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2 TOMASZ PRZEBINDA

1. Introduction

A goal of these lectures is to explain the ingredients of Harish-Chandra’s Plancherel
formula, explain how they fit together, study particular cases and go through all the
details for the group of the real unimodular matrices of size two.

All the necessary information in its original nearly perfect form is contained in Harish-
Chadra’s articles [HC14a], [HC14b], [HC14d], [HC14c], [HC18]. The example SLy(R) is
explained in classical books such as [Lan75]. For all of that, a good understanding of
the Fourier Transform and Distribution theory on an Euclidean space is needed. Here
Hormender’s “The Analysis of Linear Partial Differential Operators I” is one of the best
references, [Hor83].

2. The Fourier Transform on the Schwartz space S(R)

Here we follow [Hor83, section 7.1]. Recall that the Schwartz space S(R) consists of all
infinitely many times differentiable functions f : R — C such that for any two integers
n, k>0

sup |2"0F f ()| < 00.
z€R

In particular S(R) C L'(R) and we have the well defined

Theorem 1. The Fourier transform

f) =Frw) = [ @i (eR, feS®) (1)

maps the Schwartz space S(R) into itself, is invertible, and the inverse is given by
fla) = [ @Fde @R, feSR). )

Since p
d_y]:f(y) = /Re%“‘”y(—Qﬂm)f(x) dx (3)
and
[ e @) do = 2mig 7 1), (@
R

the inclusion FS(R) C S(R) is easy to check. For the rest we need a few lemmas.

Lemma 2. Let f € S(R) be such that f(0) = 0. Set g(x) = fol f'(tx)dt. Show that
f(z) = zg(z) and g € S(R).
Proof. The equality f(x) = zg(z) is immediate from the Fundamental Theorem of Cal-

culus, via a change of variables y = tx.
Fix two non-negative integers n and k. Suppose |z| < 1. Then

1 1
279" (2)| = 95”/0 th D (t) dt‘ S/O [FE (E) | dt < max | f(y)] < oo,
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Notice that

x”g(k)(:v) = " (d

p=0
and that

max |z"~ p_lf(k_p)(x)| < 00.

|z|>1
Hence

max [z 9" ()] < oo.
O

Corollary 3. Fizy € R. Let ¢ € S(R) be such that ¢(y) = 0. Then that there is ¢ € S(R)
such that

¢(x) = (z —y)i(x).

Lemma 4. Let T : S(R) — S(R) be a linear map with the property that if ¢(y) = 0 for
some y € R then T¢(y) = 0 for the same y. Then there is a function c(x) such that

To(x) = c(x)o(z) (¢ € S(R).
(In other words, T is the multiplication by the function c.)

Proof. Let ¢y(z) = e, As we know this function belongs to S(R). Fix z € R. Then
for any ¢o € S(R)

(P2(2)p1 — P1(x)P2) (z) = 2(z)P1(x) — P1(x)Pa(x) =0

Hence, by the assumption on 7T,

=T (¢2(z)¢1 — ¢1(2)d2) (2). (5)

Since T is linear

T (p2(x)p1) = d2(2)T(¢1) and T(¢1(x)d2) = ¢1(2)T(¢2).
)

Thus evaluation at x and using (5) we see that

0= ¢2(2)T(01)(x) — d1(2)T(¢2) ().

Therefore T(60)(@)
T(02)(a) = — o)
Thus the claim holds with
o1(
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Lemma 5. Suppose T : S(R) — S(R) is a linear map which commutes with the multipli-
cation by x:

T(xf(x)) =2T(f)(x)  (f € SR)).
Then there is a function c(x) such that
To(r) = c(x)¢(x) (¢ € S(R)).

Proof. 1t'1l suffice to show that T satisfies the assumptions of Lemma 4. Fix y € R. Let
¢ € S(R) be such that ¢(y) = 0. Then, by Corollary 3 there is ¢y € S(R) such that

¢(x) = (z = y)Y(z).

Hence

which is zero if x = y. 0

Proposition 6. Suppose T : S(R) — S(R) is a linear map which commutes with the
multiplication by x:

T(xf(z) =2T(f)(x)  (f €SR))
and with the derivative
T(f)=10)  (f€SR)).
Then there is a constant ¢ such that

To(x) =cop(z) (¢ € SR)).

Proof. We know from Lemma 5. that T' coincides with the multiplication by a function
¢(x). Since T commutes with the derivative we see that for any f € S(R)

c(x) f'(x) = (c(z) f(2))"
Since the multiplication by ¢(z) prserves the Schwartz space, ¢(z) is differentiable and
(c(z)f(2)) = () f(x) + c(x) f'(x) .
Hence ¢(z) = 0. therefore ¢(z) is a constant. O

Lemma 7. Let Rf(z) = f(—x). The map T = RF?: S(R) — S(R) commutes with the
multiplication by x and with the derivative.

Proof. Since
R(zf(z)) = —zf(—2) = —zR(f)(x) and R(f')=—R(f),
it’ll suffice to check that
Faf(2)) = —oF*(f)(z) and F(f) =~ (F*()",
which follows from the relations (3) and (4). O

Lemma 8. Let f(x) = e~ Then Ff = f. (Fourier transform of the normalized
Gaussian is the same Gaussian.)
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Proof. Since
d
—f(z) = 2mxf(x
2 fa) = ~2maf(x)
the formulas (3) and (4) show that

d

T (F @) @) = 0.

Hence
Ff(x) = constf(x).

Evaluating at x = 0 gives

/ f(y) dy = const .
R

By squaring the integral and using polar coordinates we show that const = 1. 0

Now we are ready to prove the inversion formula in Theorem 1. We see from that the
map RF?: S(R) — S(R) is the identity,

RFf=f (feSR)).

We know from Lemma 7 and Proposition 6 that the map RF? is a constant multiple of
the identity: ¢f = RF2. Now Lemma 8 shows that with f(z) = ™™

cf = RF’f=Rf=Ff
Thus ¢ = 1. Hence
RF=F"!

and the formula2 follows. This completes the proof of Theorem 1.

3. Magnetic Resonance Imaging

Suppose a source at s € R is emitting a signal with frequency ks € R and amplitude
A(s). The collective signal received is

B(z) = / A(s)e* s s
R
By Fourier inversion,
A(s) = k;/ B(z)e 2™ks dy
R

Hence we can recover A(s) from B(x). In particular, if we the function A(s) is linear (in
some large interval contained in [0,00)) and if we know A(s) then we know s, i.e. the
location of the source. For the related physics see

youtube.com /watch?v = pGeZvSG805Y  youtube.com/watch?v = djAxjtN _TV E.
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4. The Fourier Transform on the space C*(U;)

Here U; = {u € C; |u| = 1} is the group of the unitary matrices of size 1. We shall
use the following identification of groups

R/277 > 0 + 217 — € € Uy .

Here we follow [SS03, section 2.2]. Recall that a function f : Z — C is called rapidly
decreasing if
su[Z)|(1+]n])k]f(n)\<oo (nez).
ne

Theorem 9. The Fourier transform

f(n) = Ffn) = / eI () dr  (n € Z, feC%(Uy)) (6)

maps the space C*(Uy) into the space of the rapidly decreasing functions on 7, is invert-
wble, and the inverse given by

fla)y=> e Ff(n)de  (z€R, feCU)). (7)

(Notice that the integral (6) converges as long as the function f is absolutely integrable.
Hence we have the Fourier Ff transform for any f € L!(U;).) Since

/1 e 2 f1(x) do = 2minF f(y), ()
0

the rapid decrease of F f is easy to check. For the inversion formula we need the following
Lemma.

Lemma 10. If f: Uy — C is continuous and F f =0, then f = 0.

Proof. Since
1 1
/ 6727rixnf<x + y) dr = e?ﬂiyn/ 6727rixnf(x) dx
0 0

it’ll suffice to show that f(0) = 0.
Suppose the claim is false. We may assume that f is real valued and that f(0) > 0.
We shall arrive at a contradiction. Choose 0 < < 7 so that

f(0
f) > 0 g < 0).
Let € > 0 be so small that the function
p(x) =€+ cosx

satisfies

Choose 0 < 1 < 4 so that
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Then for £ =0,1,2, ..

°)

<ol flle (1-5)

/ f(@)p(x)* de
s<lal<n

2
/ f(x)p(m)k dr >0,
n<|z|<é
k f(0) €\*
o f(x)p(x)" dx > 2777 (1 + 5) :
Therefore
klim f(x)p(x)* dr = +o0.
— 00 |CC‘§7T

However p(z)* is a trigonometric polynomial (linear combination of powers of exponen-
tials). Hence the assumption F f = 0 implies

f(@)p(x)*dr = 0.

|z <m

5. Some Functional Analysis on a Hilbert space

Here we follow [Lan85, sections 1.2 and 1.3]. Let V be a Hilbert space. A continuous
linear map A : V — V is called compact if it any bounded sequence v,, € V to a sequence
Av,, that has a convergent subsequence.

Theorem 11. Let A be a compact hermitian operator on the Hilbert space V. Then
the family of eigenspaces Vy, where A ranges over all eigenvalues (including 0), is an
orthogonal decomposition of E:
V=_EPV..
A

For X\ # 0 the eigenspace V) is finite dimensional.

Let S be a set of operators (continuous linear maps) on V. We say that V is S-irreducible
if V has no closed S-invariant subspace other than {0} and V itself. We say that V is
completely reducible for S if V is the orthogonal direct sum of S-irreducible subspaces.
Two subspaces Vq,Vy C E are called S-isomorphic if there is an isometry from V; onto
V5 which intertwines the action of S. The number of elements in such an isomorphism
class is called the multiplicity of that isomorphism class in V.

A subalgebra A of operators on V is said to be x-closed if whenever A € A, then
A* € A. As explained in [Lan85, section 1.2], the following Theorem is a consequence of
Theorem 11.

Theorem 12. Let A be a *-closed subalgebra of compact operators on a Hilbert space V.
Then V is completely reducible for A, and each irreducible subspace occurs with finite
multiplicity.
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The following theorem (and the corollary below) is known as Schur’s Lemma. For a
proof see [Lan85, Appendix 1, Theorem 4]

Theorem 13. Let S be a set of operators acting irreducibely on the Hilbert space V. Let
A be a hermitian operator such that AB = BA for all € S. Then A = cl for some real
number c.

Corollary 14. Let S be a set of operators acting irreducibely on the Hilbert space V. Let
A be an operator such that AB = BA and A*B = BA* for all € S. Then A = ¢l for

some ¢ € C. number c.

Proof. We write A = B +1C, where

1 1
B=—-(A+ A* =—(A—-A").
Then B and C commute with S. Hence there are real numbers b and ¢ such that B = b/
and C' = ¢l. Hence A = (b+ic)l. O

We shall also use a few facts concerning integral kernel operators. The proofs may be
found in [Lan85, section 1.3]

Theorem 15. Let (X, M, dz) and (Y, N,dy) be measured spaces, and assume that L*(X),
L3(Y') have countable orthogonal bases. Let q € L*(X x Y). Then the the formula

Qf(x) = /Y a(z,y) F(y)dy

defines a bounded, compact operator from L*(Y) into L*(X) with | Q ||<]| q |l2- If
(X, M,dx) = (Y, N,dy) then Q is of trace class. If X is a topological space, dx is a Borel
measure and in addition q is continuous, then

trQQ = /Xq(x,x)d:c.

6. Representations of locally compact groups

Let G be a locally compact group and let V be a topological vector space. We shall
always assume that V # {0}. Let GL(V) denote the group of the invertible continuous
endomorphisms of V. A representation of G on V is a pair (7,V), where 7 : G — GL(V)
is a group homomorpism such that the map

GxV>3(g,v) > m(gveV

is continuous. A subspace W C V is called invariant if p(G)W C W. The representation
(p, V) is called irreducible if V does not contain any closed invariant subspaces other than
{0} an V.

If (my, V1), (ma,Vs) are representations of G, then a continuous linear map TV; — Vs
such that

Tm(g) =m(g)T  (9€G)
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is called an intertwining operator, or a G-homomorphism. The vector space of all the in-

tertwining maps will be denoted Homg (V1, Va) or more precisely, Homg (1, V1), (72, V2)).

The representations (7, V1), (m2, V3) are equivalent if there exists a bijective T' € Homg (V1, Vo).
A basic example of a representation of G is the right regular representation (R, C(G).

Here C'(G) is the space of the continuous, complex valued, functions on G (with the

topology of uniform convergence on compact sets) and

R(g)f(x) = f(zg) (9,2 € G, feC(G)).
Similarly, we have the left regular representation (L, C(QG)),

L(g)f(x) = f(g"'z) (9,2 €G, feC(Q)).

Given an irreducible representation (m,V) and an element A € V' (a continuous linear
functional on V) the forula

To(x) = Aw(z)v) (x € G)
defines an injective map 7' € Homg((m, V), (R, C(G))). Thus every abstract representa-

tion of G may be viewed as a subrepresentation of the right regular representation on the
continuous functions on G. The function

Gz — ANn(z)v) e C
is called a matrix coefficient of the representation (7, V).
If V is a Hilbert space, then a representation (7, V) is called unitary if every operator
7(g), g € G, is unitary. Two unitary representations (7, V1), (ma, Vo) are called unitarili
equivalen if there is a bjiective and isometric G-homomorphism 7" : V| — V.

Here is the classical version of Schur’s Lemma, which is an immediate consequence of
Corollary 14.

Theorem 16. Let (m,V) be an irreducible unitary representation of G. Then
Homg(V,V) =CI.
Corollary 17. For two irreducible unitary representations (p,V) and (p',V') of G,

. n_ L V) = (V)
dim Homg(V,V') = { 0if (p,V) £ (', V)

(Here ~ stands for unitary equivalence.)

Proposition 18. If two unitary representations (w,V), (7',V') are equivalent then they
are unitarily equivalent.

Proof. Let (, ) be the invariant scalar product on V and let (, )’ be the invariant scallar
product on V'. Pick an isomorphism 7" : V — V'. Define T* : V' — V by

(Tu,v) = (u, T*v) (ueV,veV).

Then T*V' — V is also a morphism. Hence, T*T : V — V commutes with the action of
G. Hence, there is A € C such that T*T = AI. Thus, for any u,v € V,

(Tu, Tv) = (u, T*Tv) = Au,v).
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In particular, by taking u = v # 0 we see that A > 0. Hence,

1
—T:V =V

VA

is an isometry and a morphism. 0
Here is one more version of Schur’s Lemma. For a proof see [Wal88a, 1.2.2].

Theorem 19. Let (w,V) be an irreducible unitary representation of G. Let Vo C V be a
dense G-invariant subspace and let A : Vo — V be a linear G-intertwining map.
Suppose V1 C V is a dense subspace and let B : V1 — V a linear map such that

(AUQ, Ul) = (Uo, BUl) (’Uo S Vo,’Ul S Vl) .
Then A is a scalar multiple of the identity on V, restricted to V.
7. Haar measures and extension of a representation of G to a representation
of L'(G)
A proof of the following theorem may be found in [HR63, (15.5)-(15.11)]

Theorem 20. There is a positive Borel measure dx on G such that

/ f(g) dz = / f)de (g€ CfeCC)).
G G

This measure is unique up to a constant multiple. Furthermore there is a group homom-
rphism A : G — R* such that

/ f(zg) dz = A(g) / f)de (g€ C,feCC)).
G G

The measure dx is called the left invariant Haar measure on G. The group G is called
unimodular if A = 1. This is certainly the case if G is compact. The Lebesgue measures
we used in sections 2 and 4 are Haar measures and the groups are unimodular. An
example of a non-unimodular group is

P-{p—(% ab1>a€RX,b€R}.

Here |a|~2da db is the left invariant Haar measure and A(p) = a®.
The convolution ¢ * ¢ of two functions ¢, € L'(G) is defined by

b+ (y) = /G b(e)p(ay) de.

The Banach space L' (G) with the product defined by the convolution is a Banach algebra.
This algebras may have no identity, but they always has an approximate identity.
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Theorem 21. There is a sequence ¢, € C.(G) such that
1) ¢ >0 (n=0,1,2,..),

/gbn = (n=0,1,2,...),

) Given a neighborhood U of the identity in G,
the support of ¢, is contained in U for all n sufficiently large.

(See [Lan85, secion 1.1] for a proof.) Given a representation (7, V) the formula

0= [ olorm@)  welle)
defines a representation of the Banach algebra L'(G) on V, i.e.

m(¢xy) =m(e)r(v) (4,9 € LY(G)).

By restriction, (m,V) is also a representation of the convolution algebra C.(G). As
straightforward consequence of Theorem 21 we see that a subspace W C V is G-invariant
if and only if it is C.(G)-invariant. Also, (7, V) is G-irreducible if and only if it is C.(G)-
irreducible.

8. Representations of a compact group

Let G be a compact group with the Haar measure of total mass equal to 1. If (7, V) is
a representation of G on a Hilbert space V, then, by averaging the norm on V over G, we
obtain another norm with respect to which the representation is unitary.

Hence, while considering representations of G on Hilbert spaces, we may assume that
they are unitary.

Theorem 22. Any irreducible unitary representation (w,V) of G is finite dimensional.

Proof. Let v € V be a unit vector and let P be the orthogonal projection on the one-
dimensional space Cv. Let () be the continuous linear map defined by

Q/ )" Pr(z)dx.

Then Q = Q* commutes with the action of G. Hence Schur’s Lemma, Theorem 15, implies
that there is a constant ¢ € R such that ) = ¢I. Since 7 is unitary,

(Qu,v) = /G(Pﬂ(w)v,ﬂ(:v)v) dz = /G(W(x) ) (v, w(x)v) dz = / |(m(2)v, v)[2dz > 0.

Hence ¢ > 0.
Let vy, vg, ... be an orthonormal basis of V. Then for each x € G, m(x)vy, 7()ve, ...Is
also an orthonormal basis of V. Hence

e} o o

Y (Pr(@)vn, w(@)v,) = Y ((x(x)va, v)v,m Z! 2)vn, V) =l v |=1.

n=1 n=1
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But (Pr(x)v,, m(x)v,) = (7(x) ' Pr(x)v,, v,). Hence, after integration over G we see
that

o0

Z(Qvn, vy) =1.

n=1

Thus ¢ times the number of the elements in the basis is equal to 1. Hence, dimV < co. [

By combining Theorem 22 with the Spectral Theorem from Linear Algebra we deduce
the following corollary.

Corollary 23. An irreducible unitary representation of a compact abelian group is one
dimensional.

If dimV < oo, we let V¢ denote the vector space dual to V. The contragredient repre-
sentation (7€, V°) is defined by

7(g)v°(v) = v(m (g )v) (veV, v°eVigelG).

Given two finite dimensional representations (m,V) and (7',V’) define their direct sum
(rd7n',VaV) by

(r @) (g)(v,0") = (n(g)(v), 7' (9)(v)) (g9 € G,veV, v eV)
and the tensor product (7 @ 7',V ® V') by
(@) (g)lvev]=[r(g) )] e[ ()] (9€GveV, v eV)

By definition the character ©y = O, of a finite dimensional representation (m, V) is the
following complex valued function on the group:

Ov(g) =tr(r(g)) (g€ G).

This function is invariant under conjugation
O(hgh™) =0©(9)  (h,g€ Q).

Also, we have

Ovay' = Oy + Ovs, Ovev = OvOy and O, = O.. (9)

Denote by L2(G)® C L?(G) the subspace of the functions invariant by the conjugation by
all the elements of G. Our characters live in L2(G)®.

Lemma 24. Suppose (7, V) is a non-trivial irreducible unitary representation of G. Then
/ m(x)vdr =0 (veV).
G

Proof. Notice that the integral defines a G-invariant vector v € V. Since 7 is irreducible,
either u = 0 or V = Cu. Since 7 is non-trivial, the second option is impossible. OJ

Corollary 25. Suppose (7,V) is a non-trivial irreducible unitary representation of G. Then

/Gﬂ(x)dx:().
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Corollary 26. Suppose (w,V) is a finite dimensional representation of G. Then
/ O, (z) dr = dim V°,
G

where V& C V is the space of the G-invariant vectors.
Proposition 27. The characters of irreducible representations form an orthonormal set
in L2(G)C.
Proof. Consider two such representations (7,V) and (7',V’). The group G acts on this
vector space Homg(V, V') by

gT(v) = 7'(9)Tr(g v (9 € G,T € Homg(V,V'),v € V).

This way Homg(V,V’) becomes a representation of G. It is easy to check that as such it
is isomorphic to (7¢® 7', V¢ ® V'). Hence, by (9),

@Hom(v,v')(9> = O.(9)0x(9) (g € G).

Therefore,

(@;-7@#) = /G@Hom(V,vl)(g> dg

= dimension of the space of the G-invariants in Homg(V, V').
Thus the formula follows from Corollary 17. U

Proposition 28. Any finite dimensional representation of G decomposes into the direct
sum of irreducible representations.

Proof. This follows from the fact that the orthogonal complement of a G-invariant sub-
space is G-invariant. O

Let (m, V) be a finite dimensional representation of G and let

be the decomposition into irreducibles. The number of the V; which are isomorphic to
V; is called the multiplicity of V; in V, denoted m;. We may collect the isomorphic
representations in the above formula and (after changing the indecies appropriately) get
the following decomposition

V=V oVim g . o Vim™,
where the V; are irreducible and mutually non-isomorphic and
Vj@mj =V,;®V;®..®V; (m; summands).
This is the primary decomposition of V, which is also denoted by
V=mViemaVo®..EmVe=m1 - V1P mo-Vo®...Bmy - Vy,
for brevity.
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Proposition 29. Let

V= m1V1 D m2V2 DS...PD mka,
be the primary decomposition of V. Then

Oy = ml@V1 + mg@v2 + ..mk@\/k
and

m] = (@V,@Vj).

In particular V is irreducible if and only if (Oy,Oy) = 1.
Proof. This follows from (9) and from Lemma 27. O

Given a finite dimensional representation (7, V) define a map
M : End(V) = L*(G), M(T)(g) = tr(n(9)T) = tr(T7(9)).
In particular, if I € End(V) is the identity, then
M. (I) = ©,.

Also, it is easy to see that the subspace M, (End(V)) C L?*(G) depends only on the
equivalence class of 7.

Theorem 30. Suppose (m,V) and (7',V') are two irreducible unitary representations of
G. Then

a) if (m,V) is not equivalent to (x',V'), then M, (End(V)) 1 M (End(V")),

b) for any S, T € End(V), (M. (S), M.(T)) = tr(ST*).

Proof. Define a representation (II, End(V)) of the group G x G on the vetor space End(V)
by

dzm \Y

(g1, 92)T = m(g2)Tm(97") (91,92 € G, T € End(V)).
Notice that (IT, End(V)) is isomorphic to outer tensor product (7¢® 7, V¢ ® V). Hence,

/ |@H(I17$2)|2 del dIQ == / |@ﬂ(l‘1)@ﬂ(I2)|2dl‘1 d[L‘Q
GxG GxG

/|@ ZE1|dI1/|@ .172| dIL‘Q—l

Hence, by Proposition 29, (I, End(V)) is irreducible.
We view End(V) as a Hilbert space with the following scalar product

(Sl, SQ) = t’I"(Sl;S’;) (Sl, Sy € EHd(V)),
and similarly for V'. In particular, we have the adjoint map
M7, : L*(G) — End(V).

Notice also that
MM, : End(V) — End(V')
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is a G X G-intertwining map. If the two representations (7, V) and (7/, V') are not isomor-
phic then The G x G-modules End(V) and End(V’) are not isomorphic. Hence Corollary
17 shows that M* M, = 0. Thus for S € End(V) and T' € End(V’),

(Mz(S), M (T)) = (S, My M (T)) = 0

and a) follows.
Similarly, there is A € C such that MM, = A\I. Furtheremore,

A-dimV = (I, MM, (1)) = (M.(I), M:(I)) = (0,,0,) =1
and b) follows. O

Theorem 31. There are the following direct sum orthogonal decompositions of Hilbert
spaces

a) LX(G) =3, cq Mr(End(V)),
b) LX(Q)¢ =3, .4 CO,.

Proof. Part b) follows from part a), because, by Theorem 16, End(V)G = CI. Indeed,
LX(G)% =) (M (End(V))® = > M. (End(V)9),= > C6;.

meG reC reG

where only the middle equation
(M (End(V)))¥ = M, (End(V)%)
requires an explanation. We need to show that if
tr(Tn(ghg™")) = tr(Tx(h))

for all h € G, then 7w(g~!)Tn(g) = T. Since tr(Tn(ghg™') = tr(r(¢g~")Tr(g)n(h)), we'll
be done as soon as we show that if ¢tr(Sw(h)) = 0 for all h € G, then S = 0. But, since
the map M, is injective (because 7 is irreducible), this is indeed the case.

Part a) requires some work. We follow the argument in [Kna86, Theorem 1.12]. Let
U=>3" oM (End(V)). This is a subspace of L?(G) closed under the left and right trans-
lations and under the * operation, ¢ — ¢*, ¢*(z) = ¢(z~1). Hence so is the orthogonal
complement Ut C L%(G).

Suppose UL # {0}. We shall arrive at a contradiction. Let ¢ € Ut be non-zero.
Let ¢, € C.(G) be an approximate identity, as in Theorem 21. Then a straightforward
argument shows that

lim || ¢nx¢—¢2=0
n—00

Hence there is n such that ¢, * ¢ # 0. But this function is continuous. Thus we may
assume that ¢ is continuous. Furthermore, applying the translations and the * operation
we may assume that ¢ = ¢* and ¢(1) > 0. Replacing ¢ by the integral

/G L(z) R(z)6 dx
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we may assume that ¢ is invariant under conjugation. Let

Ti(z) = | ¢z 'y)v(y)dy.

G

Since the integral kernel ¢(z~'y) is continuous on G x G, T is a compact operator on
L%(G). Furthermore, T = T* # 0. Hence, by Theorem 11, T has a non-zero finite
dimensional eigenspace Vy C L%*(G). Since T' commutes with L(G), V is closed under
L(G). Hence Theorem 28 shows that there is a G-irreducible subspace Wy C V). Let f;
be an orthonarmal basis of W,. Set

has(2) = (L(2) i f;) = /G fx ) TG) dy.

This is a matrix coefficient of an irreducible representation of G, thus it belongs to U.
Therefore,

0= (. hn) = /G /G o(x ) Fily) dy de = A /G fix) Ty dr,

which is a contradiction. O

Theorem 32. Any unitary representation (p, W) of G is completely reducible, i.e. the
Hilbert space W is the orthogonal sum of irreducible finite dimensional representations of

G.

Proof. We follow [Kna86, Theorem 1.12]. Suppose (p, W) is not completely reducible. By
Zorn’s Lemma we may choose a maximal orthogonal set of finite dimensional irreducible
invariant subspaces. Let U denote the closure of their sum. Suppose 0 # v € U+. We'll
arrive at a contradiction.

Let ¢, € C.(G) be an approximate identity, as in Theorem 21. Then, as we have seen
before, there is n such that p(¢,)v # 0. We fix this n.

Theorem 31 a) implies that there is a finite set F C G and ¢ € D, M (End(V)),

such that .
| ¢n — & |2< == || p(Pn)v || -
=2

Since the total mass of G is 1, we have

Hence .
I o(n)o = p()o lI<Il 6n = & [l v lI< 5 Il p(dn)o I -

Therefore

I o(@)0 =1 plénlo | = 1l o6 — ()0 12 5 Il oo 1> 0.

This is a contradiction because p(¢)v lies in a finite dimensional invariant subspace of
W. O
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For a function ¢ € L!(G) define the Fourier transform

/ o()m(x) di = /G o(x)m(x) dv = (6) . (10)

Notice that in order to be consistent with the theory of Fourier series, section 4, we should
replace 7 by 7¢ in this definition. However we shall follow the tradition and not do that.
Thus for a representation (m,V), Fo(n) € End(V). Notice that

m(g)Fo(r) = F(L(g)e)  (9€G). (11)
Set d(7) = dimV) = ©,(1). This is the degree of the representation (7, V).
e M(End(V)) (algebraic sum,),
= d(m)-tr(Fe(mm(g™") (g€ G), (12)

meG

Theorem 33. (Foumer inversion for G) For any ¢ € @

or equivalently

= d@) Ox(¢) (9€G), (13)

G

Notice that in the case of the classical Fourier series, section 4, the above formula (12)
refers only to trigonometric polynomials, ¢.

Proof. Clearly (13) is a particular case of (12). Also, (12) follows from (13) and (11).
Let us write (m, V) for (m,V) in order to indicate the dependence of the vector space
on 7. By definition, there is a finite set F' C G and operators T, € End(V,;) such that

=Y w(Typl9) (g€ Q).

peF

Z/tr w0(9))m(g) dg .

peEF

Hence

Therefore, by Theorem 30
tr Fo(m) =y /G tr(T,p(g)) trm(g) dg = /G tr(Trm(g)) trw(g) dg

peF

= (Tun(g)).w(9)) = ditrw(mw(g)*) - ditrmo .

Hence ' ’
D d(m)-O4(¢) = d(m) tr Fo(m) = Y tr(T,
reG meG reC

Theorem 34. (Parseval formula) For any ¢ € @, ¢ M-(End(V)),
I ¢ l3=_de || Fom) |-

reG
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Proof. That the left hand side is equal to
$x¢"(1) = dne tr(Fo(m) F(m)"),

el
which coincides with the right hand side. 0

9. Square integrable representations of a locally compact group

In this section G is a locally compact unimodular group. We follow [Wal88a, section
1.3].

Lemma 35. Let (1,V) be an irreducible unitary representation of G. Suppose that for
some non-zero vectors ug, vy € V

/ |(7 () ug, vo)|* dv < 0o (14)

Then for arbitrary u,v € V,
/ |(7 2dr < 0o (15)

Moreover, the map T : V — L*(G) defined by
Tu(z) = (1(x)u, vo) (weV, zeqG)
1s G-intertwining and has the property that there is t > 0 such that
(Tu, Tv) = t(u,v) (u,v € V). (16)

Proof. Let Wy be the linear span of all the vectors 7(g)ug, g € G. This is a G-invariant
subspace of V. Since V is irreducible, Wy is dense in V. Let

W= {uEV/| z)u,vo)|* dr < oo} .

Then W is also a G-invariant subspace of V and W contains Wy. Hence W is dense in V.
Clearly
T7(g9)u= R(g9)Tu (g €G).
Define an inner product on W by
(w1, we) = (w1, ws) + (Twy, Twy) (w1, ws € W).

One checks that W with this inner product is complete. (Every Cauchy sequence in W
has a limit in W.) Thus (7, W), with this new inner product, is a unitary representation
of G.

The inclusion
Iw Wow—->weV

is a bounded linear map which intertwines the actions of G. The adjoint
Iy :V—>W
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is also a bounded linear map which intertwines the actions of G. Now we apply Theorem
19 with A = I, Vo =V, B = Iy and V; = W. The conclusion is that [}, is a scalar
multiple of the identity. Hence W = V. This means that (14) holds for the fixed vy € V
and arbitrary u € V in place of the ug. Now we fix arbitrary u € V and, since the group is
unimodular, we may apply the same argument to see that (14) holds with the ug replaced
by u and vy replaced by an arbitrary v € V. This verifies (15).

Now V is equipped with two inner products (-,-) and (-,-) preserved by G. Define a
map S :V — V by

(u,v) = (Su,v).
Then S commutes with the action of G. Hence S = sI for some s € C. Explicitly,
(u,v) + (Tu, Tv) = s(u,v).

Since T # 0, by taking u = v, we see that s = 1 + ¢ with ¢ > 0. This implies (16). O

An irreducible unitary representation of G is called square integrable if one, or equiva-
lently all, its matrix coefficients are square integrable.

Remark 1. The assumption that the group G is unimodular is essential. Lemma 35 fails
for example for G = “ax + 0" group. Recall, [Fol95, page 188 and 242], that G = R x R
with the multiplication

(a,b)(a’, V) = (ad', b+ ab)
and the left invariant Haar measure
a 2dadb.
The following formula defines an irreducible unitary representation of G on L2(0, 00),
m(a, b)u(s) = aze?™y(as) (aeRT, bER, s€(0,00), ueL*0,)),

see [Fol95, page 242]. Hence for two functions u,v € L*(0,00) the corresponding matriz
coefficient has the L? norm squared equal to

/](ﬂ(a,b)u, v)|[2a *da db = / ’/a%e%ibsu(as)ﬁ(s) ds 2
:/ (‘/ezmbsu(as)v(s) ds 2 db) a lda = / (/ lu(as)T ds) alda
//]u as)v 1dads-/!u 1da/\v(s)\2ds.

This expression is finite if and only if

/|u(a)|2a_1da < 00,

which is the case if u € C,(0,00) but is not the case if u is the indicator function of the
interval (0,1).

a 2da db
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Proposition 36. Let (o,U) and (7,V) be irreducible unitary square integrable representa-
tions of G. Then

/(a(x)ul,ug)(UQ,T(x)vl)dx =0 (up,ue €U, vy, €V) if o T (17)
G
There is a positive number d(T) such that
1
/(T(I)Ul,UQ)(UQ, T(x)vy) doe = %(ul, v1)(ve, u2) (uy, ug,v1,v3 € V). (18)
a

Proof. Define

Su(z) = (o(x)u, ug) (uelU, z€G)
and

Tv(x) = (1(x)v, v9) (veV, zeq).
Then (16) shows that there is a positive constant C' such that for u € U and v € V

|(Su, To)| <[ Su[laf| To o< C lu Il o -

Hence there is a bounded G-intertwinig linear map A : V — U such that

(Su, Tv) = (u, Av) (ueUveV).

This map is zero if the representations are not equivalent. Since

/(O’(l’)ul,UQ)(UQ,T(ZE)Ul) dr = (Suy, Tvy) = (u1, Avy) ,

G

(17) follows. Suppose o = 7. In this case let us write T, for T" and T,,, for S. Then
(Tu,u, Tyyv) = (Su, Tv) = (u, Av) (u,v €V),

where A is a constant because the representation is irreducible. Thus A = al for some
Ay, 0, € C. Explicitly

/(T(x)u, ) (T(x)v, v2) dT = gy 0y (1, V) (u, ug,v,v9 € V).
G

Since GG is unimodular,

/G(T(Jr)u,uQ)(T(x)v,vQ) dx :/(7‘(93_ Yu, ug)(T(x7 v, v9) dr

G

_ /G (u, 7(2)ua) (0, 7 (2)03) dr = / (7(2)vs, 0) (7 (@) 2, 0) d

G
Previous argument implies that there is a constant b(u, v) such that

/G(T(x)w, V)(T(x)ug, u) de = b(v,u)(ve, us) (u, ug,v,v9 € V).

Hence
au2,U2(u7U) = b(U,U)(UQ,UQ) (U,, Uz, V, Vg € V) .
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Now we take u = v to be a unit vector. Then
Ay 5 (V,0) = b(V,0)(v2, ug) = b(va, ug) (u, ug,v,vy € V).
Thus there is a constant b such that
Ay vy = b(V2, U2) (ug, vy € V).

By taking us = vo we see that b > 0. Thus
/(T(x)ul, ug) (ve, T(2)v1) do = oy 0y (U1, v1) = b(ug, v1)(va, ug) -
G

O

The constant d(7) is called the formal degree of 7. It depends on the choice of the Haar
measure on G. If G is compact with the Haar measure of total mass 1 then, as we have
seen in Theorem 30, d(7) = dim V. Hence the name.

10. G = SLy(R)
10.1. The maximal compact subgroup K = SO,(R).
We let
cosf sind
k(0) = ( —siné cosf )
and define

K = SO,(R) = {k(0); 6 € R}.

This is a maximal compact subgroup of G, which is unique up to conjugation. The group
K is commutative. Define the characters

Xn(k(0) =™ (0ER,NEZ).
For two integers n and m define
Suam = {f € C(G); f(k(01)gk(b) = e™™" f(g)e™™"}.

Lemma 37. The algebraic sum @nm Sp.m 1s Lt-dense in C.(G). In fact, given e > 0 and
f € C(G), there exists a function g € €D, ,,, Snm such that the support of g is contained
in K(supp f)K, and such that || f — g ||co< €..

Proof. This follows from the properties of the Fourier series. See [Lan85, page 20]. OJ

Lemma 38. The following formulas hold.

Snm *S1,, = {0} if m#IL,
Sr*z,m - Sm,n )
Sn,m * Sm,q g Sn,q .

Proof. This is straightforward [Lan85, page 22]. O
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Lemma 39. Let S = {x € G; x = z'}. Then the map
KxS>(k,s) = kseG

1s a bijective diffeomrophism.
Proof. This is well known from Linear Algebra. See straightforward [Lan85, page 22]. O
Lemma 40. The algebra Sy is commutative.
Proof. The argument is due to [. M. Gelfand. Consider an element z € G. Then there is
k € K and s € S such that x = ks. Hence the transpose

vt =ks =kls =k ekt (19)
Also, the group G is unimodular. Hence the Haar measure is invariant under the change
of variables © — a'. Let f,g € Spo. Set f'(x) = f(z'). It is easy to check that

(fxg) =g *f".
Notice that ft = f. Indeed,
fia) = f(a') = f(Rak™) = f(2),
because elements of Sy are K-bi-invariant. Hence
g xfl=gxf.
By Lemma 38, f * g €€ Spo. Hence (f x g)® = f * g. The conclusion follows. OJ

Lemma 41. For any n € Z, the algebra S, , is commutative.

Proof. The argument is due to S. Lang, see [Lan85]. Let

(10
T=\o -1 )"
Clearly v = 7. Let s = st € G. Then there is k € K such that ksk~! = d is diagonal.
Therefore
vsy = kT dky = vk yydyvky = vk ydyky
Thus there is k, € K such that
sy =k sk .
Notice that
vky =kt (k€ K).
Recall that ff(z) = f(a') and let f7(z) = f(ya7y). Then, for f € S,
f(z) = (=)
Indeed, write = ks. Then
fi(ks) = flyksy) = f(E vs7) = xu(k) f
= Xn(k)f(k; sks) = xn(k)xn(ks) f
= Xa(k)f(s) = f(s)xn(k) = f(sk~
= f t(/fs) -

(vs7)
(s)xn(ks)™"
Y= f((ks)")
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Therefore for any f,g € S, ,,
[rxeg'=fxg =(gxf) =(gxf) =g *f
and we are done. 0
For a representation (7, V) of G on a Banach space V define
V, ={veV; n(k(®)v =", 0 c R}.
This is the y,, isotypic component of V.
Lemma 42. Let (m,V) be a representation of G on a Banach space V. Then
T(Snm)V CV,

and for q # m,
T(Snm)Vq =0.

Proof. See [Lan85, page 23]. O

Lemma 43. Let (m,V) be an irreducible representation of G on a Banach space V. Then
for any q such that V, # 0, the space Vy is S, ,-irreducible. Also, w(Sq4)Vq # 0.

Proof. This follows from the fact that the x algebra
D Sum

is L'-dense in C.(G) see [Lan85, page 24]. O

Theorem 44. Let (mw,V) be an irreducible representation of G on a Banach space V. Fix
an integer n. If dimV,, < oo then dimV, =1 or 0.

Proof. We know from Lemma 43 that the commutative algebra 7(S,,,) acts irreducibly
on V,,. Hence finite dimensional Linear Algebra (Jordan Canonical Form of a complex
matrix) implies the claim. O

Warning: there exists a Banach space V of infinite dimension and a linear operator
T € End(V) acting irreducibly on V, see [Enf87].

Definition 45. A representation (w,V) of G on a Banach space V is admissible if dim V,, <
oo for every integer n.

Theorem 46. Let (m,V) be an irreducible unitary representation of G on a Hilbert space
V. Fiz an integer n. Then dimV,, =1 or 0.

Proof. In this case 7(S,,) is a commutative * algebra. Hence the claim follows from
Theorem 13. U

Theorem 47. Let (7,V) be an irreducible representation of G on a Banach space V. Then
the space of finite sums
Bv. cv
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15 dense.
If (7, V) be an irreducible unitary representation of G on a Hilbert space space V, then

szzw

ne”

1s a Hilbert space direct sum orthogonal decomposition.

Proof. This follows from the fact that the x algebra

D Sum
n,m

10.2. Induced representations. Recall the following subgroups of G:

is dense in C,(G) see [Lan85, page 25]. O
cosf sind a 0 n
= (520, 0 Y oew) am{(8 0 Yamoh x={(2 1) onen).
The following map, is a bijective diffeomorphism
AXxNxK>(a,n k) — ank € G

giving the Iwasawa decomposition G = ANK. Let us fix Haar measures on these groups

1 G e ) = (6 )= a(n 1) =
Then, in terms of the Iwasawa decomposition, the formula
dr = da dn dk (x =ank, a € A,n e N,k € K)
defines a Haar measure on G. Furthermore see
a(a Ol)zaz p(“ 01>:a.
0 a ’ 0 a

Let P = AN. This is a subgroup of G with the modular function

((5.0) (1)

Theorem 48. Let (0,V) be a representation of P on a Hilbert space V. Denote by V(o)
the space of functions f : G — V such that

flpz) = Ap)2o(p)fz)  (z€Q)

whose restriction to K is square integrable:

‘AHf%Hde<w.

O =

Set
m(9)f(z) = f(zg) (9,2 €G)

Then (m,V(0)) is a representation of G. If o is unitary then so is 7.
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Proof. See [Lan85, Theorem 2, page 44]. O

Our main example is going to be the case when V = C and for some fixed complex
number s,

o(an) = p(a)® (ae AjneN).
Then we shall write V(s) = V(o) and my = 7. Then the transformation property of
functions in V(s) looks as follows

flanz) = p(a)'**f(z) (ae A,neN,z€G). (20)
The resulting representation(m,, V(s)) is called the principal series representation.

Lemma 49. Let
ps(ank) = p(a)'+* (ae A,neN,keK).
Then ps € V(s) is K-wariant and

(ms(2)ps, pi) = /K pu(k) d = /K po (k) dis

Proof. See [Lan85, page 47]. O
The function
by = / po(ka)+* dk (21)
K
is known as a spherical function.

Lemma 50. For a function ¥ € C.(G), ms(v) is an integral kernel operator with the

integral kernel
/ / Y(K' " tank)p(a)™* dadndn .

Furtheremore the operator ms(1)) is of trace class and

trws(w):/qu(k:,k:) dk::/A/N/sz(kankz—l)dkp(a)1+8dadndn.

Proof. The formula for the integral kernel is obtained via a straightforward computetion
in [Lan85, page 48]. It is a continuous function. Hence the of trace class. 0

By computing a few Jacobians, as in [Lan85, page 68], we obtain the following lemma.

Lemma 51. For ¢ € C(

/qbcma n~Y) dn = (a)l_”/Ngb(n)dn, (22)

/A y d(a~taz)) di = | g((z)ﬂ /N /K d(kank™) dk dn , (23)

D(a) = p(a) - pla)  (a € A). (24)

and therefore

where
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Theorem 52. Let O, be a function on G defined as follows.

|D(a)]

O, (z) = { iof © 1s conjugate to a € A

if x is not conjugate to any element of A .

Then
trms(¢) = /G@ﬂs (x)Y(x) dz (Y € C.(G)).

Proof. By combining Lemmas 50 and 51 we see that

trms(v) = / |D(a)| Y(z ax) dz p(a)® da .
A A\G
Changing the variable a to a™! gives
fr () = / D [ watale) di pla) = da.
A A\G
However |D(a™')| = |D(a)| and

Yz ta ) de = Y(z rar) dz .
A\G A\G
Therefore -
trws(@b):/ D@ [ v tar)de A EPOT
A A\G 2

On the other hand,

/G O, (2)b(x) dr — % /A D(a)]? /A O )i o) dido

1 1 .
_ §/A|D(a)| V(e ax) di O, (a)| D(a)| da

A\G
and (28) follows.

(25)

(26)

(27)

O

Notice that the trace is given via integration against a G-invariant locally integrable
function. Let °M = {1,—1} C G. This is the centralizer A in K. If § is a character of the

group "M, we define V(4, s) C V(s) to be the subspace of functions ¢ such that

d(mz) = §(m)(x) (meM,z € Q).

Denote by (75, V (9, s)) the resulting representation of G. Clearly (7, V(s)) is the direct

sum of the two subrepresentations (s, V(J, 5)).
Theorem 53. Let O, be a function on G defined as follows.

()t

O, (mz) = {

0 if © is not conjugate to any element of £A .

if © s conjugate to ma, where m € °M and a € A,

(28)
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Then
trmsu(0) = [ O @ola)de (1€ ). (29)
10.3. Finite dimensional representations. Define
D(k(9)) = e — e (k(0) € K). (30)

Lemma 54. Fiz an integer n > 1. For non-negative integers p,q with p+q =n — 1 let

fp.q be a function of
[ a b
"=\ d

such that f,.(x) = Pd?. Then f,, € V(0,—n), where 6(—1) = (=1)**%. The functions
fp.q span a G-invariant finite dimensional subspace

UG, -n)= € Cfy SV -n)
pt+q=n—1

of dimension n. Denote the resulting representation by (o5, U(d, —n)). Then

pla)" — pla)™

tros_n(ma) = o6(m) D(a) (meM,a€A). (31)
Also,
trosn(k(0)) = % (k(0) € K). (32)

Proof. Everything till (31) is straightforward. See [Lan85, page 151]. The formula (32)
follows from (31). Indeed, let G¢ = SLy(C). Then G C Gg is a subgroup and the
representation (o5 _,, U(d, —n)) extends to a representation of G¢ so that os5_,, : G¢ —
GL(U(4, —n)) is a polynomial map. Notice that

L (1 —i cosf sinf\ 1 (1 1Y\ _ (€ 0
NAG —sin® cost ) Lo\ i —i ) \ 0 e

Thus k(0) is conjugate to
e 0
0 649

within G¢. Hence Lemma 54 shows that

einO . e—me

trosn(k(0)) = —p oy

(k(0) € K). (33)
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10.4. Smooth vectors and analytic vectors. Let (7,V) be a representation of G on
a Banach space V. Denote by V*° C V the subspace of all vectors v such that the map

Goz—mx)veV (34)

is smooth (infinitely many times differentiable). This subspace is dense because, as is
easy to check, T7(C®(G))V C V™. For X € g = sl5(R), the Lie algebra of G, define

d
dr(X)v = Ew(exp(tX))vh:O (v e V™). (35)
One checks without difficulties that the map
dr : g — End(V™) (36)

is a Lie algebra homomorphism. By linearity we extend it to the complexification gc =
g+ig =slk(C)

dr : gc — End(V™) (37)
and obtain a representation (dm, V) of the Lie algebra gc. On drawback of this rep-
resentation is that the closure of a g-invariant subspace U C V* in V does not need to
be G-invariant. Indeed, consider the right regular representation (R,L*(G)) of G. Let
U C G, U # G, be a non-empty open set. Then the space U = C°(U) is closed under
the action of dR(g), but the closure L*(U) is not R(G) invariant. For this reason one is
lead to study the space V** C V of all vectors v such that the map.

Gor—mx)veV (38)

is analytic.

Theorem 55. Let X C V" be a g-invariant vector subspace. Then the closure of X in V
18 G-invarant

Proof. We follow [Var89, Theorem 2, page 108]. It is enough to prove that for any v € U
and for any x € G, 7(x)u belonges to the closure of U. Suppose not. Then by Haan-
Banach Theorem there is A in the dual of V such that X is equal to zero on the closure of
U, but for some zy € G, A(7(zg))v # 0.

By assumption the function

Goz— ANr(z)v) e C
is analytic. By the choice of A, its Taylor series at x = 1 is zero. Indeed, for any
X1, X9,..,. X, €9
dr(Xy)dn(Xs)...dn(X,)v € U
Hence
Adr(Xy)dr(Xs)...dn(X,)v) =0

Also, A(v) = 0. Thus the function is zero because G is connected. This is a contradiction.
UJ
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10.5. The derivative of the right regular representation. Every element g € GL™(R)
has a unique decomposition as

fa b\ [u 0 y x cos)  sind
g_(c d>_<0 u)(O 1)(—s1n0 Cos9>’ (39)

where u > 0,y >0, z € R and § € [—7, 7). We extend any function defined on SLy(R)
to a function on GL™(R) by making it independent of the variable u. Also, we extend the
right regular representation of SLy(R) to act on such defined functions on GL*(R). Then
a straightforward computation, see [Lan85, 113-116] verifies the following formulas,

dR(g (1)> = yc0s200, +ysin200, +sin*0 9y, (40)

0 1
(0 1) - a

dR((l) é) = 2ycos200, + 2ysin20 0, — cos20 0y ,

dR([l) 8) = yc0s200, +ysin200, — cos’ 0,

dR(é _01> = —2ysin200, + 2y cos20 0, 4 sin20 0, .

10.6. The universal enveloping algebra. Here g = sl5(R) and G = SLy(R). The
universal enveloping algebra U(g) is the complex tensor algebra of g divided by the ideal
generated by element AB— BA—[A, B|, A, B € g. The Poincare-Birkhoff-Witt Theorem
says that if A, B, C' form a basis of the vector space gc, then the elements

A*BC¢ (0<a,bc€Z)

form a basis of the vector space U(g). (Here A = BY = C° = 1.) Furthermore, for any
A, B, C € g¢ satisfying the commutation relations

[A,B]|=2B, [A,C]=-2C, [B,C]=A
The element, called the Casimir element,
C=A?+2(BC+CB)

generates the the center of U(g) and does not depend on the choice of the A, B, C'. Thus
the center of U(g) is equal to C|C]. Also, any representation of the Lie algebra g extends
to a representation of the algebra U(g). In terms of the coordinates used in section 10.5,

dR(C) = 4y*(97 + 0;) — 498,09 (41)

Proofs may be found in [Lan85, pages 191-198|.
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10.7. K-multiplicity 1 representations. Here G = SLy(R) and we consider only rep-
resentations (m,V) of G on Banach spaces V such that for each integer n the isotypic
component V,, C V has dimension at most 1.

Lemma 56. For any n € Z, the space S;5, = Spn N C>(G) is dense in Sy,
Proof. See [Lan85, page 101]. O

Theorem 57. Let (7,V) be a representation G on a Banach space V such that for each
integer n the isotypic component V,, CV has dimension at most 1. Then

Vi = @vn c Vo,
nez

In particular Vi is a (g, K) module.

Proof. 1t'1l suffice to show that for a fixed n and a non-zero vector v € V,, the function

folg) =m(g)v (9 €G)
is analytic. Notice that '
fu(k(0)g) = €™ f.(g) -
Hence (41) shows that
dR(C)f,(9) = (4y*(0; + 0;) — 4yduin) f.(9)
Since, by assumption, dimV,, = 1, we see from Lemmas 56, 42 and 43 that
Vo = 7(S55)Va -
In particular, V,, C V*°. On the other hand dn(C) commutes with 7(K), hence preserves
V,,. Since, by assumption, dimV,, = 1, dn(C) acts on V,, via multiplication by a scalar,
call it ¢,. Thus
drn(C)v = cv.
Since
R(h)fv<g) = fw(h)v(g) ;
this implies
dR(C) fov = cufo -
Since the characteristic variety of the system of differential equations
(49 (0% + 85) — 4y0yin) fy, = cnfy, Opfy =in
is zero the function f, is analytic. O

Theorem 58. Let (m,V) be a representation G on a Banach space V such that for each
integer n the isotypic component V,, €V has dimension at most 1. Then the map

is a bijection between closed G-invariant subspaces of V and (g, K)-submodules of V. The

wmverse 1s given by

Vk D X — CI(X) C V.
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where CU(X) denotes the closure of X in V. In particular (w,V) is irreducible if and only
if the (g, K)-module Vk is irreducible.

Proof. This is clear from Theorems 55 and 57. 0J

Lemma 59. For any irreducible (g, K)-module X and any integer n such that X,, # 0, any
non-zero vector v € X, is cyclic for the action of U(g) on X.

Proof. Since U(g)v is a submodule of X, the claim is obvious. O

Let X = @@, X, ba a (g, K)-module with dimX,, < 1. A hermitian form (-,-) on X is
called g-invariant if

(Xu,v) = —(u, X0v) (u,v e X, X €g). (42)

A (g,K) module is called unitarizable if it admits an invariant positive definite hemitian
form.

Theorem 60. Let X = P, X, ba an irreducible (g, K)-module with dim X,, < 1. Then any
two positive definite g-invariant hermitian products on X are positive multiples of each
other (assuming they exist).

Proof. Denote the two g-invariant positive hermitian products on X by (-,-) and (-, ).
Then the spaces V,, are mutually orthogonal with respect to (-,-) and (-,-). Let P, :
V — V,, denote the orthogonal projection. Fix m € Z such that V,, # 0 and a vector
0 # vy € V. Lemma 59 implies that for any n there is a € (g) such that P,av,, # 0.
Then

(aVm, avy) = (Um,a"avy,) = (Vm, Pna*avy) = Uy, Ppa*avy,) = clavy,, avy,),
where
C — (/Um7vm) )
(Vs Um)
O

Theorem 61. Two irreducible unitary representations of G, of K-multiplicity at most 1,
are unitarily isomorphic if and only if their (g, K)modules are isomorphic.

Proof. Let (m,V), (0,U) be the two representations. If they are isomorphic, then clearly
so are the (g, K)-modules. Conversely, suppose

L:Vg — Uk

is a g-intertwinig map. Then (-, )y and the pull-back of (-,-)y via L are positive definite
g-invariant hermitian products on Vk. Theorem 60 shows that there is a constant ¢ > 0
such that
(v,0" )y = (L, Lv")y (v,0" € V).
Hence
T = \/cL : Vg — Uk

is a g-intertwining isometry. We need to check that 7" is also G-intertwining.
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Since K-finite vectors are analytic, we have

(e 9]

rlexp(X)Jo =Y —

n=0

1
n

(dm(X))"v (v € Vk).

For X € g in some small neighborhood of zero. Hence, in this neighborhood,

oo

Tr(exp(X)v=» —

n=0

Thus there is an open neighborhood U of 1 € G such that
Tr(gv=0(g)Tv  (geU).

1

o (do(X))" Tv = o(exp(X))Tv.

Since G is connected U generates G, so the proof is complete. O

10.8. The character of a (g, K)-module.

Theorem 62. Let (m,V) be a representation of G on a Hilbert space V, with dimV,, < 1
for allm € Z. Then for any ¢ € C°(QG), the operator w(¢) is of trace class and the map

CX(G)o¢—trm(p) € C
18 a distribution on G.

Proof. Recall that

/G¢<g> dg—/<z> 7(gh k) dg—/R (9)m(g) dg (k).

Hence by taking derivatives at k = 1,

O:/GdR(J) dg+/¢ 9)dgdr(J).

Let v, € V,, be a unite vector. Then

0= / dR(J)p(g)m(g) dg v, + / o(g)m(g) dginwv, .
G
By iterating we see that for m =0,1,2, ...

(=in)"7(P)vn = w(dR(J)"P).
Thus
(T (@)vn, v)| < (1 + [n])™™ || 7(dR(T)™9) || (neZ).

Since for m > 2,
Y (1t n])™™ < oo,
ne”Z

the claim follows. O
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Theorem 63. Let (7,V), (0,U) be representations of G on Hilbert spaces V and U, with
dimV,, <1 and dimU, <1 for all n € Z. Assume that the (g, K)-modules Vk and Uk
are 1somorphic. Then,

trm(¢) =tro(¢) (¢ € CF(G)).
Proof. Given a linear map A : U — V, recall the conjugate map 7% : V — U,
(Au,v)y = (u, A")y .
Let
T:Vk — Uk

be a (g, K)-intertwining isomorphism. Pick unit vectors v, € V,,. Notice that Tv,, n € Z,
form a basis of U and (7*) 'v,, form a dual basis. Then

tro(¢) = Z(ﬂ(gb)vn, vp)v and  tro(¢) = Z(J(gb)Tvn, (T, .

neL nes
By definition
(o(¢)Tvn, (T_l)*vn)U = (T_IU(¢)TUna Un)u
Since v, is an analytic vector,
T 'o(exp(X))Tv, = m(exp(X))
in a neighborhood of 0 € g. Hence

(7(9)vns va)v = (0(9)Tvp, (T71) 00 )u
in a neighborhood of 1 € G. Since both functions are analytic, they are equal everywhere.
Thus
(7(D)vns v )v = (0($) T, (TH) 0 ) -
O

In general one says that two representations (7,V) and (o, U) are infinitesimally equiv-
alent if the (g, K)-modules Vk and Uk are isomorphic.

Given a representation of G (with K-multiplicities at most 1) we define the character
of 7 as

6:(6) =trr(9) (6 €CF(C).
This is a distribution on G which, as shown in Theorem 63, does not depend on the
infinitesimal equivalence class of (7, V). Therefore we shall also write ©, = Oy,..

10.9. The unitary dual.
Lemma 64. Let

(0 1 L1 (1 =i
=(Ge) m-0h) (A D)

(B* B = —4iJ, [J,EY]=2E", [JE|=—2iE".
Proof. This is straightforward. See [Lan85, page 102]. O

Then
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Corollary 65. For any (g, K) module X, with the K-isotypic components X,
JX, C Xy EYX, CXpea, E X, CXps.
Proof. This is clear from Corollary 64 U
Recall the principal series representation (75, V(s)).

Lemma 66. In terms of (39), for n € Z define

(5 0) (3 1) (55 35 )) =me
Then v, € V(s) and
drs(J)v, = inv,,
drs(E™ vy, (s+1—n)v, 2,
drs(E v, = (s+14+n)vnya.
Proof. We see from (40) that
dR(J)v, = inv,,
dR(E v, = (s+1—n)v,_a,
dR(ET)v, = (s+14+n)v,a.

But the right regular action coincides with 74, hence the formulas follow. ([l

By combining Lemma 66 with Theorem 57 we deduce the following Corollary.
Corollary 67. The (g,K) module of the principal series (ms,V(s)) is equal to

V(s)k = @ Cuy, .
nez

Lemma 66 implies the following Proposition, see [Lan85, pages 119-121].

Proposition 68. If s is not an integer then
V(s)f = EB Cuv, 2nd V(s)g = @ Cuy,
ne2z ne2z+1

are irreducible submodules of V(s)k and V(s)k is the direct sum of them.
If s =0, then V(0)k is the dirct sum of three irreducible submodules

VOk =P Cuno f Cume & Cu.
ne27 1<ne2Z+1 —1>ne2Z+1

If m > 2 is an integer and s = m — 1, then V(m — 1)k contains three irreducible
submodules

X = @ Cv,, XM= @ Co,, GB Co,, .

m<n, n—me2Z —m>n, n—me227Z n—me2Z+1
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The quotient module, V(m — 1)k divided by the three submodules is irreducible, finite
dimensional of dimension m — 1. It has a basis represented by the elements

V_m+2, V_m+4, ceey Um—2 -
If m > 2 is an integer and s = —m+ 1, then V(m — 1)k contains the finite dimensional
submodule
CU_m+2 D (Cv_m+4 D...D C’Um_g .
The quotient module, V(m — 1)k divided by this module is isomorphic to the direct sum
of modules X™ and X~ plus the sum of all K-types of parity opposite to m.

Thus we have the highest weight modules, lowest weight modules, finite dimensional
modules and modules with unbounded K-types on both side.

The commutation relations Lemma 64 and the formulas Lemma 66 with some work
imply the following theorem, due to Bargmann, [Bar47]. See [Lan85, page 123].

Theorem 69. Here is a complete list of the irreducible (g, K) modules, up to equivalence.
(1) Lowest weight module X™ with lowest weight m > 1 and the highest weight module
X™ with highest weight m < —1
(2) Principal series V(it)y, and V(iT)g, 7 € R\ {0};
(3) Principal series V(0);:;
(4) Complementary series V(s), —1 < s < 1;
(5) Trivial module.

A similar result was obtained by Dan Barbasch, [Bar89] for the complex classical groups.

The closures of these modules in the corresponding principal series representation are
representations of G on Hilbert spaces. They are unitary representations except the
highest and lowest weight representations. In these cases the inner product inherited
from the principal series is not g invariant. Therefore there is a problem of constructing
the unitary representations of G whose (g, K)-modules are the highest and lowest weight
modules. This is explained in the theorem below. See [Lan85, page 181].

Theorem 70. Define
a b

~(a b 1 o ~ 1 o
a(c d>=§(a—l—d—zc—|—zb)a B(c d>:§(c+b—za+zd).

Let m > 2. Then the closure V™ in L2(G) of the space

@ C&—m—rﬁr
r=0
1s invariant under the left action

L(g)¢(z) = ¢(g~'x).
The resulting representation (L,V™) of G is irreducible and unitary. Its (g, K)-module

V%m) 15 1somorphis to the lowest weight module X™ with the lowest weight m. In order to
realize the lowest weight representations we take the complex conjugate of V™.
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We shall skip the construction of the unitary representations whose (g, K)-modules are
X! and X~!. They are not square integrable. One may find them in [Kna86, page 36].

10.10. The character of the sum of discrete series. For an integer m > 2 let Oy (m)
denote the the character of the (g, K)-module X(™ and Oy denote the the character
of the (g, K)-module X(=™), Let

et 0
ht_(o e—t) teR).

Proposition 71. The character of the sum of the two discrete series (g, K)-modules X(™
and X=™) s represented by the G-conjugation invariant function Ox(m)gx(—m) given by

ei(m—l)e _ e—i(m—l)e
Oxmex mikh) = ~ T em),
e—t\m—l\
Oxm) yx(-m) (2ht) = me (z==+1,t € R).

Proof. From Proposition 68 we know the structure of the principal series V(m — 1)k, from
Theorem 52, the character of it, from Lemma 54 the character of the finite dimensional
representation which is in the principal series. Now Theorem 63 justifies the formula

character of principal series

= character of the sum of discrete series + character of finite dimensional module.

This completes the proof O

For convenience define The following G-invariant functions on G

6i(m—l)@
Oxem (k(0)) = ——Z——  (0€R),
e~ ltllm—1]
@X(m)(zht) = me (Z = Zl:l,t € R) .
and
ei(m—l)@
Oxem(k(0) = ——=  (0€R),
e~ ltllm—1]
@X(—m)(zht) = me (Z = Zl:l,t € R) .

These are the characters of the individual discrete series representations, but we don’t
need to know it to explain Harish-Chandra’s Plancharel formula in the SLy(R) case.
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10.11. Harish-Chandra’s Plancherel formula. It is not difficult to check that K and
H = AU (—A) are the only Cartan subgroups of G up to conjugacy. Let A" = {a €
A; a# 1} and let K' = {t € K; t # £1}. We begin by recalling Harish-Chandra’s orbital
integrals of a function ¢ € C2°(G), using the notation of [Lan85],

Hj (zhy) = |D(hy)] px ' zhyr)di (2 =+1,t € Rt #0), (43)
A\G

HY (k) = D(k) o p(x'kx)dz (ke K),

The Haar measure on G may be expressed in terms of these integrals by
/¢ dx—/HK D(k)dk + = / Hj(a)|D(a)| da+ / Hj(—a)|D(a)|da. (44)

Theorem 72. The function Hf; extends to a smooth function on H. The function Hf is
smooth on H' and its derivatives have one sided limits on the boundary. In these terms,

OpHy (k(0))lo—o = —i(1). (45)

Proof. This is a problem concerning integrals on a 3 dimensional manifold, G = SLy(R).
Notice that we may replace ¢ by a K conjugation invarian function fK d(kxk™1) dk. This
leads to analysis on the two dimesional manifold G/K. The computations are done in
[Lan85, page 164 -167]. O

Recall the character x,(k(6)) = e™”.
Theorem 73. For any integer m > 2 and ¢ € C°(G)

[ xot@oards = [ HE Wi (k) d
G K

1 —|t||m— 1 m —Itlm—
+ §/RH$(ht)€ 1 1|dt+§/R(—1) Hi (—hy)e Mm=1 gt

and
[ excm@otads = ~ [ FSO-nalbak
el
1
+ /HA t”m‘”dt+5/(—1)”“H£(—ht)e‘|tm‘ldt.
R
Proof. This follows from (44) and the formulas for ©ym) in previous section. O

Theorem 73 gives formulas for the Fourier coefficients of H(ff:

HY (n) = | HS (k)b (n#0).
Indeed, for n > 1,

A 1 1
H(f(n) = @X(n+l)(¢) — § Hé)\(ht)e*'t‘n dt — 5 /(_1)mH$(—ht)e|t” dt
R R
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and
A (=) = Oxnn(0) = 5 [ B at =5 [ (17 H e at
In particular,
A (1) = HS(—n) = Ot xins

/ HE (hy)e " dt — /( )" H} (—hy)e 1" dt . (46)
On the other hand, for k£ # £1
=Y HE(n)x-n(k) =Y HE()xa(k™) =D H (—n)x-n(k™)

ne”L neL ne”L
and therefore

HE (k) — HE () = Y (Hf(n) = Hi (=n))x-n(k).

0#n€eZ

Thus,

HE (k(0) — H (k(=0)) = Y (Hy (n) = Hif (—n))(~i) sin(nf) . (47)
n=1
Continuing this way (and correcting the constants, if neccessary) one obtains the following
lemma, see [Lan85, page 174],

Lemma 74.
FUIE0) = BE0) = = oo (0)sin()
+Z / (H2 (he) + (—1)" " H2 (—hy)) sin(nf)e 1" dt . (48)
- o+ (z) = ¢(z) +2¢(—ar) and ¢ (z) = ¢() —;b(—:c).

Then a straightforward argument shows that
Z/ (H (he) + (—1)" T H (—hy)) sin(nd)e 1" dt

sin(#) cosh(t) A sin(20)
/ H cosh(2t) — cos(26) dt /RHw(ht)cosh(%) — cos(260)

For ¢ € C2°(G) we have the Fourier transform

W) = [ HE 0 = 0,(0), (49)
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where the second equality follows from (27). One computes the Fourier transforms of the
functions
sin(#) cosh(t) n sin(20)
cosh(2t) — cos(26) cosh(2t) — cos(26)
to deduce from Lemma (74) and (49) the following theorem. See [Lan85, page 173]

Theorem 75.
= (HE(k(9)) = HE (k Z@xwm - (6) sin(nf)
h((Z — 6)A h((Z — 0)A
/ O, ()2 (( Jar+ ! / 0, (¢)nblls — 6) Jan
cosh(Z sinh(Z)

Now we take the derivative with respect to € of both sides, go to limit with § — 0 and
apply (45) to deduce the Harish-Chandra’s Plancherel formula.

Theorem 76. For any ¢ € C(G),

2mp(1 Z”@x<n+l>+x( n-1) ()

n=1

1 1

= A\ 0 A
+5 /0 @MM(@Atml}l(%)dm5 /0 @ﬂ_’u(qb))\coth(%)d)\ (50)

This Theorem was published by Harish-Chandra in 1952, [HC52]. Notice that knowing
the composition series of the principal series was crucial for this proof.

11. Harish-Chandra’s Plancherel formula for a real reductive group

Here we follow [Wal88b, page 248].
Theorem 77. Let G be a real reductive group. Then for f € C°(G)

=Y o /@PW 1w, iv) v, (51)

(P,A)}(Po,Ao) weEs OMP

the summation is over standard parabolic subgroups P = °MpAN containing a fived min-
imal Parabolic subgroup Py = °Mp,AgNg including P = G, E(°Mp) is the set of the
equivalence classes of discrete series representations of “Mp, d(w) is the formal degree of
W, Op v 15 the character of the induced representation with parameters w and iv, which
is irreducible, and p(w,iv) is described in [Har76, section 36].

This theorem was proven by Harish-Chandra in 1976, [Har76]. One basic idea was
to replace C°(G) by a larger space C(G) where functions decay at infinity sort of like
matrix coefficients of discrete series and realize that the character of discrete series applies
to them. In fact Harish-Chandra showed, [Har66, Lemma 81, page 93] that if C,(G) is
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a space spanned by the matrix coefficients of a discrete series representation w then for

QS € Cw/(G)
d(w)O.(¢) :{ ¢E)1) othelrfwise ? :.w ’ (52)

12. A smooth compactly supported positive definite function whose integral
is negative

We refer to [Lan85, pages 62-65] for the definition and basic properties of psitive definite
functions on a group. By Bochner’s theorem, the integral of a positive definite L' function
on the real line is positive. As we’ll see below, this not true for any non-compact semisiple
Lie group.

Let G be a real non-compact semisimple Lie group. Fix an Iwasawa decomposition
G = KAN and let W = W(G, A) denote the Weyl group acting on A and on the Lie
algebra a. This action extends to an action on the complexification a¢ by C-linearity and
dualizes to an action on af. For g € G define H(g) € a by g € K-exp(H(g)) - N. Let n
denote the Lie algebra of N and define p € a* by

o(H) = %tr ad(H)y (Hea).

In these terms the Haar measure on G may be expressed as follows

/f dg—/// a® f(kan) dk da dn .

Recall the spherical functions, [GV8S8, page 104],

oA(9) :/K A=P)HGR) g (X € af).

The spherical transform of a function f: G — C is defined as

HE(N) = ﬁ / f@)dag)dg  (heap)

whenever the integral is absolutely convergent, [GV88, page 106]. More explicitly, if the
function f is K-bi invariant then, [GV88, page 107],

HF(N) :/Ac& [ap/Nf(an) dn] da (M€ ak)

and the result is W-invariant. Moreover, if A is a Cartan subgroup of G, then the
expression in the square brackets, usually called the Abel transform of f, denoted Af, is
the Harish-Chandra orbital integral of f evaluated at a, [Wal88a, page 249].

Let C.(G//K) and C(G//K) denote the commutative convolution algebras of the K-bi
invariant and continuous compactly supported and Harish-Chandra Schwartz functions
on G, respectively. Recall that the convolution of two functions f; and fs is defined by

fi+ / Fi(gh™) fulh) dh.
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Notice by the way that the convolution of f with f*(g) = f(g~!) is equal to the diagonal
matrix coefficient of the left regular representation:

Frrte) = [ Soh TR T db = (. L) oo
G
Let PW(af.) be the Paley-Wiener space of all entire functions F' : af. — C for which there
is a constant R > 0 such that
IF(N)| < On(14 [A) Nl (X eat, N=0,1,2,..).

This is a commutative multiplicative algebra and so is the Schwartz space S(ia*).
The spherical transform is a (bijective) algebra isomorphism

H: C.(G//K) = PW(ap)V
which extends to a (bijective) algebra isomorphism
H:C(G//K) — S(ia*)V.

The inverse is given by

1 —2
o) = 7 [ —IONOs @] .

where ¢ is the Harish-Chandra c-function and dX is a Lebesgue measure on the vector
space ia*, see [GV88, Proposition 3.1.4, Proposition 3.3.2 and Theorem 6.4.1]. Recall
also that ¢_, is positive definite for A € ia*. Hence f # 0 is positive definite if Hf is
non-negative on 7a*.

Furthermore,

H(f)N) =HI(=N) = HI(N)
for the A in the domain of H f. This is because ¢5(g) = ¢_x(g) and —\ = wpA, where wy
is the reflection with respect to the longest root.
Recall Harish-Chandra homomorphism, [GV88, Theorem 2.6.7],

v U)K = U@ = Claz]™
Then for ¢ € U(g)¥, acting as a differential operator via the right regular representation,
H(af)(A) =v(@)NHS(A),
see [GV88, Proposition 3.2.1] and [Hel84, Theorem 5.18, page 306].

Proposition 78. Let q € U(g)" be such that v(q)(p) < 0 and v(q)(A) > 0 for all X € ia*
and y(q)(A\) > 0 for some X € ia*. Then for any f € C.(G//K) with a non-zero integral
over G, the function q(f = f*) € C(G//K) is positive definite and

/Gq(f*f*)(g)dg<0-
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Proof. Since q(f = f*) = (qf) * f*, this function is in C°(G//K). Furthermore,

/G a(F* ) dg = Hla(f * 1))p) = ¥ (p/H * £)(p)

= ) (pH ( J(P)H(f)(p)
= (q)(p)|H (p)l2

dg <0.

Since,
H(a(f * [N = 1@ NIHFN],

the inversion formula for the spherical transform implies that the function q(f * f*) is
positive definite. O

Let B be a G-invariant non-degenerate symmetric bilinear form on the real vector space
g, [GV8S, page 94], and let Cp € U(g)“ and Cp, € U(a)V be the corresponding Casimir
elements. Then

v(Cp) =Cpa— Blp,p),

where we dualize B from a to a*, see [GV88, Lemma 2.6.10]. Assuming B is positive
definite on a*, we see that the polynomial C, has negative values on ia* \ {0} and is
positive on p. Hence,

q¢=—Cg— B(p,p)
satisfies the conditions of Proposition 78.
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