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In this paper, we prove that the Cauchy Harish-Chandra integral maps invariant
eigendistributions to invariant eigendistributions with the correct infinitesimal char-
acter and that it maps the orbital integrals on the larger group to the orbital integrals

on the smaller one. This is the last paper of a series of three.

1 The Main Results

Let W be a finite-dimensional vector space over the reals, with a nondegenerate sym-
plectic form (, ). Let J be a positive compatible complex structure on W, Sp(W) (resp.
sp(W)) the symplectic group (resp. the symplectic Lie algebra) associated to (, ) and let

x(r) =exp(2rir), r € R. Fix a Lebesgue measure dw on W so that

J X (l(jw, w)) dw=1.
W 2

The conjugation by J is a Cartan involution 6 on sp(W). The formula

’Z(X? Y) = —tr(@X, Y) (X, Y’Eﬁp(w))
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CHC and the Invariant Eigendistributions 3819

defines a positive definite symmetric form on sp(W). We normalize the Lebesgue measure
w1 on any subspace of sp(W) by requiring that the volume of the unit cube is 1. For any
Lie subgroups F C E C Sp(W), the measure x induces the left invariant Haar measure on
E and invariant measures on the quotients E/F and F\E. We shall denote these induced
measures also by u. It should be clear from the context, (such as du(a) or du(A; w)
below), which version of 1 we are using.

Let (G, G') be a reductive dual pair of Sp(W) (see [17] for the definition), with
the rank of G’ less or equal to the rank of G. Denote by g, g’ the Lie algebras of G, G/,
respectively. We lift the Cartan involution 6 to the group and assume (as we may) that G
and G’ are preserved by 6. Let H' be a Cartan subgroup of G’ preserved by 6. Consider
the Cartan decomposition of H': H' = T'A’, where T’ (resp. 4’) is the compact (resp. split)
part of H'. Consider the commutant A” (resp. A”) of A’ (resp. A”) in Sp(W). Then (4", A")
is a reductive dual pair of Sp(W); see [18]. Denote by V' the defining module for G’'. This is
a finite-dimensional vector space V' over a division algebra D =R, C or Hj see [15, p. 278].
Let V,={ve V' |av=v Yaec A’}. There exists a unique complement V; of V, in V' such that

the decomposition

V=V, eV,
is preserved by H'. As A” C H', we may consider
A/SN ={ve A" | v, = ld}

Then A” = A if and only if V, =0 and A” = A" x {£id)v,} otherwise. There exists a dense
open subset W4 of W such that the quotient A{"\W 4 is a smooth manifold. Define the

measure i on the quotient Ay \ Wy by
| swaw=| | faw du@ducayw.
W A/H\WAg/ v

Let

xx(w) = x (i(xw, w)) , (xesp(W), weW).

Recall [18, p. 302] the Cauchy Harish-Chandra integral on the Lie algebra:

hotx +0= | enw) du(Aw) (f € xe).
A,S”\WA;//
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3820 F. Bernon and T. Przebinda

Define the normalized Cauchy Harish-Chandra integral by

1 —
che(¥ +x)=———che(X +x) (X ebh™8, xeg).
WAy \H) ! !
Let §f)(W) be the connected two-fold cover of Sp(W). This is the metaplectic group with

the canonical surjection

Sp(W) —> Sp(W). (1)

For a subset E of Sp(W), denote by E the preimage of E in Sp(W).
Let S'(W) be the space of temperate distributions on W. Recall [18, Theorem 2.8]
Howe's embedding of the metaplectic group into the space of temperate distributions on

the symplectic space:

T : Sp(W) —> S'(W).

Recall the definition of the Cauchy Harish-Chandra integral on the group G’, [18,
Definition 2.11]:

Che(¥'x) =J T(Xx)(w)du(Alw) (X € H™8, xeG).
AW

Define the normalized integral by

1 — . -
- - reg
Che(x¥'x) = LA\ H) Che(x¥'x) (X e H™8, xcG).

1.1 Statement on the Lie algebra level

For ¢ € D(g) (the space of the compactly supported smooth functions on g) let

che(¢)(x) =J che(x' + x)¢ (0 du(x) (X' €h™®).
g
The above formula defines a G’-invariant function, chc(¢), on g*®8. Let us denote by j’(g’)
the space of unnormalized orbital integrals on g’ with no condition on the support. This
means that Z(g') is the set of all ¥ € C*(g"®®) such that the functions

|det(ad(x)g/g="*¥(x) (x€g™8)

satisfy the conditions I, I, and I3 of [5, Section 3.2] and we do not assume that the con-

dition I, is satisfied. We denote also by Z(g) the space of unnormalized orbital integrals
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CHC and the Invariant Eigendistributions 3821

on g assuming this time that all the conditions I, I», I3, and I, are satisfied. In other

words, by a result of Bouaziz [5], Z(g) is the space of all the functions of the form
J V¥ (g.x)du(gG*) (xe g™, ¢ e D(g)).
G/Gx

The first result of this paper is:
Theorem 1.1. Let ¢ € D(g). Then chc(¢) € Z(g)). O

Concerning the support, the functions in the range of chc do not necessarily
satisfy the condition I,. The functions restricted to a given Cartan subalgebra b’ have a

compact support modulo the elliptic part of .

1.2 Statements on the Lie group level

Let G, denote the Zariski identity component of G multiplied by the center of G. Then
G1 =G unless G is a real, even orthogonal group Oj2,. Similarly, we define G/. Let
¢ € D(G,) (the space of the compactly supported smooth functions on G;). Define Chc(¢)

to be a G-invariant function on G}® by the formula

Che(¢)(x) =J~ Che(X 060 du) (£ € B™%).
Gy

Let us denote by Z(G,) the space of unnormalized orbital integrals on G;. This means
that Z(G,) is the set of function of the form

6 ax— | wigndugbihec.
G1/G1*

where ¢ € D(G,). As explained in the remark following Theorem 6.7, Z(G,) is isomorphic
as a vector space to the space of the Harish-Chandra orbital integrals, which is endowed
with a topology, as explained on [6, p. 580]. Hence, Z(G,) is a linear topological vector
space.

We denote by I the map from D(G,) onto Z(G,), defined above, and similarly for

G. One of the main results of this paper is

Theorem 1.2. Let ¢ € D(G,). Then Chc(¢) € Z(G;). Moreover, the resulting map
Chc:D(Gy) — Z(Gy)

is continuous and, if Iz(¢) is 0, then Chc(¢) is also 0. O
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3822 F. Bernon and T. Przebinda

This theorem proves that Chc induces a map
Chc:Z(G)) — Z(Gy). (2)

Concerning the support of the functions in the range of Chc, their restrictions to a given
Cartan subgroup H’ of G have a compact support modulo the compact part of H'. There-
fore, they are compactly supported. Let D'(G) be the space of distributions on G, and
let D/é(f}l) be the space of G-invariant distributions on G;. Recall, [5] that the transpose
of the map Iz induces an isomorphism between Z(G,) (the dual of Z(G,)) and D’G(@l).

Hence, we have

Uy T(Gr) —> DO (G,

I T(G1) —> D'C(Gy). ¥
We denote also by Chc the resulting map
Chc:D'%(Gy) — D¢(Gy) (4)
induced by the transpose of Chc and the isomorphisms (3). Thus, for v € D’G(fh),
Che(w) = (Iz) "' (W) o Chc. (5)

In particular, if v is given in terms of a locally integrable function, then, for ¢ € D(él),

CheW)(¢) =Y

|det(1 — Ad(h™"))gy [t/ (h) Che() (h) diu(h), (6)
|W(H)] J e .
where the summation is over a maximal family of mutually nonconjugate Cartan sub-
groups H' C G and |W(H")| stands for the cardinality of the Weyl group of H' in G.

We denote by U(gc) (resp. U(gi)) the enveloping algebra of gc (resp. gi). Consider
the Capelli Harish-Chandra homomorphism (cf. equality (62)):

Co. 1 UG) ¢ —> UG

Let L be the left regular representation of 2/(gc)¢ on D(G) (cf. equality (56)) and similarly
forg.

Downl oaded from https://academn c.oup. cominrn/article-abstract/2014/14/3818/ 719460
by University of Okl ahoma user
on 04 Novenber 2017



CHC and the Invariant Eigendistributions 3823

Theorem 1.3. Let z€(gc)®. Then for ¢ € D(G,)
Chc(L(2)¢) = L(Cy,4(2)) Che(e),

where z— Z is the involution on the universal enveloping algebra, extending the map

gc>z— —zZ€gc. (]

The action of U(gc)® on D(G) induces an action on D'(G) denoted also by L. By
definition, we have

L(2)u¢) = wL(2)¢)

for zeU(ge)®, ue D'(G), and ¢ € D(G). Moreover, U(gc)® stabilizes D'¢(G). The same
holds for G. The following theorem explains the title of the paper.

Theorem 1.4. Let ze U(gc)® and U € D'¢(G,). Then
Che(L(Cq g (2))U) = L(2) Che(i). =

This result was the main aim of our project. One might deduce it directly from [3,
Theorem 7.4]; however, it is conceptually easier to see that it follows from Theorems 1.2
and 1.3, because the action of the centers of the universal enveloping algebras intertwine

the maps (3).

1.3 Relation with Howe's correspondence

Let 0 e §}3(W) be any element in the preimage of —1 € Sp(W). Let I’ be an irreducible
admissible representation of G and let @ denote the distribution character of IT'.
Denote by x(0) the scalar by which I7'(0) acts on the Hilbert space of I7'. Theorem 1.2
implies that for a test function ¢ € D(G) there is a test function ¢’ € D(G,) whose orbital

integrals coincide with Chc(¢). Let

G

O (§) = xH«o)@(a)J O (g e (9) du(g). )

Though the function ¢’ is not uniquely determined, its orbital integrals are. Hence, for-
mula (7) defines an invariant distribution on G,;. (Recall that @5 (g~!) = @5 (g) if IT’ is
unitary.)

Let H*> denote the space of the smooth vectors in the Hilbert space of the oscil-
lator representation « corresponding to the character x of the additive group of the

real numbers, as in [16]. Suppose the representation I7’ occurs as a quotient of H> by a
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3824 F. Bernon and T. Przebinda

closed invariant subspace H$°. Let H% be the intersection of all such subspaces H{°. As
shown in [17],
H>™/H is isomorphic to 1] ® IT’

as a G x G-module, where I7; is a finitely generated admissible quasisimple represen-
tation of G, which has a unique quotient I7 (the “theta lift” of I7’). (The notation Iy is
consistent with that of Howe [17, (1.1)] except that the members of the dual pair are
reversed. Therefore [T} is a representation of G not of G.)

Here, we offer a more precise version of a conjecture formulated in [18, Conjec-
ture 2.18].

Conjecture 1.5. Suppose 1’ occurs as a quotient of H* and the function @ is sup-

ported in G, that is, the restriction to the complement is zero: @ lg\¢, = 0. Then,
O =Omlg,. O

It is clear from Theorem 1.4 that if y':U(g)¢ — C is the infinitesimal character
of IT', then @p, is an y’'o(y y-eigendistribution, as are @y, and Op. Thus, O, is an
invariant eigendistribution with the correct infinitesimal character!

If our dual pair is in the “deep stable range” with G’ the smaller member (see
[8]), and [T’ is genuine and unitary, then /7 =IT and ®}, = ©p. (In fact [8] was the main
motivation for [18].) The same holds if the group G’ is compact. If the dual pair is of
type II, then the explicit formulas for the Chc in [4, Theorem 6] show that the conjecture

holds. Furthermore, these formulas combined with the equation

1
X—iO_X—I—iO

=27i8(x) (xeR),

imply and generalize the results of Adams [1] and Renard [20], concerning stable orbital
integrals and the theta lift, see Section 3.

The plan of this paper is as follows. In Section 2, we provide explicit formulas
for chc and for Chc. In Section 3, we consider sums of the integrals corresponding to
various real forms of a dual pair. In Section 4, we prove Theorem 1.1. In [3, 4], we proved
the boundedness of chc. (Specifically, the explicit formulas for chc in [4, Corollary 4 and
Corollary 8] reduce the problem to the case of an elliptic Cartan subalgebra of g’ and in
that case [3, Theorem 1] proves the result.)

In [4, Theorem 10], we proved that the jump relations are satisfied for the dual
pairs (Sp,,(R), O12), (Opgq,Sp,(R)), and (Upgq, U1,1). Here, we prove a result of reduc-

tion and deduce that the jump relations are satisfied for all dual pairs. The proof of
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CHC and the Invariant Eigendistributions 3825

Theorem 1.2 is similar to that of Theorem 1.1, and we provide a sketch in Section 5.
In Section 6, we define a certain open subset of G on which Chc is an explicitly known
smooth function. We prove that on this open subset Chc is compatible with the Capelli
Harish-Chandra homomorphism (see Theorem 6.3). This implies that the compatibility
is satisfied for any regular semisimple element belonging to a fundamental Cartan sub-
group. Then, after recalling some classical result of Harish-Chandra (see Section 6.2),
we prove Theorem 1.3 using the induction method.

The second author wants to express his gratitude to the Université de Poitiers for
the hospitality and support during his visit in June 2003, when our joint work began.
We are also grateful to Abderrazak Bouaziz for several useful discussions. We thank
Detlef Miiller for his interest in our work and for an invitation to Christian-Albrechts-

Universitat of Kiel in January 2004, where some of the ideas of this paper germinated.

2 Explicit Formulas

Theorem 9 in [4] shows how to compute the Cauchy Harish-Chandra integral on every
Cartan subgroup of G, assuming that we know how to do it for a compact Cartan sub-
group. Thus, let H' € G’ be a compact Cartan subgroup. As a generalized function, the

unnormalized Cauchy Harish-Chandra integral satisfies the following identity:

1

Q / / r7/Teg -
@(D)O(Dhg) (WeH™ gei), (8)

Che(hg) =

where © is the character of the oscillator representation w and H'™8 C H' stands for the

subset of regular elements. In Theorem 2.2, we shall give an explicit formula for
|, oo f@aue wermms fen.
G

Since G’ has a compact Cartan subgroup, there is a division algebra D =R, C or H, with
an involution ¢, and a finite-dimensional space V' over D with a nondegenerate form (, )’
which is either (-hermitian or (-skew-hermitian, so that G’ may be identified with the

isometry group of that form. Let
V=VyeV, & ---dV, 9)

be the decomposition into H'-irreducibles over D. Here V(j = 0 unless D =R, the form (, )’
is symmetric and dim(V’) is odd. In that case b’ acts trivially on Vj and dim(V;) = 1. There
is an element J' € b’ such that J*=—1on V) @---®V,,. Let J; denote the restriction of

J’toV’j,lfjfn’.
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3826 F. Bernon and T. Przebinda

The group G coincides with the isometry group of a form (, ) of opposite type to
(, ) on afinite-dimensional vector space V over D. The symplectic space W =Hom(V, V'),

with the symplectic form given by the formula

(w', w) =trprww) (w,w eW),
where w* € Hom(V', V) is defined by

(wv,v) =@, w) @eV, veV).

We have the obvious inclusions: G, G’ € Sp(W) and g, g’ € sp(W).
If V{ # 0, we choose an element J € g such that J? =—1in End(V) and the restric-
tion of the symmetric form (J, ) to the subspace Hom(V, Vi) €W is positive definite:

(J, YHom(v.vy) > 0. We shall view W as a complex vector space by

. J'(w) ifweHom(V,V]+V,+---+V),
iw = (10)
J(w) if w e Hom(V, Vp).

Let det: End¢ (W) — C denote the corresponding determinant and let

GLc(W) ={g=(g,&); £2=det(g), ge GLc(W)}.

Note that this is a linear algebraic group. Define

det'*(9) =£. (§=(9.8) € CLc(W)).

Let H, GEC C GLc(W) be the complexifications of H' and G', the centralizer of i in G,

respectively. The character ® extends to a rational function

det'? (7 g)

He) = (—1)P-
OHg =(-1) det(1 — I'g)

(W e H., geGh), (11)
where fI(’C, @EC C @i.@(W) are the preimages of the complexifications of H', G', and 2p_
is the maximal dimension of real subspace of W on which the symmetric form (J’, ),
(or equivalently (i, )), is negative definite. This follows from Theorem 2.13 and for-
mula (10.10) in [18]. (Indeed, it suffices to consider the pair G =U,4, G’ =U,. This is

because Sp(W)!, the centralizer of i in Sp(W), coincides with the subgroup preserving the
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CHC and the Invariant Eigendistributions 3827

following nondegenerate hermitian form
(iw, W) +i{w, w) (w,w eW)

and both H' and G' are contained in Sp(W)'. Then dimg(W)=2(p+q). Let n=p+q.
Theorem 2.13 in [18] shows that

lim £0 (€ (1) = 2~ dim=W)cho(x)  (xeg),

where ¢_ is the lift of the Cayley transform c_(x) = (1 + x)(1 — x)~! such that ¢_(0) is the
identity. On the other hand,

lim Aot @ @) 1 1
30" det(l — c_(tx) _ det(—2) det(x)’

Since by Przebinda [18, (10.10)],

—
che(x) = (—1)P2 Epses

we see that

.. det(1 —g)

e =27 ImWdet(—2)(~1)P2" = (-1)""P = (1)1,
O ) et(—2)(—1)P2" = (~1)"P = (~1)

and the claim follows.)

Let H C G be a fundamental Cartan subgroup and let
V=Vo® Vi@ &V, (12)

be the decomposition into H-irreducibles over D. Here Vo = 0 unless D =R, the form (, )
is symmetric and dim(V) is odd. In that case h acts trivially on Vy and dim(Vy) = 1. The
group H is compact unless D =R, the form (, ) is symmetric, dim(V) is even but the Witt
index of (, ) is odd (i.e., G is isomorphic to Ozpt1,2¢+1). If H is compact, then there is
an element J € § (consistent with (10)) whose square equals minus identity on Vi + Vs +
-+ Vy Let Jj=Jly,;, 1 < j <n. Suppose H is not compact. Then we may assume that H|y;,
is compact for each 2 < j <n and that there is J; € End(V;) with le = —1, such that hjy,
is conjugate over C to RiJ;. As before, let J=J; + J + --- + J,. In any case, J;, Jo, ..., Jy

is a basis of the complex vector space hc. Let Jf, J;, ..., J; be the dual basis, and let
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ej= iJ}‘, 1 < j <n. Also, we shall identify

In particular, b € bhe. Let
.
WY = "Hom(V,, V,)”.
j=1

This is a complex subspace of W consisting of all elements that commute with J.
Let Hc C G¢ denote the complexification of H and let Hg; denote the identity

component of Hc. Then Hc ; is isomorphic to

n
f)(c/ ZZNX]'JJ‘ XjEZ

=1

Let Hc; denote the connected two-fold cover of He ; isomorphic to

n n
hc/ > 2nxiJi|Y xjJj€2Z, x;€Z, 1<j<n
j=1

j=1

Then we have the following covering maps:
f):ﬁ([j’l—)ﬁ(c,l, ij:I:IC!l—>H@,1, pP= i)o IVJ:I'VIC!1—>HC,1. (14)

Here, p is either an isomorphism or ﬁc,l coincides with the direct product Hc; x {£1}

and p= p. Similarly, we have
p: ﬁa/:,l —~H{,. p:Hp,—H,, p=pop:Hy, —~H,. (15)

Fix a system ¥’ of positive roots of hi. in g and a system ¥ of positive roots of hc
in gc. Let @ =—V¥. Let Z denote the centralizer of h; in G and let W(Hc, Z¢) be the
corresponding Weyl group. Let ®(Z) = @ N h'*. This is a system of positive roots of h¢ in
the Lie algebra of Z¢. For i € I-VI({l1 and he I-VICJ define

ARy = iR [T -1,

acy’

Ag(h)=hzXeo* [T(1 = h7),

aed
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Agpzy(h) = hi Leco 1_[ (I —-h), (16)

aed(2)

det"2(hyyyy = hi X6,
The choice of the covering is such that the above definitions make sense. Furthermore,
(det'?(h)ys)? = det(p(R))ws .

where det(p(h))yy is the usual determinant of p(h) € Endc(W").

Define a number k= —1, 0 or 1 as follows:

—1 if (Gc, Gp) =(GLy(C), GLy(C)) and n— 1 € 2Z,
or (Gc, Gp) = (02,41(C), Spy, (0)),
1 lf (G(C7 GEC) = (Sp2n((c)s Ozn’+1((c))v

0 otherwise.

k=

Define a character sign of the Weyl group W(Hc, G¢) = W(Hc) by

det'/? (s-W)Hom(v.V})
det(1 — p(s.h)Homv.vy)

det'/? (W) Hom(v.vy)

Agp(s.h
o (s.h) det(l — p(h))Hom(V,VfJ)

=sign(s)Ag (h)
(s€ W(Hc), he He ). (17)

The group W(Hg) acts on the real span of the Ji, ..., J, (which is the same as § if H is

compact) and is realized as conjugations by elements of GLs(W) as in [3, Section 3].

Proposition 2.1. There is a constant v==+1, which depends only on the choice of the

positive root systems ¥’, @, such that for ' € I'}(/C!I and he PVICJ,

det™2 () A (W)O (P(H) P(R)) Ag ()

— Z (—1)P- v sign(s) detk/z(Sﬂ.h)wh/Aq>(z)(Sfl.h) detl/z(s’l.h)wo
- y IW(Hc, Zc)| det(1 — p(R)p(s~1.h)yy det(l — p(s~L.h)w,

seW(Hc

where Wy =Hom(} | V;, Vp). O

n
J=r+1
This is verified by the argument used in [3, Appendix B] to prove the correspond-

ing statement for the Lie algebra. The factor det¥? is necessary for the partial fraction
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decomposition to work. Unfortunately, it was overlooked in [18, (14.5)]. Let

Ve ifD#C,
V ifD=C.

Let ¥} denote the family of strongly orthogonal noncompact imaginary roots in ¥, as in
[3, (1.1)—(1.2)]. For each S € ¥, there is an element C (S) € GLc(U) such that the map

End(U) 5 x— c(S)(x) = C(S)xC(S)"! € End(V),

when restricted to g¢, coincides with the Cayley transform. Let H(S) C G be the corre-

sponding Cartan subgroup and let
Hs=c(S) "' (H(S)) € He.

The map c(S) lifts to the covering, and we shall use the same symbol ¢(S) to denote these
lifts. Let Hs; = Hs N Hc; and let PVIS,l - ﬁ@,l, fIS'l - fIC,l be the corresponding preimages

under the covering maps p, p. Let ¥s r € ¥ denote the set of the real roots for Hs. Define

cvs=sign| [ a-w) (heHTD,

OZE'J/SR

where Hg stands for the set of regular elements in Hs . Recall the Harish-Chandra

orbital integral of a function fe D(Gy):

Hs f(h) :e%,mmmw(h)f f(g.c(S)(p(h)) du(gH(S)) (he HgY).
G/H(S)
Note that the function Ag(h)Hs f(h) is constant on the fibers of the covering map p.

Hence, the Weyl integration formula for G looks as follows:

> ms | v (0120 (s S die.

Seyl Hs

Jé flg)du(g) =

where the ms are appropriate, uniquely determined, constants.
For a subset AC Y, let A={j|thereis « € A such that «(J;) # 0}. For s € W(Hc)
and S € ¥} define

FS,S = {Ye h | (Y7 )sWh/ﬁngéHom(Vj,V’) > 0}3
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CHC and the Invariant Eigendistributions 3831
as in [3, Lemma 7.1], and let E; s = exp([s.s) C fI«;,l. Furthermore, let

vmg sign(s)

M. =(—1)F .
s& =D, 7o)

Theorem 2.2. Let ' € I:I{(z I-VI(,’J’I) and let fe D(G,). Then

det"’? (W )y Ay (H) J@ O(pM)g) f(g) du(g)

- Z Z MS(S) reEsl,iSI,nrﬁl

SeW(Hg) Sevd

detk/z (871 .h)Wh’ Aq)(Z)(571 h) detl/2(371 'h)Wo
(WHs f(h)ydu(h).
Jﬁg% det(1 — p(W)rp(W)ayw  det(1 — pis L h)w, ™ (WHs £ duih
Here the factor Loz (s 1) is a smooth function. O

det(l—pGsTh)w,

This follows from Proposition 2.1 by localization, as in the proof of [3,
Theorem 7.3]. Note that if G’ is an odd real orthogonal group (i.e., D =R, the form (, )
is symmetric and dim(V’) is odd), then 0 ¢ I-?é’l. However, the element 0 is in the center of

the metaplectic group, and therefore, we may view it as an element of G;.

3 A Relation with Stable Orbital Integrals

The theory of Stable Orbital Integrals or Stable Invariant Eigendistributions leads to
certain identities among some averages of irreducible characters, see [1] and Renard
[20]. Our approach attempts to produce some irreducible characters. In this section, we
check that our construction leads to the same identities and thus provide some evidence
for Conjecture 1.5.

Let us define the following two distributions on the unit circle in the complex

plane:

1 . 1 1

—— = Ilim , = Ilim
1-1,z rLr-11—-rz 1—-1,z r<l,r—11-—rz

(zeC, |z21=1).

Then, as is well known [14, Example 3.1.13],

1( ! ! ):5(z), (18)

27 \1-1,z 1-1.z

where § stands for the Dirac delta at the identity.
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3832 F. Bernon and T. Przebinda

If D =C, then the Weyl group W(Hc, G¢) may be identified with the permutation
group X, so that

oJ;=Jsj), (0 eW(He, Ge), 1<j=<n).

If D#C, then W(Hc, G¢), is identified with the semidirect product of X, and (Z/27)",
where 7Z/27 = {0, 1} with the addition modulo 2, so that

s.Jj=¢€jJy), (s=oeeW(Hc,Ge),é;j=(—1)%, 1<j<n).

In any case (D =C or D # C) we shall think of elements s € W(Hc, G¢) as s =o€, where
e=0ifD=C.

Let Hom(V;, V;)° =Hom(V,, V)’ be the subspace of elements that commute with
J and let Hom(V;, V;)! be the subspace of elements that anti-commute with J. (The last
space is zero if D =C.) Thus, for €;=0 or 1, we have the subspace Hom(V,;, V;)¥ C
Hom(V, (), V). Let

Vo= sign(J. Yuom(, v, oy €0 (s=0€ € W(Hc, Ge)). (19)

Here, by definition, the sign(J, )uomv,;.v;< is equal 1 if this form is positive definite and
—1 if it is negative definite.
Let H' € G’ be the compact Cartan subgroup considered in section 2. For he H

and 1 <j<nlet hj=h% €C, and similarly for H'. Then, in terms of Theorem 2.2,

n'

lim (WeH"™, heH).
reEgy, r—1 det(l — hrh) Wh/ =1 1-h, (1](1)(},5)}‘20(])) €

We note that (18) implies the following identity:

n’ )Mj
2 =

- hj(lwé‘m(ys)ha(jﬂ_”

re{£1) J=1
n’ n’ 1
=[Ién- l_[ o) () - H -
j=1 - 1+1ha<;> — Kby,
= (2m)" ]"[e, H G () - S(H(sTV) T, (20)
j=
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CHC and the Invariant Eigendistributions 3833

where § stands for the Dirac delta at the identity of H'. Furthermore,

1 il 1 il 1
lim — — (21)
retrs: r=1 det(l = Rrh)syy J=l_J[¢ 1= 15z 0 o)™ j=11,_J[esl Wiy
and if S # ¢, then
n’ n’
A A
Y T e 11— =0 22
ey j=1.jgS i (13735, o)™ 54 s 1 tho'(])

The generalized function ® (K g), (8), and the sets Es s of Theorem 2.2 depend on the form
(, ) (and the form (, )). Let ®©*(Wg) and E;S denote the corresponding objects for the

form

M) vy + 220 ) vy + -+ 2 () v (23)

where A= (A1, ..., Ap) € {£1}7.
Assume from now on that n’ = n. Then H' = H via identification (13) and H] = HJ.

Formulas (20) and (22) imply that, in terms of Theorem 2.2,

> ki Qe g A () | 0 (BH)9) £9) duco)

re{£1}m G

= Y My(s) Y hhgch, (24)

seW(Hg,Gc) re{£1)

) 1 k —

lim det? (s . h)wo Hy F(h) du(h
reEl,. r%lJﬁl det(1 — p(W)rp(h)swy' ( T A

= Y Mys)en)" ]‘[e, ]_[ ) (76), (25)
j=1

NS W(Hc.Gc)

JV §(p(H (s~ By~ det¥’2 (s~ Ry Ho F(h) dua(h)
H,

/ / ! v ’
:detk/z(h)WhM(H)(—1)p’+"+"m > s1gn(s>1_[e] H (V) - Mo f(s.H).
’ s€W(He,Gc) j=

Suppose, from now on, that the form (, )’ is hermitian. Then the element y,. (19) does

not depend on ¢. Moreover,

n’

H Ty (%) = (= 1)),
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where 2p_(W") is the maximal dimension of a subspace of WY on which the symmetric
form (J’, ) is negative definite.

Under our assumptions, we have the identification W(H,, G.) = W(Hc, G¢). Let
us denote both groups by W(H¢). Furthermore, for s =o€ € W(Hc),

n
sign(s) l—[ é; =sign'(s),
j=1

where the sign’ is defined by Ay (s./) = sign’(s) Ay (). For A € {£1}", define

(=D

2 =(—1 p+p-(WY)
qA) =(-1) W(HD]

AAz - Ay

Then (24) shows that

1
> a0 B9 £ig) duo
Ny w(H’) )¢
1
= ——F—H K. 26
Wi, W, 2 Guei TN 20

seW(Hc)

This function is clearly W(Hg)-invariant.

Let y € h* =b'* be a regular element. For he H™E define

D e W(Hc) sign’(s)h”

F(h) = 27
* Ao (B) 27)
Then (26) shows that
1 .
JV 1ApWPER) Y gy —— J 0*(p(h)g) £(g) de(g) dyu(h)
H'reg re(£1)n M(H) G
1 1 Ay (s.h)
S S N SR (F n ‘”—)
[W(H, G>|L}reg' v () |W(Hc>|se§HC) 0 sh
xj £(g.Bs.1) du(gH) du(h). (28)
G/H

The group X, acts on the set {+1}" so that
©°*(hg)=O"((0c " .h)g) (0 € Zn,re{+1)" he H™8, geG).
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CHC and the Invariant Eigendistributions 3835
Hence, the left-hand side of (28) may be rewritten as

1
> 0| 180 mEED s | B9 f(9) duo) duth
W) Js

refE1)n HeE

1
= > > q(anV | Ay (R)|*F (h)—— J O (p()g) £(g) dju(g) du(h)
w(H’) Jé

(1} £, [0]e Zn/Stab s, (1) HS

1
- X AW 18 WEFm | 6B (o) dutg) duih
Hreg w(H") Jg

Me{+1)7/ 2, [6]e€ E,/Stabz, (1)

(29)

Let G} be the isometry group of the form (23). Then

|W(Hc)|
X,/Staby (A)|= ———7—.
| X%/Stabyx, ()] WG]
Hence, (29) is equal to

1
w(H")

W(H
> gy —WHD_ J | Ay (R))2F ()
Hreg

O (p(h d du(h). (30
X g Jé (D) f(g) du(g) duh).  (30)

We know from Theorem 1.2 that there are functions f; € D(G,) such that

= | erema s @ =] ig.pm dutgr). 31)
w(H") Jé G, /B
Furthermore,
F(h) = > F.g(h), where
[sleW(H',G})\W(Hc)
/ (32)
Ysewar. ;) Sign (SR
F = =
151 () )
Hence, (30) is equal to
N CAIL4C: ST S ——
- |W(H', G})|
e{£1}"/ 2, [sleW(H',G)\W(Hc)
x J |Aq,/(h>|21~a,[s]<h>J~  £(9.5() du(gH). (33)
Hreg G,/H'
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3836 F. Bernon and T. Przebinda

We may assume that the forms (, )’ and (J, ) are positive definite. Then (—1)P-+p-W") 7,

Thus, we see from (33) that the equality (28) may be rewritten as

1
Z (=)™ vAihz - Ay Z |W(H', G})|
G

[Me{£1)/ 5, [sleW(H',G})\W(H)

xjv |Aqﬂ(h>|21a.[s](h>J~  f.(9.B(h) du(gH)
Hreg

G,/H
—;J |Ap (W))? ———
T WH, G)| Jgres " [W(Hp)
A—qf’(&h))J .
F(shy———— .P(s.h)) du(gH) du(h). 34
XSEWX(;IC)( (s )A,w(s.h) o f(g.-p(s.-h) du(gH) dpu(h) (34)

If D=R and dim(V") =2n+ 1, then
Mhg o hy = (—1)7 RO/,

where K; C G} is a maximal compact subgroup. In this case (34) simplifies further to

, N 1
D" u(—1 1 dim(G}/K})
(D" vu(~1)z > > W D)

[k]e{il}"/):n[s]eW(H’,G’A)\W(Hc)
xjv |Aqw<h>|21fa,[s]<h>J~  £.(9.P() du(gH))
Hreg G,/H

A_yi(h)
A_y(h)

|Ag (B)|? (F(h)

1 .
- e ) X J,,, Forpts ) duig duth. (39

seW(Hc)

Thus, in this case, the weighted sum of the Cauchy Harish-Chandra integrals (26) coin-
cides with the transfer map studied by Adams [1, Definition 4.5] and Renard [20]. We
formulate this conclusion in the following proposition.

Proposition 3.1. Suppose D=R, dim(V') =2n + 1, the forms (, )’ and (J, ) are positive
definite. For A € {+1}" let (, ); denote the symmetric form on V' defined by the condition
(23) and let G} be the corresponding isometry group. Assume ' = n, so that (G, G}) is an

orthosymplectic dual pair consisting of groups of equal rank. Let us identify H' = H as
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CHC and the Invariant Eigendistributions 3837
n (13). Let F denote the function (27). Then for any test function f e D(G),
’ (— 1)% dim(G} /K})

Ap (WPF () J@“h/ du(g) du(h
JH' v WPF0 e D — gy |, © B9 f(9) duig) dudhy

re{£1)7

1

A_yi(h
= ML}W 1Ay (W[ (F(h) A )> > J f(g.B(s.h) du(gH) du(h),

w(h) st S G/H

where v’ = (—1)”v = 41 depends only on the choice of the positive root systems. |

4 Proof of Theorem 1.1

4.1 Properties of Cauchy Harish-Chandra integral on the Lie algebra

Let b’ C g’ be a 6-stable Cartan subalgebra. Denote by A;(g, b)) the set of imaginary
roots of b’ in g.. Fix a positive system ¥ C A;(g;, hi). For ¥ € S(g) and for x’ € h™*8, define

chew, vy (V) (X) = ]_[ Idet(ad(){))g by |1/2J chew (X' + X)¥ (%) du(x). (36)

(X“)I

Let b’I,Heg ={xelh|ax)#0forall« e ¥}.

The explicit formulas for chc in [4, Corollaries 4 and 8] together with [3,
Theorem 1] show that that the function chcw gy (¥) is smooth on h™& and for any
w € Sym(h) the derivative d(w) chew gy (¥) is locally bounded. The remaining property
to be proved is the jump relation (see (37)).

Fix a single noncompact imaginary root « € ¥. Let x' € i) be such that «(x) =0
and the derived Lie algebra [¢g'*, g*] is isomorphic to s5(R). This means that ¥ is a sub-
regular element attached to the noncompact imaginary root «. Let H, € if’, X4, € g’é to
be such that

[Xou X—a] ou [Hou X:i:a] = izxﬁ:aa )_(Ot = X—ou

where X — X stands for the conjugation with respect to the real form g’ C g... In partic-

ular, (X,, H,, X_,) is a sy—triple. Then, we have the decomposition
b’ =RiH, @ ker(a).

Let

c(a) = exp (—i%ad(Xa + X_o,)) € End(gp).
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Then
ca)(hp) Ng =Rs, H, ® kera

is another Cartan subalgebra of g’ denoted by b/,. Let ¥ Nat ={f € ¥ | B(H,) =0}. Then
¥ Natoc)™
is a system of positive imaginary roots of b, in gi. denoted ¥,. Set

di@) 2 if the reflection with respect to « is realized by an element of G*,
o) =
1 otherwise.

Let w € Sym(h). Put
(d(w)chew vy (V) (X) = tl_i)l(l)l d(w) chow vy (Y) (X' + tiH,) — tl_l)%l d(w) chew vy (V) (X' — tiH,).
We need to prove the following jump relation

(9(w) chew, v,y (¥)) (x) =id(x)d (s, w) chow,g, b, (V) (X). (37)

4.2 Some useful facts
Lemma 4.1. Suppose that H is a compact Cartan subgroup of G. Then x € j is not anni-

hilated by any noncompact imaginary roots if and only if G* is compact. O

Proof. Recall the Cartan decomposition
g=¢tdp.
Then

gc=tc ®pc=EPte. ® Prcs.
o 3

where the «'s are the compact roots and the 8's are the noncompact roots. Thus,

gi=bc® P tca® P pes.

«(x)=0 B(x)=0

and the lemma follows. |
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Lemma 4.2. Let h C £ be a Cartan subalgebra of g=¢& p. Let
V=0,V;

be the decomposition into h-isotypic components over D. Let x € h. Then x is annihilated
by precisely one noncompact imaginary root of b in g¢ if and only if G* is not compact

and either

(1) there is exactly one pair j <k such that eig(x|v,) = eig(x|v,), and x|y, # 0 for
alll if D =R and the form (, ) is skew-symmetric, or
(2) D=R, the form (, ) is skew symmetric, the sets eig(x|y,) are distinct, and

there is exactly one [ such that x|y =0. O

Here eig(x) stands for the set of the eigenvalues of x.

Proof. Thereiste G suchthatd = Ad(¢). Since x=0(x), t preserves the decomposition of
V. More precisely, if the form (, ) is hermitian, then t|v, =€;Iv,, where e; =1 if (, )y, >0,
and €; =—11if (, )y, <0.If the form (, ) is skew hermitian, then ¢ is a positive compatible
complex structure on V and there are real numbers r; such that x|y, =r;t|y, for all j. As
an h-module,
p="g= @ ‘g(V;) @ @ ‘Hom(V;, V).
J j<k
Here ‘E C F stands for the anticommutant of E in F, that is, {E={ye F; xy+ yx=
0 for all x€ E}. Suppose the form (, ) is hermitian. Then ‘g(V;) =0 for all j. Moreover,
‘Hom(V}, Vi) # 0 if and only if €; 4+ ¢, =0, and in this case, ‘Hom(V;, Vx) =Hom(V;, V).
Thus,
p= @ Hom(V;, Vi).

J<k.ej+ex=0

Let o be a noncompact imaginary root. Then there is exactly one pair j <k, withe; + ¢, =
0, such that « is an eigen-character of h in Hom(V;, V)¢, that is, Hom(V;, Vi)c« # 0. Then

a(x) =0 is equivalent to

det(ad(X))HOm(V],Vk) = 0’

which, by a case-by-case verification, is equivalent to
eig(xly;) = eig(xlv,).
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Suppose the form (, ) is skew-hermitian. We may assume that D#C. If @ is a

noncompact imaginary root, then either

"Hom(V;, Vk)c.« #0 for some j <k,

or
'a(V))cq #0 for somel.
Note that
ad(X)tHom(v,.vy) = (I} + k) ad(%t)tHom(vj,vk)
and
ad(x)egv,) =1 ad(@egv,)-
This implies our lemma. u

Corollary 4.3. Let h C¢ be a Cartan subalgebra of g=¢ @ p. Let x€ h be such that x is
annihilated by precisely one noncompact imaginary root of h in g¢. Then the space V has

a direct sum decomposition
V=VodV, VP - -V,

such that [g*|y,, g*|v,] is isomorphic to sl;(R), and for each j>1, the element (x, V) is
indecomposable and g*|v, =hlv;,.

Moreover, the sets
eigxly,) (j=0,1,2,...,m)

are disjoint.

If (x, Vo) is indecomposable, then D =R, the form (, ) is skew-symmetric and
x|y, = 0. In this case, g*|v, = g(Vo) is isomorphic to sp,(R).

Suppose the element (x, V) is decomposable. Then (x, Vj) is the sum of two dis-
tinct indecomposables. If x|y, # 0, then both components are nonzero and g*|y, =u; ;. If
x|y, =0, then D =R, the form (, ) is symmetric, (, )y, has signature (2, 1) or (1, 2) and

9*v, = 9(Vo) is isomorphic to so(1, 2). O
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4.3 The reduction

Proposition 4.4. Suppose H' is a compact Cartan subgroup of G’. Let € D(g). Then the
function

/
hInfreg

5 x — che(y) (%) :J che(x' + x)¥(x) du(x) € C

g

is smooth. 0

Proof. This may be done via a wave front set computation as in Lemma 15.6, [18], or
explicitly as follows.
FiX X' € bppyyeg-

small neighborhood of x'. Furthermore, we may assume that ¥ is supported in an

It will suffice to consider the function chc(y)(x) for ¥ in some

arbitrarily small completely invariant neighborhood of a semisimple point x € g, which

belongs to the singular support of chc(x'+). Let
V=@V, and V=PV
j k

be the isotypic decompositions with respect to x' and x, respectively. It is not difficult
to check that the sets eig(x’|vrj) are disjoint. For each j, let \7j be the sum of all the
Vi such that eig(x’lvrj) =eig(x|y,). We arrange the indices so that V;#0 if and only if
j=1,2,3,...,m. Then

W= @ ker(x + x) NHom(V';, V) & ker(x' + x)*.
j=1

Let U’ C g’ and U C g* be slices through x' and x, respectively. Then for ¥ e/’ and for
xelu,

m

ChCW (}{ + Y) = l_[ Cther(X’+X)ﬂHom(V/j,vj)(X, + Y) Chcker(x’-&-x)l (X, + Y),
j=1
where the last factor is a smooth function. Since, by Lemma 4.1, G'¥ is compact, the
above decomposition of chcy reduces the proof to the case when G’ is compact. In this

case,

J che(x 4 x) (x) du(x) =J X Gﬂ"w’ w)) ¢ (w) dw,
g g

where ¢ € S(W) is the pullback via the moment map W — g* of a Fourier transform of
Y. (Here the fact that ¢ is rapidly decreasing follows from the compactness of G'.) In

particular, it is clear that the function in question is smooth. |
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Proof of Theorem 1.1. Theorem 1.1 holds for pairs of type II, as was observed by
Bernon [2]. This is a consequence of an explicit formula [18, Proposition 7.21]. Thus,
we may assume that the pair (G, G’) is of type I. Then G and G’ are the isometry groups
G=GV,(, ) andlet G' =GV, (, )), as in Section 2. Recall the 0-stable Cartan sub-
group H'=T'A' CG'. Let V,C V' be the subspace on which A’ acts trivially, and let

V. =V.*. Then V, has a complete polarization
V.=XaY

preserved by H'. We may and do assume that V; €V and that the above is also a complete

polarization with respect to the form (, ). Let U= V.1 C V. Then
V=V,qU.
The above decompositions induce embeddings:

GL(X) x G(U) C G,
n' =Hom(X', V) + Hom(X,Y)Ng Cg¢g, (38)
n=Hom(X’, U) + Hom(X',Y)NgCg.

We assume that the subgroup GL(X') x G(U) C G is preserved by 6. Let W, =Hom(V/, U).

Then, by Bernon and Przebinda [4, Corollary 8], there is a nonzero constant

RIARS
EENAZIR

such that, for ¥ € S(g), we have

chew v,y (¥)(X)

a(x)
= —_— }(I G ’ 1/2
c EWl( ll )] |[det(ad(x))gix) by |
o al(X))
a(x)

J J 1_[ ———chew, (X |y, + NG XIx + y) du(y) du(gH [x), (39)
GLX)/H'ly Jg(U) lo(x')]

ac¥(g(Vy)
where, for the purposes of normalization of the measure u, H' |x € G’ € Sp(W). Moreover,
¥ is the disjoint union of ¥ (gl(X")) € A1 (gl(X)c, by, o) and ¥ (g(Vy)) € Ar(g(Vyc, by ¢), and
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the integral over g(U) is not there if W, =0. If W.#0 and K’ acts trivially on W, (or
equivalently on V{), then chcw, (x'|v, + y) is replaced by chew,(y).

If chew, (y) = 0 or chew, (y) # 0 but b'ly, =0, then we see from (39) that chew, v, (¥)
is an orbital integral, so there is nothing to prove.

If b'|v, #0, then chew g i (¥) is essentially the tensor product of an orbital inte-
gral for gl(X") and ChCW,lI/(g(V’C)),I]’|V/E- Thus, formula (39) shows that, if the jump relations
are satisfied under the assumption that H' is compact, then they are satisfied in general.
Therefore, we can assume that H' is compact.

Fix an element x’ € iy’ that is annihilated by precisely one noncompact imaginary

root of b’ in g;.. Then, by Corollary 4.3, the space V' has a direct sum decomposition
V=ViaV,aoV,d -V,

such that [g){|v0, gilvol is isomorphic to sl3(R), and g”(|vr]_ = h’lvrj foreach j>1.Let xegbe

a semisimple element in the singular support of the distribution chc(x’ + .). Let
V= Vi
k

be the x-isotypic decomposition of V. Since det(x' + x) =0, there are j and k such that
eig(x’|v/j) Neig(xly,) #¥. (Then eig(x’|vfj) =eig(xl]v,).) For each j, let \N/J- be the sum of all
the V. such that eig(x’|vrj) =eig(xly,). Let 7 €{0,1,2,--- , m} be the set such that \~/j #0.
Then

W= @ ker(x' + x) NHom(V’;, \7j) ® ker(x¥ + x)*.
jeJg

Let U’ C g’* and U C g* be slices through x' and x, respectively. Then for x' €/’ and for
xel,

chow(® + ) = [ | cheyerennmmomv, ) X + 1) Chieren - (X + p).
jed

where the last factor is a smooth function. Also, by Proposition 4.4, for each je 7 \ {0},
the function

U>sx — ChCHom(V’j,Vj)ﬂker(XJrX)(X/ +.)e D/(U)

is smooth. Hence, the jump may occur if and only if 0 € 7. In that case we are led to

consider the pair

Gy, G*Jy, < Sp(ker(x + x) N Hom(Vj, Vo)). (40)
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Now we use Corollary 4.3. If x|y, =0, then x| = 0 and the pair (40) coincides either with
(Op,q, SP,(R)) or with (Sp,,(R), O12).

If x|y, #0, then x|y, # 0 and there are complex structures J' € g’ and J € g such
that X =77 and x=rJ, for some r,7 € R\ {0}. Furthermore, if we view V' and V as

complex vector spaces via the actions of 7’ and 7, then

124 X —
G |V6=U1,19 G |V0—Up,q’

ker(x' + x) N Hom(Vp, Vo) = Homc Vg, Vo).

By Bernon and Przebinda [4, Theorem 10], we know that for the dual pairs (Op 4, Sp,(R)),
(Sp,,(R), O12), and (Upq, U11), the jump relations are satisfied. We deduce the result

using a partition of unity. |

5 Proof of Theorem 1.2

As in the case of Theorem 1.1, we need to check the boundedness and the jump rela-
tions. The boundedness shall be verified in Proposition 5.1, where we use the notation
of Section 2 without comments. The verification of the jump relations is done via the
reduction to smaller cases (as in the proof of Theorem 1.1), lifting to the Lie algebra via
the Cayley transform and localization, as in the proof of Proposition 5.1. We leave the

details to the reader.

Proposition 5.1. Let f € D(G1). Then for any ue Sym(h,.),

sup
Wt

< OoQ. O

L(u) (Ag,,(h/) L O (p(Mg) f(9) dM(g))

Proof. Letus write ® = Oy y in order to indicate the dependence of the character ® on
the underlying spaces, V and V'. (For different vector spaces we get different symplectic
spaces and thus different characters.)

Consider first the case when —1 is not an eigenvalue of any element of supp(f).
Let P =(P*, P7) be a partition of the set {1, 2,...,n}:

(1,2,...,n}=PtuPpP". (41)
For e >0 let

H'(P,e)={K eH'||W;+1|>e¢if je P*, and |N; + 1| <2¢ if je P7}. (42)
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Also, let

VE=3"V, V=)V (43)

jepP+ jepP—

Then, for € > 0 small enough, the sets (42) are nonempty and form an open covering of

H', and the family of functions

Ovv-(Hg) f(g) (WeH (P, e)

is bounded in D(G). From now on we fix such an e.
Let ¥ ={a € ¥'|a C P*}. Then for any v € Sym(hy), the function

Ay (H) ;s

is bounded. Furthermore,

A () L O(BH)g) f(g) du(g)

_ Ay (H)
Ay, (R)

Ay, (F) L Ov,v, (D(W)g)(Bv.v (p(H)g) f(9)) du(g). (45)

Thus, we may assume that V), =0 (i.e., P~ =) and consider only the ' € H' with |p(h); +

l|>eforalll <j<n.Let

ph) =c(x)n, g=exn",

Then

O(pH)g) = OEX)Ex)) = O (Ko Hche(X + x)O(go). (46)

Thus, (45) coincides with

Ap (W e —~ N I

2o (pn 1)”9’/6/("‘/)J cho(x + x)(0 (8(x) f@x) ™) jy (x)) duu(x),

Ty 1y (X)) o

where 7y p(x') =[],y @(x) and j; is the Jacobian of the Cayley transform c:g— G.

Since any derivative of the function R> ¢t — &t(” € R is bounded, it is easy to check that
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for any v € S(b), the function

Alp/(h/) , Ay

is bounded. Also,
1

G/ 7 / 71 Tat(1 L A P
@B~ < det(1 + p(W)w|’

Hence, the proposition follows from [3, Theorem 1].

Suppose 1 is not an eigenvalue of any element of supp(f). Then the elements
of the support of the function f(dg) do not have —1 as an eigenvalue. Furthermore,
2eG NG and Ay (W)= Ay (). Hence, by the left invariance of the measure u, the left-
hand side of (45) is equal to

Ay (D) JG O(pH)g) f0g) du(g). (as)

and we are in the case considered previously, with p(k’) replaced by p(h')?9, so the result
follows. Thus, we need to consider functions f supported in a completely invariant open
neighborhood V of a semisimple element gy which has both 1 and —1 as eigenvalues.

If D =C, then G N G is a double cover of the unitary group U,. Hence, by choosing
V small enough, we may translate, as in (48), by an element of G N G to reduce to the case
considered in (45). In order to resolve the general case, we proceed as follows.

For a partition P, as in (41), let
H'(P)={W eH'; |h;+1|> %Wj —1|if je P, and |R; — 1] > %lh/j +1|if je P™}.
The sets H'(P) are not empty and form an open covering of H'. Let
V=VtoV~

be a direct sum decomposition preserved by gy and such that —1 is not an eigenvalue
of golv+, and 1 is not an eigenvalue of gg|y-. We may assume that the neighborhood V is

small enough so that the families of functions

Vag— Oy v:(Hg) (WeH(P)),

V39— Oyiyv-(Hg) (HeH (P)

Downl oaded from https://academn c.oup. cominrn/article-abstract/2014/14/3818/ 719460
by University of Okl ahoma user
on 04 Novenber 2017



CHC and the Invariant Eigendistributions 3847

are bounded in C*° (V). Then the families of functions

Ov- v+ (N g)

Vag—o ———~2 (K eH(P)),
97 oy yeng T
Ov+v-(Mg) =
V>3g—»———— (WeH (P
97 oyy-ong T

are also bounded in C*(V). Furthermore, for ¥’ € H'(P) and gev,

Ov+ v- (R g)
Ov+ v- QN g)
Ov- v+ (N g)
Ov- v+ g)

O (W g) = Oy v+ (W g)Oy: vi- (0K g)

- Ov-v-(W@)Oy- v+ (K g) (49)

Let
R =@ exXM))EH ), 0. e GV, XFeblys,
and let
g= Q@ ex"))Ex), 21 € GV,

x* € g are conjugate to elements of g(V*), respectively.

Then, as in (46),
Ov+ v+ (W g)Oy+ v- (R g)
= Oy+ v+ (W07 )choy: vis (X 4+ x7)Oys v (901,
Ov+ v- (R)cheys v (X~ + X7 O+ v (9)

= Oy v (W07 Oy+ v (W)choy: v (X + xH)Oys v+ (904) Oy v (), (50)

where X' = x'~ + x'*. Similarly,
Ov- v (KG)Oy- v+ OHg) = Oy v (K)Oy- v (Rd3 )chey- v (¥ + x7)
- Ov- v-(9)Ov- v+ (g0). (51)
Hence, (49) is equal to

Ovi vt (K07 Oys v (B)Oy- v (W)Oy- v+ (W0 )chey v (X + x)

Ov+ v-(Hg) Oy-v+(Wg) )

(52)
Ov+ - (0R g) Oy- v+ (0H g)

. <@v+,V/+(90+)@v+,V/ (9)BOv- - (9)Oy- v+ (g0 h)
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The term in parenthesis is a smooth function and the product of the first four terms on
the right-hand side of (52) is dominated by

1 1
det(1 + p(R))Homv+ v+ det(l — P(W))Homv+,vi-)
1 1
det(1 — p(W))Homv- v+ det(l + P(W))romv-v+) |

Thus, since the EITCV,V« in (52) corresponds to the situation when the rank of g’ is less or

equal to the rank of g, the theorem follows from [3, Theorem 1]. [ |

6 Proof of Theorem 1.3

As before, let ® be the distribution character of the Shale Weil (oscillator) representa-
tion (of SNp(W)). In the first subsection, we prove that there exists a certain subset on
which we can restrict ®. This proves that Chc has a nice restriction on a dense open
subset of G denoted Gypp. Proposition 6.3 says that the compatibility of Chc with the
Capelli Harish-Chandra homomorphism is satisfied on @npb. The crucial point is that
any regular element belonging to a fundamental Cartan subgroup belongs to Gypp. The
extension to the whole G is immediate from Theorem 1.2. In Section 1.2, we introduce
some notations and recall some classical results due to Harish-Chandra. In Section 1.3,

we prove Theorem 1.3.

6.1 The restriction of ® to a dense subset of GG

For g € Sp(W) the tangent space T,Sp(W) may be identified with gsp(W) € End(W). Then
the dual space T;Sp(W) is identified with {g} x sp*(W) by

sp*(W) & — (T;Sp(W) s gx— E(x) eR) € Tg*Sp(W)

and the cotangent bundle T*s p(W) with Sp(W) x sp*(W). Denote by p the canonical pro-
jection

p:T*Sp(W) > (g, &) — g € Sp(W).
Similarly, T*Sp(W) is identified with Sp(W) x sp*(W).

Let (G, G') be a dual pair in Sp(W). The conormal bundle to the embedding GG —
§}5(W) is given by

Ngz=1{99.8)19€G, g €G, §esp" (W), &lgsg =0}
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Recall, [18, Lemma 12.2], that the wave front set of the distribution character
(CRS D’((§f>)(W)) of the oscillator representation is

WEF(@) = {(g. Tap(w)) | g € SPW) x s5p*(W), we W, w#0, g(w)=w}, (53)

where 7, : W — g%, t(w)(x) = (xw, w). Also, the elements of §f)(W) act on W via the map
(1). Clearly,

WF(®)N Néé

= {(D, Tapowy () € GG x sp(W) |w € W\{0}, 74(w) =0, 74(w)=0, pw=w},  (54)
and therefore,
p(WEF(®) N Nzz) ={pe GG |weW\{0} with 74(w) =0, 7y (w) =0, pw=w).
Thus,
GG\ (p(WF(®) N Ngg)) ={peGG|r;'(0) Nr,'(0) Nker(p—idw) = (0)}.

Let G-, the preimage of the set of all elements of G’ which do not preserve any nonzero

(isotropic in the type I case) subspaces of the defining module for ¢, of dimension <n.

Lemma 6.1. Let V denote the defining module for G. If G is the isometry group of a form
(, ) onV, denote by n the Witt index of the form (, ). If G = GL(V), let n=dim(V). Then
the set of the elements g € G, such that gg' € GG \ p(WF(©) N Nggz) forallge G, is equal
to Gp. (]

Proof. Suppose the pair (G, G') is of type I. Then G’ is the Lie group of the isometries
of a form (, ) on V/, and the symplectic space W can be realized as W =Hom(V, V). For
w € W define w* € Hom(V’, V) by

(w), V)Y =W, w*@)) @eV, veV).

Letge G, g e G, and w € W\ {0} be such that 74(w) =0, 79(w) =0, and gg'(w) = w. Then
w*w =0 and ww*=0. Hence, im(w) C ker(w*) =im(w)*, and ker(w) 2 im(w*) = ker(w)" .
Thus, im(w) C V' is an isotropic subspace, and ker(w) CV is a co-isotropic subspace. In

particular, the dimension of the image of w is not greater than the Witt index of the
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form (, ). The equation gg'(w) = w translates to gw = wg and implies that g’ preserves
im(w).

Conversely, suppose g’ € G’ preserves an isotropic subspace X' C V' of dimension
not greater than the Witt index of (, ). Then there is an isotropic subspace XCV and a

linear bijection w: X — X'. Define an element g € GL(X) by

gw=wg.

Let Y CV be a subspace complementary to X', and let U= (X + Y)*. Then Y is isotropic,
V=X®U@Y, and g extends to an element g € G that preserves X, Y, and U. Let us extent
w to an element of W so than ker(w) =U @ Y(=X"%). Then w is a nonzero element of W
with w*w =0, ww* =0, and gw = wg.

Suppose, from now on, that the pair (G, G') is of type II. Let us realize the
symplectic space W as W=Hom(V, V') ® Hom(V',V). Let ge G, g € G’, and w e W\ {0}
be such that 743(w) =0, 7y (w)=0, and gg'(w) =w. Then there are S<Hom(V,V’) and
T e Hom(V',V), with S or T nonzero, such w = (S, T). Hence, our condition translates
to ST=0,TS=0,g'Sg™' =S, and gTg~! = T. Clearly, g preserves the image of S and the
kernel of T. Furthermore, dim(im(S)) < dim(V), co-dim(ker(T)) < dim(V) and at least one
of these spaces is not zero.

Conversely, suppose g’ € G’ preserves a nonzero subspace X' € V', with dim(X") <
dim(V). Let XCV be a subspace of the same dimension. Let Y CV be a complemen-
tary subspace. Let S€ Hom(V, V') be such that ker(S) =Y and S|x: X — X' is a bijection.
There is g € G with g¢/Sg~! = S. Let T =0 and let w = (S, T). Then w # 0 and ST =0, TS=0,
gSg'=S,and gTg ' =T. [ |

Let m:G x G> (g, g’)—)gg/eé\f)(W) denote the multiplication. Lemma 6.1
implies that the pull-back m*(®) e D'(G x ésn) is well defined. Let Ky denote the

corresponding integral kernel operator:

Ko :D(G)— D'(G-yp),

Ko@) =m* @)Y @Yy) (¥ eD(G), ¥ €D(G<p)).

Let G, € G’ be the set of all the elements of G’ that do not belong to any proper

is the set of all the elements of

’
<00

parabolic subgroup of G'. In other words G, =G

the group that do not preserve any nonzero (isotropic in the type I case) subspaces of V'.

/

In particular, G;pb CG., for any n=1,2,.... Clearly it might happen that the set G b
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is empty. In fact G, , coincides with the set of the orbits passing through the regular
elements of a compact Cartan subgroup of G'. In the following lemma, we shall focus on

the cases when G;lpb #.

Lemma 6.2. For any ¢ € D(G), the restriction of the distribution Ke(y) to @npb is a

smooth function. We shall denote this function by
|, 0@9v@due) (@ €. O
Proof. We know from [14, Theorem 8.2.12] and (53) that
WF(Ko(W)lg,,) S (g tg(w)) | g € Gupp, and there is g € supp(¥)
and w € W\ {0}, such that ry(w)=0 and g'g(w) = w}.
Let g, g, and w be as above. Then
Ty (W) =79 (99 (w)) = g'rg (w)g ™. (55)

On the other hand, ry(w)=0 implies that 7y (w) is nilpotent. But since g’ e @npb, (55)
implies that this nilpotent element has to be zero (see [7, Lemma 3.8.4]). Therefore,
WF(Kp (1//)|C~;npb) =, and the lemma follows. [ |

Recall the left regular representation of g:

d - -
Lx)y(9) = d—tlﬁ(exp(—tX)g)lt:o (x€g,9€G, ¥y eC™(G)), (56)

and similarly for g’. Then L extends to an injective homomorphism from the universal
enveloping algebra U/ (gc) to the algebra of the analytic differential operators on G. Recall
the involution U(gc) 2 z— z€U(gc) defined by Z= —z, z<€ g. The action of U(gc) on the
space D’(f;), of the distributions, is defined by

L@u)=uL®@v) (ueD'(G),zeU(g)).

(Note that this definition is consistent with the embedding of C>(G) into D'(G) via the
Haar measure.)

Assume from now on that the rank of g’ is less than or equal to the rank of g.
Recall the Capelli Harish-Chandra homomorphism Cg ¢ :U(gc)® — U(gr)¢, [19, equal-
ity (5.5)].
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Theorem 6.3. For any v € D(G) the function
Gupp 39 — L ©g9v(g)du(g) €C
is smooth and invariant under the conjugation by G. Moreover, for ze U (gc)®,
|, 0@9L@1© e =15 @ | 0@V (G < Gupn).

The above statements hold with ® replaced by Chc (see (8)). O

Proof. The first part is clear from Lemma 6.2. Furthermore, in terms of the Weyl calcu-

lus as in [18],
J LOGIL@V (9 du(g) = T@HTL@V)O) =TT @T{)(O)
= T(g)T (Cq.g (25T () (0) = T(Cq.5(2)1T(g)aT(¥)(0)
= L(Cq.y (2)(T()T(¥))(0) = L(Cq.5(2)) L O(g' 9V (9) du(g),

where the third equality follows from [19, 6.12]. [ |

6.2 Recapitulation of some results of Harish-Chandra

Let H be a Cartan subgroup of a real reductive group G. Let h and g denote the Lie
algebras of H and G, respectively. Fix a positive root system for the pair (gc, he).

For a root «, let g, C gc denote the corresponding hc-eigenspace. Let Z(gc) C
U(gc) denote the center of U(gc).

Theorem 6.4 ([9, Lemma 36], [10, Lemma 18]). For each element ze Z(gc), there is a

unique element y'(z) e U(hc) such that z— y'(2) € ), ,U(gc)go. Moreover, the map
Z(gc) 2z~ y'(2) eUhe)
is an injective algebra homomorphism. O

Let W be the Weyl group for the pair (gc. ho). Let p=1 >, ;. Let A denote the
following automorphism of U (h¢)

M) =x—-pXx) (xebho).
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Define
y=ro0y.

Theorem 6.5 ([10, Lemma 19, Lemma 20]). The map y : Z(gc) — U(he)" is a surjective
algebra isomorphism. This map does not depend on the choice of the positive root sys-

tem. If o is an automorphism of g¢ which preserves h¢, then
y(0(2)=0(y(2) (z€ Z(go)).
If z— Z denote the anti-automorphism of U (g¢) defined by Z= —zif z€ g¢c, then
y@®=y(@ (z€Z(gc). O
For a root «, let n, denote the corresponding character of H:
(exp(x))* =exp(a(x)) (x€bh).
(We assume that these characters exist.) Set

Am=[]a-r*) (heH).

a>0

Define S (H"™8) to be the space of all smooth functions f on H™8, such that the support
of fis bounded and for every ze U (hc),

sup |L(2) f(h)| < co. (57)

heH™8

Define a topology on S.(H™8) by taking all the quantities (57) as seminorms. Let

Io(f)(hy=A'(h L/H f(ghg™) du(gH) (he H™S, feD(G)). (58)

Theorem 6.6 ([11, Theorems 2 and 3]). For a function fe D(G), I¢(f) € Sc(H™8). More-
over, the map
D(G) > f— I°(f) € S{(H™®)

is continuous. Furthermore,
Iz.H=y'@.I° (zeZ(go). feD(G)).

(Here we identify the zwith L(z).) O
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For he H let
Ah) =h° A (h),

Ay =[] @ —narM, (59)

a>0,a real

er(h) = sign(Ag ()

Theorem 6.7 ([12, Section 22]). For a function f e D(G) and for h € H™8 define

1(H)(h) = ex(WAM) J F(g.h dg.

G/H
Then
Iz H=y@.I°(f) (zeZ, feD(G)). O

Remark. In Section 1, we defined an unnormalized orbital integral denoted I¢ which is
not bounded. The normalized orbital integrals I¢ and I¢ are bounded. The last one is

the original Harish-Chandra orbital integral. O

If needed, we shall write €f and A®, in order to indicate the group with respect
to which these functions are defined. Consider a parabolic subalgebra q C g, with the

Langlands decomposition

g=mdadn.

From now on we assume that the Cartan subalgebra b is 6-stable and that h N p =a. Let
Z(mc @ ac) denote the center of the universal enveloping algebra of the complexification
of m @ a. As in [12, Section 12] set

Vg/m@a = yn:elga/b © Vg/p - Z(gc) = Z(me @ ag). (60)

Let Q be the parabolic subgroup of G such that Lie(Q) =m @ a and L the Levi factor of
Q. We have Lie(L) =m & a. For f e D(G), denote by f© the Harish-Chandra transform of
f (see [4, (0.4)]).

Theorem 6.8 ([13, Corollary 2, p. 94, and Corollary of Lemma 14, p. 96]). For any function
fe€D(G) and any z< Z(gc),

(Z-f)L = Vg/m@a-(2) fL-
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Moreover,

I°(H=If" (feDG)). 0

Recall, [9, p. 117], the Harish-Chandra radial component map &, ;; from the alge-
bra of analytic differential operators on G to the algebra of analytic differential opera-
tors on H™®. For any analytic Ad(G)-invariant differential operator D on G, §;,5(D) is

the unique analytic differential operator on H™8 such that

DY | s = 8,5 (D) (W |res) (Y € CP(G.[H™8)),

(see [21, Proposition 6, p. 225]). Let m¢/y denote any analytic square root of the determi-

nant

H™8 5 h— det(Ad(h™!) — g/ €C.

Then
8,5 (L(2) =75y L(ve(@)mem  (z2€U(ac)®) (61)

(see [10, Theorem 2, p. 125; 12, Lemma 13, p.466]).

6.3 Chc and the Capelli Harish-Chandra homomorphism

Let (G, G') CSp(W) be a dual pair with the rank of G’ less than or equal than to the
rank of G. Recall the Cartan subgroup H’ € G’ and the parabolic subgroups Q' C G/,
Q C G. We identify i’ with a subspace of g, as in [19, Proposition 1.14]. Let 3 C g be the
centralizer of )’ and let Z C G be the normalizer of 3 in G. If the pair (G, G') is of type
I, then there is a nondegenerate subspace U° C U such that 3= @ 3", with 37 = g(U°). If
the pair (G, G') is of type II, then 3=0' @ 3", with 37 =gl(U). Let Z” = G(U°) in the first

case, and let Z” = GL(U) in the second case. Then
UG =UOY @UGH?
where W' is the appropriate Weyl group for G’'. Let
€ UGE) — C

be the algebra homomorphism by which /(37) acts on the trivial representation of 3",
unless G’ is an orthogonal group of type B (i.e., the defining module of G’ has odd dimen-

sion). In this case, Z” is a symplectic group and ¢, is the infinitesimal character of the
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oscillator representation. Choose a Cartan subalgebra h” C 3”. Then h =4’ & " is a Cartan

subalgebra of g. Recall the Capelli Harish-Chandra homomorphism, [19, equality (5.5)],

Co.g U@ — UG, Cog=vg)y o (L®€y) 0V, © Vasp. (62)
Similarly, in the type I case we have,

Cawy.avy :UBU Y — UV V.
Also, let by =b'|x € gl(X') and let h, =b'|v, < g(V}). Then
U =Ubs )™ SUM, )™, (63)
where W (resp. W) is the Weyl group of b; . (resp. b ).
Lemma 6.9. Suppose the pair (G, G') is of type I. Then
Yoy © Ca.g = (Yaiox)/m; ® Yavy/m, © Cay.avy) © Va/mea-

If the pair (G, G’) is of type II, then

Yoy ©Cag = (Vgl(X’)/h; ® Ez”) © Vg/mea- O

Proof. From (62) we see that

-1
Va /iy © Ca.g = (Yauxy/n, @ €57) © Yy © Yo/t

and similarly,

-1
Yavy/n, © Cay.avy = (Le ® €5) 0 ¥, () nu) © YaW)/b(U)

where 3(U)=g(U) N3=0b,.® 3" and 1. stands for the identity on Z/{(f)’cyc)Wé.

Downl oaded from https://academn c.oup. cominrn/article-abstract/2014/14/3818/ 719460
by University of Okl ahoma user
on 04 Novenber 2017



CHC and the Invariant Eigendistributions 3857
Let us write 1 =13 ® 1. for the identity, according to the decomposition (63).
Then,
Ya' /b © Cg,g’ = (]. ® 63//) o )/37; O Ym@a/ph O yﬂ:EIBll/h O Va/h
=1:0(1:® Eg”)) o Va_/é O Ym@a/h © Vg/mda

= 15 ® (]'C ® Eﬁ”)) o (13 ® yz,?lﬁ)/h(U)) o ym®a/h (¢] Vg/me)a

-1

(13 Qe ®e€;) o0 Vj(u)/h(u) o (valx) /o, ® Yawy/p)) © Vg/mea
-1

= (VQZ(X’)/h; ® (1e® €3) © Vyapypan) © Vg(U)/h(U)) 0 Vg/maa

= (Ya1ox)/m, ® Yovisn, © Couy,avy) © Vg/maa-

This verifies the first equality. The second one is simpler:

Yoy ©Cog =1 ®€) 0 VJ; © Ym@a/h © Vg/mda
=(1®¢€) o (1®yy )" o Watoxym; ® Vi) © Va/mea
= (1 ®€;) o (Ygrxy/n, ® 1) © Vg/mea

= (Yalx)/t;, ® €;7) © Vg/maa- u

Proof of Theorem 1.3. Consider first a dual pair (G, G') of type I Let ¢ € D(G) be sup-
ported in a connected set of a single sheet of the covering map G — G. Our task is to
show that for all X' € H'™8,

J@ Che(xX'g)L(2)y(9) dit(g) = 8¢/ (L (Cy ¢(2))) L Che(xX'g)¥(9) duu(9). (64)
Let A (resp T) be the split (resp. compact) part of H'. Put, as before,
V.={veV|av=0Vac A}.
Then, there exists a unique complement V; of V. in V' such that the decomposition
V=V, V,
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is preserved by H'. The space V, has a complete polarization
Vi=XaY.

Let X € H™8, We put X' = x.x, according to the equality H = T A. We can assume that V/,

is contained in V (otherwise Chc is trivial) and we have a decomposition
Rt
V=V,dU.

Recall that W, =Hom(V,, U). In [4, Theorem 9], three cases are considered. The first two
are simpler than the last one; therefore, we assume that h’ does not act trivially on W..
We have

S0 () ASX) ()| det(Ad (X)) | V2| det(Ad (X 1) — 1)) J Chew(Xg)y(g) die(g)
G

= coeo@J

GLX)/H,

J~ €SL) () ACLO (e (0 75)
G(U)

- Chew, (%, ¥ " (h.(0x) y) dpu(y) du(hH}y,), (65)

where the constant C is explicitly known. Since m & a = gl(X’) @ g(U), there are finitely
many elements s; € U(gl(X)c)*X), ¢ e U(g(U)c)¢Y, such that

Vg/mea(2) = Z 5 ® G
i

Then, by Theorem 6.8,
(L@ =Y (L(s) ® L)y*.

1

Hence, if we replace ¢ by L(2)y on the right-hand side of (65), we obtain

Coe(x)) ) J

J~ €S0 () ASTX) ()€ (0%, ) Chow, (X.7%)
7 JGLX)/H],

GWU)

~(L(s1) ® L)y (h.0x)y) du(y) du(hHy,). (66)
We may rewrite (66) as follows

L J e@X,7) ISE™ (x) Chew, (30 (L () ® L)y X'y du(y) dux).  (67)
T JGLX) JGW)
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CHC and the Invariant Eigendistributions 3859

By Theorems 6.3 and 6.7, (67) coincides with
Coct) 1 [ ] Bmoom, @)E@xmIE™ )
GL(X) JGU)

86wy i (L Cay.avy (€)))(Chew, Y)Y ' y) du(y) du (). (68)

The reason why we have §; in (68) rather than s;, as in (67), is that s; e U(gc) in (67) and s; €
U(ge) in (68). More precisely, on the one hand, GL(X') € G’ acts on the symplectic space
W =Hom(V, V') via the post-multiplication by the inverse, and on the other, GL(X') is
identified with a subgroup of G via the embedding (38). This inverse forces the transition
5 — §;.

The formula (61) implies that (68) is equal to
1 . N
Co (1 ® —) L (Z(Vgl(xn/h'x, ($i)) ® Vgvy/n, © Cg(U),g(V’c)(Ci)> A ®7e v,y a,)
TG vy 8, -
: L J I () Chew, (Xyo) v (xp) da(y) da(0). (69)
GLX) JG)

Then, Lemma 6.9 shows that (69) coincides with

1 N
Co (1 ® JT~—~) L(ygy o ngg’ 2)(1® ﬂ@(V’C)/ﬁc’)
G(V,)/H,

~J~ J 182 () Chew, (%,y) v (xp) dy(y) dpe (). (70)
GL(X") JG(U)

Hence, by (65),

(1 ® ﬁ) L(ygy 0 Cag ()1 ® Ty i)
50 (®) A ()| det(Ad(x) ) |2 det(Ad(X ™) — 1)) L; Chew(¥g)¥(9) duu(g)
= &M% (x) A (x) | det(Ad (x) )| /2 [det(Ad (X 1) — 1))
: L; Chew (¥'g)(L(2)¥(9))du(g) (71)
Note that

ASO (x| det(Ad(x)n)] 2 1det(Ad(X 1) — D) (1 @ 76y, 7,) (X) = AT (X).
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Hence, (71) may be rewritten as

1
GD%L(X,)(XQ)AG,(X/)

L(yg iy 0 Cq g (@)es™ ™ (x) A% (x) L Chew(¥9) v (g) dju(g)

_ J Chow(X9)(L (¥ (9))du(g). (72)

G
Since

1
e X (x) A (x)

Yoy © Cag Deg ) () A% (X) =87, 1. (Coq(2)),

we are done.
We consider now a dual pair (G, G’) of type II. Again, we need to verify the equal-
ity (64). From [4, Theorem 6.5], we see that

€ () A% (x) J Chew(xX9)¥(9) du(g)
G

=COJ J~ €' (%) A% ()2 (x.(nx)w) dp(w) du(xH), (73)
G'/H' JGL(U)

where Cy is an explicitly known constant. Since m @& a =g’ & gl(U), there are finitely many
elements s; e U(g-)¢, ¢ € U(gl(U)c)VY, such that

Vg/mea(2) = Z 5 QG-
i

Then, by Theorem 6.8,

(L@ =Y (L(s) ® L)y*,

Hence, if we replace ¢ by L(2)y on the right-hand side of (73), we obtain

COZJ N

J &' () A% (X)(L(s;) ® L(c) ¥ (x.(0x)w) dpu(w) dpu(xH). (74)
i G'/H' JGL(U)

We may rewrite (62) as follows

J~ J G AT (X)X I ) ) (L(s) ® L)y (xw) dp(w) dp(x). (75)
G

GL)
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By Theorem 6.7, (75) is equal to

AN L Ly GO (e ()4 GO Toe (e @0y o) du( dpeo. (70
¢ Jarw

i

Lemma 6.9(ii) shows that (76) coincides with

L(yg s o Cag ()6 (X) A% (x) J

L Ly ()" () dpe() dpe(x). (77)
G JGLW)

Hence, by (73),

L(yg sy ©Coq (26 () A (x) J Chow(x9))(9) do

=ef (X)A% (x) L Chew (X'g)(L(2)¥(9)du(g).

Since

—_—— ,,C[V G/)(JAG,X/:8/"~C/V’

T AC () VeI © Co BDEE (AT () =06, (Co.v (2)
we are done. .
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