’\ G} ). The function we integrate
in (23) has the same value on the two G} cosets but the integral over G’ is equal to the
integral over G}, because Oy | ana, = 0. Hence, modulo a factor of 2, or renormalization
of the measure on X;, the computation (23) goes through, with G’ replaced by G.

We continue studying the case G} # G’. Suppose the restriction of II' to C~}’1 is ir-
reducible. Notice that G'/G} is isomorphic to G'/G}. Hence the determinant may be
viewed as a character det : G/ — C*, trivial on é’l The representation IT" ® det is
irreducible, is not equivalent to II’ and has the same restriction to é’l as IT'. Let II4. be
the representation of G corresponding to II' ® det. Since O gqet = O det, we see that
the restriction of O grgdet to G/’—\\_(/J‘:’1 is zero. Hence, the argument used in the proof
of Theorem 1 shows that

GHGBHdec = @i'[’ean’@det ) (25)

where the right hand side is defined as before in terms or the Weyl integration formula
for Gj.

7. The equality W F(IT) = 74(7,, YW F(IT))

In this section we prove Theorem 2. If G’ = G/, then the lowest term in the asymptotic
expansion of ©f;, is given in terms of the lowest in the asymptotic expansion of Oyy. This
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is immediate from [22, Theorem 2.13]. Then [22, Theorem 1.19] shows that by applying
Fourier transform to both we get the desired orbit correspondence and (2) follows from
Theorem 1. The same argument applies when G’ # G} and IT |é’1 is the sum of two
inequivalent representations.

Suppose G’ # G} and the restriction of II' to G} is irreducible. Then we have the
equality (25) and the above argument shows that

WFE(IL & Maet) = (5, (WF(IT' @ I' @ det))) .

Since the wave front set is computed at the identity and since the wave front set of the
direct sum of representations is the union of their wave front sets [11, Theorem 1.8 and
Proposition 1.3(a)], we see that

WF(II' ' ® det) = WF(I') = WF(II' @ det)
and
WF(IL® Mger) = WF(IT) UW F (Tger) -
Thus
WE(IT) UW F(Tlaet) = 7q(7,,  (WF(IT'))). (26)

Below we shall use [25, Theorem 1.4] and [19, Theorems A and D] in a minimal possible
way. In particular we will not need these results if WF(IT') is the closure of one orbit.

We know from [5, Theorem 2.1.1] that ©p has an asymptotic expansion near any
semisimple point in G/ \ (N}’l The corresponding asymptotic support at that point is
contained in the wave front set at that point and hence, by [11, Theorem 1.8] in W F(IT").
Therefore the lowest possible homogeneity degree of the expansion at that point (a
non-positive integer) is bounded below by the lowest possible homogeneity degree of
the expansion at the identity. Therefore an obvious modification of [21, Lemma 15(b)],
without the finite dimensionality assumption of the representation used there, holds and
hence the argument of the proof of [21, Theorem 7.8(b)] verifies the equality of the
associate varieties of the primitive ideals

Ass(Inr) = Ass(I,,) -

(After this improvement, [19, Corollary E| is a particular case of [21, Theorem 0.9].)
Hence, by [3, Theorem 4.1] and [15], the complexifications of W F(IT) and W F (I get) are
equal. By [7, Theorem 8.1], 74(7,, L(W F(I'))) has the same number of nilpotent orbits
of maximal dimension as WF(II'). If that number is 1, then (26) shows that we can
stop right here. Otherwise we rely on [19, Theorems A and D] and [25, Theorem 1.4], as
explained below.
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Since the restriction of I’ to CN}'l is irreducible, one may take an irreducible subrepre-
sentation of a maximal compact subgroup of G in the definition of the good filtration
leading to the associated variety of the Harish-Chandra module of IT'. Hence the asso-
ciated varieties of the Harish-Chandra module of II’ viewed as a representation of G’ or
é’l are equal. The same argument applies to II’ ® det. Thus we have the equality of the
associated varieties AV (II') = AV(II' ® det). Then [19, Theorems A and D] shows that
AV (IT) = AV (I get )-

Since G’ is an orthogonal group with the defining module of an even dimension,
the covering G — G is trivial, so [25] applies to G. Also, the group é’l is linear and the
complexification of G/ is connected. Hence [25] applies to G. Therefore [25, Theorem 1.4]
together with [7, Theorem 8.1] show that WF(II) = WF (Il4et ), and we are done.
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