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Abstract. We consider areal reductive dual pair (G, G) of type I, with rank (G’) < rank(G).
Given a nilpotent coadjoint orbit O" C g'*, let O(’C cg TC denote the complex orbit con-
taining O’. Under some condition on the partition A" parametrizing O’, we prove that, if A
is the partition obtained from A by adding a column on the very left, and O is the nilpotent
coadjoint orbit parametrized by A, then O¢ = t(z’ -1 (O(c)), where 7, v/ are the moment
maps. Moreover, if che(fuor) # 0, where che is the infinitesimal version of the Cauchy-
Harish-Chandra integral, then the Weyl group representation attached by Wallach to ¢y
with corresponds to O via the Springer correspondence.

1. Introduction

Consider a real reductive group G, as defined in [40]. Let IT be an irreducible
admissible representation of G with the distribution character ®ry, [12]. Denote by
ur the lowest term in the asymptotic expansion of ®ry, [2]. This is a finite linear
combination of Fourier transforms of nilpotent coadjoint orbits, urr = Do coflo.
As shown by Rossmann [34], the closure of the union of the nilpotent orbits which
occur in this sum is equal to WF(IT), the wave front set of the representation IT,
defined in [20]. Furthermore there is a unique nilpotent coadjoint orbit Oy in the
complexification g, of the dual Lie algebra g of G such that the associated variety
of the annihilator of the Harish-Chandra module of IT in the universal enveloping
algebra U(g) of g is equal to the closure of Oy, [6]. Moreover, the closure of O
coincides with the complexification of WF(IT), see [2, Theorem 4.1] and [34].
Let us be more specific and consider a real reductive dual pair (G’, G) in a
symplectic group Sp(W). We shall always assume that the rank of G’ is less than
or equal to the rank of G. Let I1" be an irreducible admissible representation of G,
the metaplectic cover of G’, and let I be the irreducible admissible representation
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of G which corresponds to IT" via Howe correspondence for the pair (G, G), [21].
Howe correspondence is governed by a Capelli-Harish-Chandra homomorphism

C: Uge)® — Ugp)®

which has the property that if yrp : U (gEC)G/ — C is the infinitesimal character
of IT' then y; = ym o C is the infinitesimal character of IT, see (25) below. Let
P(g(’E)G be the algebra of the G-invariant complex valued polynomials on the dual
of the complexification of g. The homomorphism C may be thought of as a “smooth
deformation" of another homomorphism

c: P(gh)C — Pt

defined by the correspondence of the semisimple coadjoint orbits induced by the
moment maps

T:W—=g* 7' W g%
T(w)(x) = (x(w), w), T(w)x) = &' (w),w), weW, xeg, x' eg,

see Lemma 10 below.

Here are some natural problems in this context. Express the character ®y in
terms of Oy, ug in terms of ur, WF(IT) in terms of WF(IT"), Op in terms of Opy.
Not much is known about them in general, though the following equality holds for
pairs in the stable range with IT" unitary

On = t(z'""1(Om)), (1

see [27]. (Under some strong assumptions the above equality holds for the wave
front sets, see [16].)

As an attempt to solve the first problem the third author constructed an integral
kernel operator Chc which maps invariant distributions on G’ to invariant distri-
butions on G, [29, Def. 2.17]. In fact, with an appropriate normalization of all the
measures involved, this operator maps invariant eigendistributions with the infini-
tesimal character y’ to invariant eigendistributions with the infinitesimal character
y' o C,

o NG 1 N\G
Che: D'(G )y, — D (G)V/OC,
see [5, (7) and Theorem 4]. There are reasons to believe that Chc(®py/) is anon-zero

constant multiple of ®H1 , where IT/ is the quasisimple admissible representation of

G whose unique irreducible quotient is IT, as in [21]. Often IT} = I1. (For instance
this equality holds when the dual pair is in the stable range and IT’ is unitary.)
By a limiting process, parallel to that one which leads from C to C, one obtains a
Cauchy-Harish-Chandra integral on the Lie algebra

che: S*(g’)OG/ — S*(g)g’,

see (62) and (48) below. Here the subscript 0 indicates the 0-eigensubspace for
the action of non-constant invariant constant coefficient differential operators, see
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Theorem 12 below. Also, the domain of chc is not always the whole space S* (g’)OG/.
The limiting process is such that if Chc(®y) is a non-zero constant multiple of
®r, then chc(uyy) is a non-zero constant multiple of upj.

In this context it makes sense to ask if chc maps the Fourier transform of a
nilpotent orbital integral [t to a non-zero constant multiple of the Fourier trans-
form of a nilpotent orbital integral /i, and how are the orbits O, O related. We
don’t know the answer in general, but offer a sort of “diplomatic solution" which
involves Springer correspondence, see Theorem 18 (or Theorem 1-a simplified
version) below.

More precisely, given a Cartan subalgebra of gc we have the corresponding
Weyl group W. The Springer correspondence associates an irreducible represen-
tation of W to each complex nilpotent coadjoint orbit, assuming the group is con-
nected. See [33] for a convenient geometric construction. We shall use this con-
struction in Appendix A to extend the notion of Springer correspondence to cover
the case when the reductive group is an orthogonal group (which is disconnected)
and refer to this extended version as the “combinatorial Springer correspondence”,
denote it by CSC, see (18) below. Thus CSC(Ory) is an irreducible representation
of W corresponding to the complex nilpotent coadjoint orbit Ory.

As explained above, [L¢ is “harmonic” with respect to the non-constant invari-
ant constant coefficient differential operators. Hence the product of the restriction
of iy to the regular set of any Cartan subalgebra of g, when multiplied by the
product of the positive roots, is a harmonic function, see Corollary 13 below. Hence
the action of the Weyl group W on the polynomial functions defined on that Cartan
subalgebra generates a representation of W. We shall refer to it as to the Weyl group
representation generated by the restriction of chc (i) to the Cartan subalgebra.

For simplicity of exposition, let us assume that (G’, G) is not a complex dual
pair. The groups G’, G come with the defining modules V', V respectively, see [19].
The complexified groups (G{C, Gc) also form a dual pair with the defining modules
V/(C) and V(C) respectively (which don’t need to be the complexifications of V’,
V). Given a nilpotent coadjoint orbit O" C g"* let O € g denote the complex
orbit containing O’. Then O" = O’ (1) corresponds to a partition A/, see [9]. Denote
by ht(1”) the height of the partition A (see Sect. 3 below).

Theorem 1. Assume that chc(ior) # 0. If the pair (G', G) is of type I, assume
that

ht(2') < dim V(C) — dim V'(C).

Let r = dim(V(C)) — dim(V'(C)) and let ». = (1) @ A’ be the partition obtained
by adding a column of length r to )" on the very left. Denote by O¢ (L) C gz‘: the
corresponding nilpotent coadjoint orbit. Then

Oc() = ("1 (Oc (V)

and the Weyl group representation generated by the restriction of chc(ioy) to any
Cartan subalgebra of g is equal to CSC(Oc(X)). In other words, in the context
of Wallach’s approach to the Springer correspondence (see Sect. 2), chc(fLor)
behaves like [L, where the complexification of O is equal to Oc ().
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In order to prove Theorem 1 we actually compute chc(fioy), see Theorem 14
below. We also show (Theorem 11) that chc intertwines the action of the algebra
of the invariant constant coefficient differential operators on g with the action of
the algebra of the invariant constant coefficient differential operators on g’ via the
canonical algebra homomorphism € (24). As a consequence, chc maps eigendistri-
butions to eigendistribution (Theorem 12), so that chc(fi¢) does indeed provide
the harmonic polynomials needed in the Springer correspondence. This may be
seen independently from Theorem 14 and results of Sect. 5.

The idea behind Chc is to make sense out of the following, often divergent,
integral

/®@@®m@@@/ (g €G),
G/

where @ is the character of the oscillator representation and IT'“ is the representation
contragredient to IT'.

In case of a dual pair defined over a finite field the above integral, with the
G replaced by G, is a finite sum which obviously converges and defines a class
function on G. This class function decomposes into a sum of several irreducible
characters ®py. In other words Howe’s correspondence often does not associate a
single irreducible representation to IT" and the situation is quite complex. We study
it in a separate article, [1].

2. Wallach’s approach to Springer’s correspondence

Let g be a semisimple Lie algebra over the reals, G € End(g) the correspond-
ing adjoint group, h C g a Cartan subalgebra and W = W(hc, G), the Weyl
group of (gc, he). Let D(g)C denote the algebra of the G-invariant polynomial
coefficient differential operators on g, and let D(h)W denote the algebra of the
W-invariant polynomial coefficient differential operators on h. Let a(x) f(y) =
%f(y +t[x, YD|r=0,x,y € g.SetZ = D(g)G N (D(g)a(g)). As a culmination of
the works of [14,24,41], and [25] we have the following short exact sequence

07— D@’ - DH\Y - 0, )

where Z — D(g)C is the inclusion and § : D(g)¢ — D(H)W stands for the
Harish-Chandra homomorphism.

Consider an invariant tempered distribution u € S*(g)G. Then, a(g)u = 0
and therefore the D(g)G-module generated by u, D(g)Gu, satisfies ZD(g)Gu =0.
Hence, by (2), D(g)Gu may be viewed as a D(f))w-module.

Let P(bh) denote the space of the complex valued polynomial functions on h and
let W be the set of the (equivalence classes of) irreducible representations of W.
The algebra D(h)W acts on P(h), as usual, and so does the group W. Furthermore
these actions commute. Wallach showed that

Ph)=> o' ®p, 3)

peW
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as a (D(h)V, W)-module, where p’ stands for a simple D(b)W-module and the
function p — p’, defined on W, is injective, see [41]. (Here o’ @ p = P(h),
is the p-isotypic component of P(h) under the action of W.) By taking a Fourier
transform on b, the symmetric algebra S(h) becomes a D(h)w-module and (3) is
transformed to

SHy=> e, )

peW

a (D(H)Y, W)-module, where g’ is a simple D(§)W-module equal to the Fourier
transform of p’.

Let 7 € P(h) be the product of all the positive roots for the pair (g¢, hc), with
respect to some fixed order of the roots, "¢ = {x € h; w(x) # 0} the subset of the
regular elements and let C C h"“8 a connected component. Let O C g be a nilpo-
tent G-orbit and let up € S*(g) be the corresponding invariant measure, as in [32].
Let 1o be the Fourier transform of ¢ defined with respect to a non-degenerate
G-invariant symmetric bilinear form on g. According to Harish-Chandra Regularity
Theorem, [15], 1 is a function on g. Wallach showed that there is a unique p € W
such that, in terms of (4), D(g)G 1o = p’ and that

(hom)|c € P(h),lc, )

where (i1 is viewed as a function on b8 and |¢ stands for the restriction of func-
tions from bh"*8 to C. Wallach deduced form [18] that p corresponds to the complex
orbit Oc = G¢cO C gc via the Springer correspondence, [38].

3. Representations of the Weyl groups

Fartitions, tableaux, tabloids, etc.: Let n be an integer. A partition of n is a finite
sequence A = [A] > Ay > --- > A > 0] of integers A; such that fozl Ai = n.
Let ht(X) denote the height of the partition X (that is, the largest i with A; # 0).
Flipping a Young diagram of a partition A of n over its main diagonal (from upper
left to lower right), we obtain the Young diagram of another partition A of n, which
is called the conjugate partition of A. Thus, for A = [A1 > Ay > --- > At], we have
h=[ra="r=---="nl,wherel = Apand‘A; = |{i : | <i <k, A > j}|
forl <j <l

First we consider the group of permutations of n letters, W = &,,. The irre-
ducible representations of W are parameterized by partitions A = [A] > Ay >

- > M) of n as follows. A tabloid of the shape A is the Cartesian product

Ap X Ay X -++ X A, where Ay U A U---UA ={1,2,...,n}and |A;| = A;.
The group &,, acts on the set of all the tabloids of shape A in the obvious way. Let
V,. be the complex vector space spanned by all the tabloids of shape A.

A tableau T of shape X is defined to be the Young diagram of A filled labels
1,2,...,n, which are increasing (from left to right) in rows and (from top to bot-
tom) in columns:
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T =

[w[] —
[}
Q

To every tableau T we associate a tabloid {7} equal to the Cartesian product of the
sets made of the rows of T':

{T}={1,4,6} x {2,5,7} x {3}.

Let C(T) € G, be the subgroup preserving the columns, T, T, ..., Ty of T.
A polytabloid of T is the element of V, defined by

> sgn(o)a{T}. (6)

oeC(T)

The subspace of V), spanned by all the polytabloids is irreducible under the action of
&, isdenoted by S, and is called the Specht module corresponding to A. This estab-
lishes a one to one correspondence between the partitions of n and the (equivalence
classes of the) irreducible representations of the group &,, (see for example [22]).
The trivial representation and the sign representation correspond to the partitions
(n), (1), respectively.
We would like to realize each S, in the space of the polynomials C[x1, x3, . . ., x,].

This is done as follows. Let #;1, #;2, . . ., t;3, be the ith row of a tableau 7. We asso-
ciate to T the product

htn)

II i—1_i—1 l 1
xtzl xt12 tL)L :

For the above example we get
0.0 0
Xy xg Xg
1.1 .1
)Cz )CS )C7 .
2
X3
This extends to a G, -intertwining map from V), to C[x1, x2, ..., x,,]. The restric-
tion of this map to S, is not zero. In fact, the image of (6) is equal to the product
of the Vandermonde determinants made of the variables which are in the columns
of T:

Ar = A A, - Ag,.

Here

Aty = (m — xp) (X — xj) (xp — x;) if T =

The polynomial A7 where Ty = (1,2,3,...,"A1), T» = (‘A1 + 1,741 +
2,2 +3,...,"A1 +A2), ..., shall be denoted by A;. The &,-submodule of
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Clx1, x2, ..., x,] generated by A, is isomorphic to S, and shall be denoted by p;,..
It occurs in the space of the homogeneous polynomials of degree n(A), the degree
of the polynomial A;, which is the sum of the degrees of the corresponding Van-
dermonde determinants. This number may be visualized as follows. Fill the first
row of Young diagram A with zeros, the second row with 1s, the third row with 2s
and so on. Then add all these numbers. The result is n(A). This is the lowest degree
in which (an isomorphic module to) p; occurs in C[xy, x3, ..., x,] and it occurs
in this degree with multiplicity one (see [26] or [11, 5.4.4]).

Now we consider the hyperoctahedral group W,, = W(B,), which is equal
to the semidirect product of &, acting on (Z/27Z)". There is a unique character
sgncp @ Wn — {£1} whose restriction to the normal subgroup (Z/27)" is the
product of the sign characters and that is trivial on the subgroup S,,. The kernel of
sghcp , i isomorphic to the Weyl group W (D,,). The restriction of the character
sgncp , to the subgroup Wy, of W, equals the character sgncp, ,,_;. Because of
this, we will denote sgncp, ,, simply by sgncp.

Let (&, n) be a pair of partitions with |§| = s, |[n| = ¢t where s + ¢ = n. We
extend the action of the group &, on the Specht module S to an action of the Wi by
letting (Z/27Z)° act trivially. Similarly, we extend the action of the group G, on the
Specht module S, to an action of the W; by letting each Z /27 act via the non-trivial

character. The induced representation IndVWV’:X w, (St ® S,) is irreducible. This way
the irreducible representations of W, are parameterized by the pairs of partitions
of n (see [26]). The trivial representation of W,, corresponds to ((n), ) while the
sign representation corresponds to (4, (1)) and the representation afforded by the
character sgn¢p, = sgnep , corresponds to (4, (n)).

Let Ag j be the product of A¢ (in the variables xlz, x%, Cel, xsz), Ay (in the vari-
ables xf 1 xf IEIRERS x,zl) and the monomial x4 1X542 ... x,. The W, -submodule
of C[x1, x2, ..., x,] generated by Ag , is isomorphic to the irreducible represen-
tation corresponding to (£, 7). We denote it by p( ;). It occurs in the degree

2n(§) + 2n(n) + Inl. )

As in the previous case, this is the lowest degree in which (an isomorphic module
to) p(e,n occurs in C[xy, x2, ..., x,] and it occurs in this degree with multiplicity
one (see [26] or [11, 5.5.3]).

Notice the following formulas

max deg, A;(x) =ht(A) —1, ®)
1<j<n J

max deg, Ag,(x) =max{2ht(§) — 1, 2ht(n)} — 1.

1<j<n

Definition 2. A partition X is called symplectic (resp. orthogonal) if each odd (resp.
even) row occurs with even multiplicity.

For N a given integer, let P*P(N) (resp. P°"(N)) denote the set of symplectic
(resp. orthogonal) partitions of N.

Though this article concerns real reductive dual pairs, the combinatorics
involved carries over to a study of dual pairs over a finite field. Therefore, for



88 A.-M. Aubert et al.

future reference, [1], we consider K, an algebraically closed field of characteristic
p > 0, with p # 2. (The field K could be equal to C, of course.) For each group
G = GL,(K), Sp,,,(K), O2,+1(K) or O2,(K) we have the defining module K",
2", K2+1 K2 respectively. The nilpotent orbits in the corresponding Lie algebra
are parameterized by partitions A of the dimension of the defining module, as in
[9]. The partition A is symplectic (resp. orthogonal) if G = Sp,,, (K) [resp. Oz, (K)
or 02,41 (K)].

We will now recall the algorithm described in [8, 13.3]. To each partition A =
(A1 = Ay > --- > A) we attach the sequence of B-numbers

A=) <A3<--- < Ap), defined by 17 = Ag—jp1 +j — Lfor1 < j <k
)
For instance, we have

(m*=m, (-1D0%"=(n),
(n—2,2"=@2,n—1, (n—2,1,)%=(1,2,n).

(In the proof of Proposition 5 below it will be simpler to work with partitions with
increasing terms, A = (] < Ay < --- < Xg) where A; 1= Ak—it1)-

Consider a symplectic or orthogonal partition A and the corresponding group
G. We ensure that the number of parts of A has same parity as the defining module
of G, by calling the last part O if necessary. Thus A1 > Xy > --- > do (resp.
A=Ay >0 = Ayey1) if G = Spy, (K) or Oz,(K) [resp. G = Oz,,41(K)]. We
then divide A* into its odd and even parts. Let the odd parts and the even parts of
A" be

2650 +1 <285 4+1 <+ <25 +1 (resp. 2§, +1) and
2n) <25 < -0 <21y,
respectively. Then we have
0<E& <& <-- <& (esp. &) and 0<nj <n5 <--- <.

Next we define § := &, | — (k —i) and n; ;== n;_; | — (k — i) foreachi. We
then have §; > &4+1 > 0, n; > ni41 > 0, and || + |n| = n.
Thus we obtain an injective map

A= (&) (10)

from PP (2n) or P°"(2n) [resp. P°"(2n + 1)] to the set of pairs of partitions
of n.

The following lemma and corollary are going to use them in the proof of
Theorem 18.

Lemma 3. Let A be either a symplectic or an orthogonal partition and let (§, 1)
be the corresponding pair of partitions. Then

| max{2ht(§) — 1, 2ht(n)} if |\ iseven,
ht(”—[max{zht(g)—1,zht(n)+1} if 1A s odd. an
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Proof. Let A be a symplectic partition.

Suppose ht(r) = 2k. If Aok is even then n; # 0. Thus ht(X) = 2ht(n). Since
ht(§) < k, (11) follows. If Ao is odd then Ayt = Ay is odd. Hence, A5 > 2 is
even. This is the smallest even part of A*. Therefore ht(1) = k and (11) follows.

Suppose ht(A) = 2k — 1. Since Ay = 0, ht(n) < k. If Ay, is even then A’Z‘ is
odd and greater or equal to 3. Therefore ht(§) = k and (11) follows. If Ap;_1 is odd
then Ar;_» = Apr_1 and therefore A;‘ = Ak—2 + 2 > 3 is odd. This is the smallest
odd part of A*. Thus ht(§) = k and (11) follows.

Let A be an orthogonal partition with |A| even. Then ht(}) = 2k.

If X2k is even then ht() = k and (11) follows. If Xy is odd and greater than
1 then A7 > 1. Hence the smallest even part of A* is positive. Thus ht(n) = &,
which implies (11). If Ap; = 1, then A5 > 1, which implies ht(y) = k. Again (11)
follows.

Let A be an orthogonal partition with [A| odd. Then ht(A) = 2k + 1.

If Aok is even, then ht(§) = k + 1 and ht(n) = k. Thus (11) follows. If
Mk+1 > 1 is odd, then ht(§) = k + 1 and ht() < k, which implies (11). If
Ak = 1, then ht(§) = ht(n) = k, which implies (11). o

By combining (8) with Lemma 3 we deduce the following Corollary.
Corollary 4. For any partition A,

max deng Ay (x) =ht(h) — 1. (12)

1<j<n

For a symplectic or orthogonal partition A and the corresponding pair of partitions

&, m
max deng Agp(x) =ht(h) — 1, (13)

I<j=n

unless A is orthogonal with |\| odd and 2ht(§) — 1 < 2ht(n) + 1. (Equivalently the
smallest part of A is 1.) In this case

max deng Ag p(x) =ht(d) — 2. (14)

l<j=n

4. Springer correspondence

For an irreducible complex dual pair (G, G’), let T, T’ be the corresponding moment
maps. We assume that the rank of G’ is smaller than the rank of G. Let O (L) denote
the nilpotent orbit in the Lie algebra of G parameterized by the partition A and let
O()) denote the closure of O(1).

Given a nilpotent orbit O()') there is a unique partition A such that

(771 O0N))) = 00, (15)
see [10]. Let V be the defining module for G and V' for G’. If

ri=dim V — dim V' > ht(}/), (16)



90 A.-M. Aubert et al.

then [10, Theorems 5.2, 5.6] show that A is obtained from A’ by adding a column
of length r on the very left. [The condition (16) implies, that in the notation of [10,
Definitions 5.1, 5.5], we are in the case where iy = r + 1 and r;, = 0.] In other
words,

r=1) @M, a7

that is, if A’ = (A} = A5 > --- = 1},) (here K’ = ht(1)) then A = (A1 > A2 >

- > A;), where ,; = A + 1for 1 <i < k, with the convention that A} = 0
for K + 1 < i < r. Itis clear that the partition A defined by (17) has the right
type. Indeed, if A’ is symplectic, the condition that each odd row of A" occurs with
even multiplicity implies that each even row of A has the same property. Hence A
is orthogonal. If A" is orthogonal, each odd A; with 1 < i < k’ occurs with even
multiplicity. In particular, it implies that the height of A has same parity as r, that
is, r — k' is even. Hence A is symplectic.

Springer constructed irreducible representations of the Weyl group in coho-
mology groups of varieties associated to nilpotent orbits, [38]. This is known as
Springer correspondence. We shall use a combinatorial description of this corre-
spondence, which may be found in [8], Section 13.3. (The description in [9] for the
group Sp,,, (C) is incorrect and for the group O,, (C) is rather sketchy.) Since the
orthogonal group Oy, (C) occurs as a member of dual pair, we need a “Springer
correspondence” in this case, which seems to be unavailable in the literature. In
order to include this case we provide an extension of Rossmann’s approach to the
Springer correspondence, [33], in Appendix A.

If G = GL,(K) then the Weyl group coincides with G, and the Springer
correspondence associates to an orbit O()) the representation p;,.

In all remaining cases the Weyl group is the semidirect product of G,, acting on
(Z/27)". For the groups Sp,, (K) and O2,+1(K), we associate the representation
ps.y to the orbit O(X), where (£, n) := ¢(A), with ¢ defined by (10).

Consider the group O, (K). In this case the nilpotent orbits are parameterized
by partitions A of 2n where the even rows occur with even multiplicities. We attach
to such a partition A the ordered pair of partitions (£, n) defined by (&, ) := @(1).
Then we associate to O(1) the representation py .

Thus in any case we have a “combinatorial Springer correspondence”

CSC: O~ p, (18)

which is compatible with our extension of Rossmann’s work, [33], as explained in
A2.

The following proposition shows what happens to the Weyl group representa-
tions if we map a nilpotent orbit from one Lie algebra to a nilpotent orbit in the
other Lie algebra via the moment maps, as in (15), and apply our “combinatorial
Springer correspondence”.

Proposition 5. Let (G, G') be an irreducible reductive dual pair of type I over K,
and let O()') be a nilpotent orbit in the Lie algebra of G’ satisfying the condition
(16).
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Let O(A) be the corresponding orbit in the Lie algebra of G, as in (15), or
equivalently in (17). Let CSC(O(X)) = pgr ,y and CSC(O(L)) = pg. . Let € be
the difference of the rank of G and G'. Then

(@& n) if G =Spy(K) and G =0y(K)
E,.0Hen) if G =0y K and G =Sp,,K)
(Y en. &) if G =8py, (K and G =04 K)
(H @&, n) if G =0y41K and G =Sp,,(K).

&.m= 19)

Proof. We proceed via a case by case analysis and write the partitions in the increas-
ing order (A < Ay < ---)asin [8].

Case G’ = Sp,,/(K) and G = Oy, (K).

Here \] <Ay <---<1j, and A = (127=27"y @ ). Therefore,

it 1<j<2n—2n—2k,

J
A o T Of 2n —2n' —2k < j <2n—2n,

M=ajt+j-l=
j—2n+2n

where A;_2n+2n,+2k +j= 1/7_2n+2”,+2k + 2n — 2n’ — 2k + 1. Therefore,

2k =2v if 2<2v<2n-—2n —2k,
2 =287 +1+2n—2n"=2k+1if v=n—n"—k+V, 1<V <k
Thus,

nE=v if 1<v<n-—n —k,

=% +n—n—k+1if v=n—n'—k+, 1<V <k

Ifl<v<n-—n'—kthenn, =nf—v+1=1Kfv=n—n"—k+ and
1 <V < kthen

m=n—-v+l1=%4+n—-n"—k+1—n+n"+k—v'+1
:g/t,—l)—i-l—i‘lzg{)/

Thus n = (1Y) @ &'.
Similarly,

2Ej+1=2v—1 if 1<2v—-1<2n-2n"-2k—-1,
2§j+l:2n"f,+2n—2n’—2k+1 if v=n—n'—-k+v,1<V <k.

Ifl<v<n-—n —k, then
£, =& —v+l=v—1—v+1=0.
Ifv=n—n"—k+v and1 <V <k then

g =& —v+l=nS4+n—n"—k—v+l=n%4+n—n"—k—n+n
+k =V + 1=,

Hence, £ = n’. Recall that in this case we associate to A the pair (1, &), which (as
we just computed) is equal to ((1°) @ &', ).
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Case G’ = 0,,/(K) and G = Sp,, (K).

Here, A/, A, & and 1 are exactly as in the previous case except that we associate
to A the pair (£, 1) = (n/, 19 ® &).

Case G’ = Sp,,,(K) and G = Oy, 41 (K).

Here, M| <2, <--- <), and A = (121=20"+1y @ )’ Therefore,

[j if 1<j<2n—2n+1-2k
J

)"/j—2n+2n’—l+2k+j if 2n—2n"4+1-2k<j<2n-2n"+1,

¥£eref)‘;—2n+2n’—1+2k T =" g 20 =20+ 1 =2k 41
erefore,

265+ 1=2v—1 if 1<v<n—n+1-—k,
2654+ 1=28" +14+2n—-2n"+1-2k+1if v=n—n"+1-k+/,
1<V <k.

Thus, forl <v<n—-—n"+1—k,
&, =& —v+1=0
and for the remaining v,
& =& —v+1=%4+n—-n"+1-k—v+1=§"% -V +1=§.
Hence, £ = &’. Also,

2nk =2v if IT<v<n-—n —k,
2y =2n" +2n—=2n"+1-2k+1if v=n—-n"—k+V, 1<V <k

Thereforen, = 1,ifl <v <n—n'—k.Mfv=n—n'—k+vand1 <V <k,
then

m=n—v+l=n%+n—n"+1-k—v+1l=n,+1

Hence, n = (1) @ 1/". Thus (€. ) = (' (1) @ n").

Case G’ = 0,711 (K) and G = Sp,,,(K).

Here, \] <A < --- <1}, _,and A = (12”’2"/’1) @ 2’'. Since the number
of the parts (rows) of A is odd, we introduce artificially A; = 0, as required by
Lusztig’s algorithm [8]. Then

)"1 = 07 )"2 = 17 )"3 = 19 AL ] )\2)1—2n’—2k+1 = 17
An—ow—2k+2 =M+ 1, Mnoow—ok43 = Ay + 1,0, Agyoow = Ay + L.
Hence,

A=0, A =2, A=3,.0, Mooy =20 —2n" =2k +1,
)“;11—211’—216—&-2 Z)‘/T+2n_2n/_2k+2’ )‘;n—2n’—2k+3 Z)‘/§+2n—2n/—2k+2, e,
Ny o =A% +2n—2n" —2k+2.
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Therefore,
=18 =2 &=3,..., S:_n/_kzn—n’—k,
Er=&%+n—n"—k,v=n—n"—k+v.
Thus,
=1L &6=188=1... §vi=1
g, =E%4+n—n'—k—v+1=¢ +1.
Hence, & = (1%) @ &'. Therefore,

=0, m=1n=2...,n_,,=n—-n"—k—1,
=0t 4+n—n"—k,v=n—n"—k+'.
Thus,
771 209 772=Oy n3=09"" nnfn/sz(x
m=n%+n—n—k—v+1=n,.
Hence, n = 7'. O

5. W-harmonic polynomials

For a Weyl group W, as before, let us define the type of W, say [W], to be A if
W = &,, and B otherwise.

Let HYC[x1, x2, ..., xu] € Clx1, X2, . . ., x,] be the space of the W-harmonic
polynomials. Let

AN = A (20)
AB = Ay ) (21)

Then
HWC[x1, x2, ..., %00 = C[01, 82, ., 30 AW (xp, 3o, o). (22)
Lemma 6. If f € Clxy, x2, ..., x,] transforms under the sign representation of

W then it is divisible by AW,
For both (22) and Lemma 6, see [17].

Corollary 7. For any irreducible representation p of the Weyl group W, the cor-
responding polynomial A, is W-harmonic. (In this notation we identify p with the
corresponding partition or a pair of partitions.)

Proof. Let D € C[dy, 0, ..., 0,] be W-invariant of positive degree. Suppose W =
S,. Then A, = Ay = Ar, where T is the standard tableau, as in Sect. 3. A7 is
skew-symmetric with respect to the group C(7T) € &,. Hence, sois DAr. Lemma
6 implies that it is divisible by A7. However the degree of DA is smaller than
the degree of Ar. Therefore, DA = 0.

The case W # G, is analogous. O
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Let (G, G’) be a complex dual pair with the rank of G equal n and the rank of
G’ equal n’ < n,andlet £ = n — n'. In these terms define the following map.

Clxi,x2,...,xp]13 P = QeClxy,x2,...,x4],
(23)
O(X1, X2, ey Xty oo Xp) = P, X2, oo, X)) A p (K15 Xnrg2,s - o5 X)),
where

(1Y if (G,G') = (GL,(C), GL,(C)),
(15,9) if (G,G') = (02,(C), Spy, (T)),
p=119 if (G,G') = (Spy,(C), 0y (C)),
@, 1% if (G, G') = (02441(C), Spa, (C)),
(15,9 if (G,G') = (Spy,(C), 021 (C)).

Lemma 8. The map (23) sends W'-harmonic polynomials to W-harmonic polyno-
mials.

Proof. We see from (22) that there is a differential operator D’ such that P =

D'AW'T Notice that AW (xy, xa, e X ) A (X1, X2, oo, Xp) is W-har-
monic (by the argument used in the proof of Corollary 7). Hence, by (22), O
is W-harmonic. ]

(Lemma 8 also follows from Corollary 13 below.) As an obvious consequence
of Proposition 5 we obtain the following Theorem.

Theorem 9. Let (G, G') be an irreducible complex dual pair and let O()) be a
nilpotent orbit in the Lie algebra of G’ satisfying the condition (16). Let O (L) be
the corresponding orbit in the Lie algebra of G, as in (15). We identify CSC(O()"))
and CSC(O()) with their realizations in harmonic polynomials as in Sect. 5. Then
the image of CSC(O (X)) under the map (23) is equal to CSC(O(L)).

6. Differential operators and chc

Let G, G’ be a real reductive pair acting on the symplectic space W, with tk(G) >
tk(G’), as before. Let 7 : W — g*, v/ : W — g’* be the corresponding moment
maps. Let P(g(*C)G be the algebra of the G-invariant complex valued polynomials
on the dual of the complexification of g. There is an algebra homomorphism

c:P(e)° - P, (24)

determined by f ot =c(f) o1/, f € P(gc)C. (See the beginning of the proof of
Lemma 10 below for an explanation).

Similarly, if U (gc)® denotes the algebra of the G-invariants in the universal
enveloping algebra of g over C, then we have the Capelli Harish-Chandra homo-
morphism

C: Uae)" — U, (25)
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which determines the relation between the infinitesimal characters for represen-
tations which occur in Howe’s correspondence, [28] or [30]. (Specifically, if a
representation IT with the infinitesimal character yry : U(gc)® — C corresponds
to a representation IT" with the infinitesimal character yr : U (géC)G/ — C, then
vy = ymr o C.) Recall the symmetrization map, from the symmetric algebra S(gc)
onto the universal enveloping algebra U (gc)

s : S(ge) — Ulgo). (26)

[14]. The action of C* on gc, gc 2 x — fx € g¢, extends to an action on S(gc),
denoted by

S(gc) o u — tu € S(ge). 27)

We shall identify the symmetric algebra S(gc) with the polynomial algebra on
the dual P(gr). Then r.u(§) = u(t§), § € gg. Also, since the Lie algebra b is
commutative, U(hc) = S(he) = P(hE).

The following Lemma points to a known fact that C is a “smooth deforma-
tion/quantization” of C.

Lemma 10. The following formula holds
lin(l)t_l.s_l(C(S(t.u))) =cu) (ueSe)®.
t—

Proof. The map (24) may be explained in more detail as follows. Let us view the
symplectic space W as the odd part of the Lie superalgebra corresponding to our
dual pair. Then we may talk about the semisimple elements in W. Every semisimple
GG'-orbit in W passes through a Cartan subspace h; € W, [31]. Let us identify
g with the dual g* via a G-invariant bilinear symmetric non-degenerate form on
g, and similarly for g’. Then the moment maps 7 and t’ take values in g and g’
respectively. The linear span, span(z’(h;)) C ¢, is a Cartan subalgebra of g'. Also,
the subset

{(T'(w), T(w)); w € b1} S span(z’(h1)) x span(z(h1))

extends to a linear bijection

span(z’(h1)) — span(z(h1)). (28)
We shall use (28) to identify
span(z’(h1)) = span(z(h1)) (29)

and denote both by §’. Thus b’ is a Cartan subalgebra of g’ and a commutative
subalgebra of g, consisting of semisimple elements. In these terms, f € P(gc) and
c(f) e P(géc) have the same restriction to b’, and this determines the map c.

Next we recall the definition of the homomorphism (25), [30, (5.5)]. Let3 C g
be the centralizer of ) and let 37 be the orthogonal complement of b’ in 3 so that
3 =10 ®3". Denote by Z, Z" C G the corresponding subgroups. Let

Var - UGS — UMW (30)
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be the Harish-Chandra isomorphism and let
I Z/l(géé)z —C 3D

be the augmentation homomorphism, if G’ is not an orthogonal group of type B, i.e.
G’ # Opyq. If G is an orthogonal group of type B, then 3” is a symplectic Lie alge-
bra and we denote by €, the infinitesimal character of the oscillator representation
of 3. (Unfortunately, this case is misrepresented in [30], but the necessary correc-
tion is easy (see http : //crystal.ou.edu/ tprzebin/chch_corrected.pdf). The
corresponding statement in [28] is correct.)

Fix a Cartan subalgebra 7 C 3. Then )’ C b, b is a Cartan subalgebra of g and

C:U@e)® — UMW - UGe)? — UM — U@p®. (32
Valy v 1®¢; vl

The isomorphism (30) is constructed as follows, [40, sec. 3.2]. Fix a system of
positive roots of b in g¢ and let n* denote the sum of the corresponding positive
root subspaces of gc¢. Similarly, n™ is the sum of the negative root subspaces so
that gc =n~ @ hc @ nt. Then

U(ge) = Ube) & (v U(ge) +Uge)n ™). (33)
Denote by
Pg/p : U(ge) — Ue) (34)
the projection onto the first summand. Similarly we have
S(gc) = S(he) & (" S(ac) + S(ac)n™). (35)
Let
Ry S(gc) — She) (36)

be the projection onto the first summand. If we identify the symmetric algebra with
the algebra of the polynomials, as above, then (36) coincides with the restriction
from gc to hc.

Since h is commutative, U (hc) = S(hc). Therefore

Pgpos: S(ge) = Se).

Furthermore,
}iirg)t_l.Pg/h os(tu) = Rypu)  (u € S(ge)). (37)

Indeed, if u € S(h¢) then

1

17 Py os(tu) =1t " Pyy(tu) =1""(tu) = u

and (37) follows. Suppose u € (n~S(gc) + S(ge)n™) is homogeneous of degree
d > 1. Then Pyp o s(u) € S(he) is a sum of terms of degrees smaller than d.
Since t.u = t9u, the left hand side of (37) is zero. In this case the right hand side
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of (37) is also zero. Since a general element of the symmetric algebra is the sum of
the two elements just considered (37) follows.
For p € b let

Tr, : P(h%) — P(hE) (38)

denote the translation by p, that is the linear map which transforms f () to f(§ —p).
If we identify the polynomial algebra with the symmetric algebra then (38) coin-
cides with the unique linear map

Tr, : S(he) — S(he) (39)
which is obtained from the linear transformation
bcs X — X — p(X) € S(he)
via the universal property of S. We see from the definition that
Tr;1 =Tr_, and Tr,(t.u) = t.Trs, (u). 40)

If p = pgis equal to one half times the sum of all the positive roots, then the restric-
tion of Tr, o Py tolUd (gc)C is the Harish-Chandra isomorphism vg/y- Notice that,
by (40) and (37),

t_l.oTrpo'Pg/boSot. = l‘_l.oTrp ot.o(t .o g/hoSot.)

. (41)
=Tr;p o (2 .Opg/bOSOl.) t:)O TI'()ORg/b = Rg/yp-
Furthermore,
1.(S(80)%) = S(ge)? and s(S(80)?) = U(go)°.
Therefore,
}iirg)t_l. oYgmoSot.(u) =Rypw) (ueS(ge)°), (42)
and by taking the inverse,
L] —1 —1 _ p-1 w
tll_l)l‘(l)l‘ .08 oyg/hot.(u) _Rg/h(”) (ueShe)™). (43)
Moreover, if €, is the augmentation map then clearly
lim(t ' o(1®en)oSot.) =Ry 44
lim (1.0 (1@ ) 08 01.) = Ry (44)

is the restriction from 3¢ to béc. Suppose €5 is the infinitesimal character of the
oscillator representation of 3”, or in fact any algebra homomorphism from 2/ (5&’:)2
to C*. Let h” C 3" be a Cartan subalgebra. Then there is an element A € h-*
such that €;/(z) = yy7 /i (2)(A) for z € L{(géé)z. Hence, (43) shows that for any

u € SGLH)%
63//(t.u) = yjn/hu(s(t.u))(k) = (t.l_l.)/3///[)//(3([.14)))()»)
= (t" Ly (S(tu)))(t.2) = Ry )(0) = u(0).
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Therefore the equation (44) still holds when both sides are applied to an element
of S(gc)C.
Furthermore,

t.os'oCosort.

= (t_l. os lo )/;,/]b, ot.)o (t_l. o(l1®ey)osot.

1 —

o(t” .08 ! oyjﬁiot.)o(fi1 oygmoSot.).

Hence, (37), (42) and (44) show that

lim¢~!

—1 —1 —1
lim .08 OCOSOt':Rg//b’oRz/h’ORa/boRG/hZC-

Let

d
)Y (y) = Et/f(y +1xX)i=0  (x,y €9, ¥ € C¥(g)).

The map 9 extends to an isomorphism from S(gc) onto the algebra of the constant
coefficient differential operators on g. Recall the Cauchy Harish-Chandra integral

che : C2(g) — C® (g7, (45)
[5,29], where g'"¢$ is the set of the regular semisimple elements in g’.
Theorem 11. The following formula holds,
o(c(u)) ochc =chcod((—.u) (ue S(g(c)G).

Proof. Recall that G’ denotes the preimage of G’ in the metaplectic group, G’ is
the set of the regular semisimple elements in G’ and let L be the left regular represen-
tation. We shall use analogous notation for G. Recall the Cauchy Harish-Chandra
integral

Che : CX(G) — CX(G7*8)Y, (46)
and the formula
L(C(u))oChc=ChcoLm) (uc Z/l(gc)G), 47)

where u — 1 be the involution on the universal enveloping algebra, extending the
map gc d u — —u € g¢, [5, Theorem 3]. Furthermore, the following equation
holds,

lim tm/Chc(—E(tx/)E(tx))w(x) dx
t—0+

¢ (48)

= @(—T)/chc(x’ +x)Y(x)dx (X' €g"¢, ¢y e CX(g)),
g
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where ¢ : g > x = (x + 1)(x — 1)~! € G is the Cayley transform (defined where
x — 1 is Invertible), ¢ : g — G is a lift of ¢, m is one half of the dimension of the
symplectic space W and @(—1) € C is the value of the character ® of the under-
lying oscillator representation at the preimage of minus identity in the metaplectic
group, [29, Theorem 2.13]. Our Theorem follows from (46) and (48), as explained
below.

Let c_(x) = —c(x), so that c_(0) = 1. For y € g we have the differential
operator L(y) on the group and its pullback to the Lie algebra, c* (L(y)) defined
by

LY ) = L)W ocZh)oc ().
Recall the following formula
1
LY (x) =2 (E(x —Dy(x + 1)) v (x), (49)

[30, (2.3)]. We also have

1
LY () =2 (E(x —Dy(x + 1)) ¥ (x). (50)
Indeed, by definition, the left hand side of (50) is equal to

d 1d
T (W o) exp(=ty)e)i=o = 5EWc(c_(zyr‘c(x)))hzo,

because ¢ = ¢! and the derivative of c_ at zero is two times the identity. Notice
that ¢~! (g) = c(—g). Hence,

cle—() ') = e(—c(») te@) = e @) = T e(=y)ex))
==l e-(=p)e- () = 2 e e- ().
Thus (50) follows from (49). Let
Sy (x) =@ 'x)  (1eR,xeqg).
Then
(81X (L(=2ty)8) ¥ (x) = (1 — tx)y(tx + 1) (x) (51

and

(81" (LQ2ty)s) Y (x) = (1 — tx) (=) (tx + D) (x). (52)
Indeed, the left hand side of (51) is equal to

(2 (L(=2ty)3) Y (tx) = X (L(=2ty)) (8 ¥) (tx)
=9 (%(tx — D(=2ty)(tx + 1)) (619 (1x)

P (%(m — ) (-2y)0ex + 1)!‘) Y ().



100 A.-M. Aubert et al.

which coincides with the right hand side. Similarly, the left hand side of (52) is
equal to

(" (L2ty))8) v (tx) = ¢ (L(21y)) (8:9) (1)
1
=9 (E(tx — D2ty)(tx + 1)) (89 (1x)

= (50 - nener+ )y,

which coincides with the right hand side.
In particular, (51) and (52) imply

llgr(l) 8i—10c (L(S((=21).u))) 08 = d(u)  (u € S(gc)), (53)
and
tli_I)% 8—10c"(L(s(2t).u))) 08 = d((=D).u)  (u € S(gc))- (54)

Let ¥, = t— 9™ 85,4/ In these terms, (48) shows that for r > 0,

t'"/ChC(E(tx/)g)(wr0521)(g)dg=tm/ChC(E(IX’)5—(X))I/fz(X)j(X)dx

A g
=" / Che(—¢(tx"e(tx)) P (x) j(rx) dx o O(=1)(0) (55)
g
x/chc(x’-i-x)lﬂ(x)dx
g

where j(x) is the Jacobian of c_. On the other hand, since S(uf = s((—1).u) for
u € S(gc)?, (46) shows that

L(C(s((21).10))) / Che(g') (W1 0 &) (g) dg
G

(56)
- / Che(g'9)L(S((—20).a0)) (W 0 &) (g) d.

G
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By (53) and (59),

tm/ChC(E(tx’)g)L(S((—Zt)Jt))(l/fz o) (g)dg

G
=t”'/ChC(E’(tX’)f—(X))L(S((—2t)-u))(1ﬂr05:1)(5—(X))j(X)dx
9

=tm/ChC(E(tx/)5—(X))5*_(L(S((—2t)-u)))wt(X)j(X)dx

g

=tm/Chc(E(tx’)G,(tx))GSﬂZ{(L(S((—Zt).u)))St)l/f(x)j(tx)dx
g

t_)—>0+®(—i)j(0)/ChC(x/-l-X)(a(u)I/f)(X)dx-
g

Moreover, if g’ = ¢(tx"), then

L(C(s(20).u))i"™ / Che(g'g) (W1 0 &) (g) dg

G

= (5t—15*(L(C(S((2t)-u))))5z)tm/ChC(f(IX’)g)(I/ft o) (g)dg

G
We see from Lemma 10 and (54) that

(8,-18*(L(C(s((21).1))))é;)
= (8,-18"(L(s((2).2) " L.s7LC(s((21).))))8:)
T ac((—1).u)).

Therefore,

MLC(S((20).4)) / Che(@(x)g) (W 0 &) (g) dg
G

13+ O(=1)j(0)d(c((—1).u)) / che(x" + x)¥ (x) dx.
g

The theorem follows from (56), (57) and (60).

(57)

(58)

(59)

(60)

O

A G-invariant distribution f on g is called an S(gc)C-eigendistribution if there

is an algebra homomorphism y : S(gc)® — C such that
fodw=ywf (ueSE)).

(61)

By Harish-Chandra’s Regularity Theorem on a semisimple Lie algebra, [15, The-
orem 1], any such distribution coincides with a locally integrable function which

is real analytic on g"“s.
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For a G'-invariant, S (géC)G/—eigendistribution f/ on g’ define a G-invariant dis-
tribution chc(f’) on g by the formula

chC(f/)(W)=Z|W(H,)| / £ gy ) Pche@) @) dx',  (62)

b/reg

where ¢ € C2°(g), the summation is over a maximal family of mutually non-con-
jugate Cartan subgroups H' € G, W(H') = W(H', G’) is the Weyl group of H' in
G', gy is the product of all the positive roots of b’ in g under some fixed order
of roots, and we assume that all the integrals in (62) are absolutely convergent. We
shall quantify this last assumption later, in (94), for the case when f” is the Fourier
transform of a nilpotent orbital integral.

Theorem 12. If f' is a G'-invariant S (gZC)G/-eigendistribution corresponding to
a homomorphism y’' : S(gEC)G/ — C as in (61), then chc(f') is a G-invariant
S(gc)C-eigendistribution corresponding to the homomorphism y : S(gc)® >
u— y oc((—=1).u) € C.

Proof. Let ¢ € C2°(g). Fix a completely G’-invariant open set /' C ¢’ and a
subset K’ C U’ which is compact, modulo the conjugation by G’. Assume that the
closure of U’ is also compact modulo the conjugation by G’. Then, by [7, Corollary
2.3..2] there is a smooth G’-invariant function x supported in ¢/’ which has values
between 0 and 1, and is equal to 1 on K’. Theorem 1 in [5] says that the function
che(y) satisfies the conditions Z;(g'), Zo(g') and Z3(g’) in [7, page 171]. Hence
the product x che(yr) satisfies Z;(g"), Z>(g'), Z3(g') and Z4(g’). Therefore, by [7,
Theorem 4.1.1 (i)], there is a function ¥, € C2°(g’') whose orbital integrals are
equal to x chc(y):

I = / Yy (gx)d(gG™) = x(x') che()(x')  (x' € g"®).
G/ /G
(63)
(Here G’ is the centralizer of x’ in G’.)

If the sets K’ C U’ increase to fill up ¢, i.e. x — 1, then by Lebesgue’s
Dominated Convergence Theorem,

che(f) ) = }2“12|W<H/)| / Oty ) P ) eche () (x') d
h/reg
= tim 3 s [ 6O PIO)) d
bres
= lim f'(Yy). (64)
x—1

Furthermore, by (63) and Theorem 10, foru € S (g(C)G,
Z(@)Y)y) = x che@)y) = x d(C((—1).u))che(y)
= d(c((=1).u))(x che(y))
= d(C((=D).u)Z(Wry) =ZOC((=1).u))Py).
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Therefore,
FI@@Y) ) = fAE(=1).u)¥y). (65)
We see from (64) and (65) that
che(f)@Y) = )}igllf’((a(u)lﬁ)x) = )}igllf/(a(c((—l)-u))wx)

= limy' (=) [ (W)
— ' (= Du)che(fHW).

O

Harish-Chandra homomorphism (2), when restricted to 9(S (g(c)G) is an isomor-
phism of algebras

871 3(S(a0)®) — 3(Sho)V) (66)
given explicitly by
8q/p@w) = d(Rypw)) (€ Sthic)'Y). (67)

(Here W is the complex Weyl group.) Thus, for a G-invariant S(gc)©-eigendistri-
bution f corresponding to a homomorphism y : S(gc)® — C,

I(Rgyp () (g flree) = mgpp @) Hlyres (€ S(ac)®). (68)

By a theorem of Chevalley, [40, sec. 3.1.2], the restriction map Rg/,j is bijective.
Hence, 7g/p fgres corresponds to the homomorphism y o R;/lb :Sheo)W — C:

0w (gsp flyee) =y o Ry ) (gpp fliyee) (€ SO™).  (69)

A G-invariant S(gc)%-eigendistribution f corresponding to a homomorphism y :
S (g@)G — Ciscalled S (g(c)G-harmonic if the homomorphism y annihilates all the
elements of positive degree. In this case (69) shows that wg /g fgres is S (hC)W—har-
monic in the same sense. Furthermore, an argument of Harish-Chandra, [13, pages
130-133] shows that the restriction of 7y f|gres to any connected component
C(h) € b"“ is a polynomial. Moreover, by [15, Theorem 2, page 19], wg/p fgres
coincides with an analytic function on each connected component C,(f)) in the
complement of the union of the zeros of the real roots for §. Thus, for every such
component, g/ flc, @ isaS (hc)W-harmonic polynomial.

Corollary 13. For any nilpotent orbit O’ C g satisfying the condition (94) below,
che(iey) is S(g(c)G—harmonic, (70)

and for each component C, (D),
g/ che(or)lc, ) is a S(h@)w-harmonic polynomial. 71)

Proof. The condition (94) ensures that the integrals in (62) are absolutely conver-
gent, so that che(jior) is well defined. As is well known, the Fourier transform of an
invariant measure supported on a nilpotent orbit is harmonic. Therefore Theorem
12 implies (70). The statement (71) follows from (69). O
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7. A closer look at Cartan subalgebras and the orbit correspondence

In this section we describe representatives of the conjugacy classes of Cartan sub-
algebras in a way suitable for the explicit computation of the action of chc on the
Fourier transform of a nilpotent orbital integral. This description will be used in
the proof of Theorem 14 in Sect. 8 below.

Fix a Cartan involution 8 on G and consider a #-stable Cartan subgroup H C G.
Then H = TA, where T is the compact part and A is the "vector part", as in [40,
2.3.6]. [Explicitly, A = H N exp(p), where p C g is the (—1) - eigenspace for 6.]
Let V be the defining module for G. (This is a finite dimensional left vector space
over a division algebralD = R, C or H.) Then V = V; @& V., where V.. is the trivial
component for the action of A and both summands are preserved by H. It could
very well happen that V. = 0. In fact this is always the case if G is a general linear
group or a complex group other than O,44(C) or a group isomorphic to Oy .

Denote by Hj the restriction of H to V; and by H, the restriction of H to
V.. Then H = HyH, is isomorphic to the direct product H; x H,. As before, let
W(H) = W(H, G) be the Weyl group equal to the normalizer of H in G divided by
H. Let b be the Lie algebra of H. Then

h="hs Db, (72)

where b, . are the Lie algebras of Hy, H, respectively. Fix a positive root system
W = W(h) for the roots of b in g¢ and let gy = [],cy @, as before. Then we
have the Weyl integration formula

1 2
/ w<x>dx=zw / |75 ()] / Y(gx)d(gH)dx,  (73)
g b

G/H

where v is a test function and the summation is over a maximal family of mutually
non-conjugate Cartan subgroups H € G and, unlike in Sect. 6, g.x denotes the
adjoint action of G on g.

The group H, is compact (and is contained in T). Let

n(he)
Ve=Veo® > Ve (74)
j=1

be the decomposition into Hc-irreducibles over D. [Here V. o = 0 unless G(V,) is
isomorphic to the real orthogonal group Oygq4,even, in Which case H, acts trivially
on V. o and dim V.o = 1.] There is an element J € fj. such that the restriction of

J to Zl;(:hé) V., ; is a complex structure on that space (i.e. the square of it equals
minus the identity). Let J; denote the restriction of J to V. ;. Then every element
x € b may be written uniquely as

n(he)
x= > xjJj. (75)
j=1
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where x; € R. According to [35], the Cartan subalgebras of g(V.) are parameter-
ized by certain equivalence classes [S] of sets S of positive non-compact roots of
he in g(Ve)c. Let us pick an S in each [S] and write h.(S) for the corresponding
Cartan subalgebra. Then there is a Cayley transform

c(8) : hec = be(S)c- (76)

Furthermore, ¢(S) extends to

ch.hs) - he = H(S)c, (77)

where h(S) = by @ b.(S), the restriction of cp ps) to by is the identity and the
restriction of ¢y p(s)y t0 he(S) is equal ¢(S). As in (72) we have

H(S) = bh(S)s @ h(S)c, (78)

where H(S)s = by @ he(S)s and H(S)e = he(S)e.

We shall select a representative h from each conjugacy class of the Cartan sub-
algebras of g. For that selection (72) holds. Then we choose the strongly orthogonal
sets S so that (78) is consistent with (72). For two Cartan subalgebras | # b3 in
that selection we have the Cayley transform

¢hp, - bic — bocs (79

if and only if h1. 2 hoo (and b5 C hog). We shall also assume that our systems of
positive roots W (h) for each Cartan subalgebra h are chosen so that they coincide
via the Cayley transform (79):

W(h2) o chyp, = W(h). (80)

If G is a general linear group or a complex group or a group isomorphic to Oy i,
then h = b, for all hh and we don’t need any Cayley transforms.

Consider a dual pair G, G’ with the defining modules V, V'. We shall always
assume that the rank of G is greater or equal to the rank of G’. The embedding

b <, 81

introduced in (29) may be realized as follows. As in the case of the group G we have
a selection of Cartan subgroups H' = H,H/. € G’ and the corresponding decompo-
sitions V' =V @ V... Because of our assumption on the ranks, dim V/ < dim V.
Hence, we may assume that

V=ViaU, (82)
where U =V’ in the type I case. This leads to an embedding

by € a(V)) Cg. (83)
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If " = b, then (72) is the embedding (81). Suppose h,. # 0. Then our pair is of
type 1. Assume that G(U) is not isomorphic to any real orthogonal group of the
form Oyg4.0dq4- Then G(U) has a compact Cartan subgroup H(U). Let

n(U)
U=Up® D U, (84)

j=1

be the decomposition into H(U)-irreducibles over ). Similarly, we have

n(he)
—V @ Z V., (85)
with respect to H... We shall identify
Uj=V., «1<j<n®), (86)

which is possible, again because of our assumption on the ranks. Hence,
b € h(U) S g(U) S 0. (87)

The combination of (83) and (87) gives the embedding (81).

Suppose G(U) is isomorphic to Opyg4.044- Let H(U) be a fundamental Cartan
subgroup of G(U). Then again we have the decomposition (84) with U = 0 and the
identifications (86). We may assume that H(U)| U, iscompactfor1 < j < n(U)—1.
If n(h.) < n(U) — 1, then again we have the embeddlng @37). If n(p.) = nU),
then there is no such embedding and (81) doesn’t happen. However, in this case we
shall encounter an inclusion

b < gc, (88)

constructed as follows. Let 6’ C ¢’ be another Cartan subalgebra defined by

by, = b'lv, =05, Blv, =1l forl <j <n()—1, and

- 89
b |y is a split Cartan subalgebra of g (Vw(h,))(— slh(R)). 89)
en(hl)
There is an R-linear injection
b v — (b v e (90)

en(hy) en(hr)

and (81) holds for '. This leads to (88).
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8. An explicit formula for chc(@l ¢y )

Let O' C g’ be a nilpotent G’-orbit and let j¢y be a positive G’-invariant measure
supported on @’ and viewed as a tempered distribution on g’. Recall that for any
Cartan subalgebra b’ C ¢/,

gy () = (=g () @ e,

where a is the number of the positive imaginary roots. Therefore, as explained at
the end of Sect. 6, the restriction of

fo gy @) @ el

to any connected component C, (') C b’ of the complement of the union of the
kernels of the real rootsisa & (h{C)W/ -harmonic polynomial.

Recall that for a non-complex dual pair of type I there is a number p, [29,
(1.12)] which plays a role in the estimates for the Cauchy Harish-Chandra integral.
Explicitly,

Dual pair G, G’ || division algebraD | p

OPJI’ SPZH(R) R P + q — 2n

SpZn(R)7 Op,q R 2n — P—dq +1 (91)
Upg, Urs C p+q—r—s
Spy.q0 03, H 2p+2qg —2n+1
03,, Sp, 4 H 2n—2p —2q

Let V(C) be the defining module for the complexification G¢ of G and let V'(C)
be the defining module for the complexification G(’C. (If D = R, then V(C) is the
complexification of V, if D = C, then V(C) = V and if D = H then V(C) is the
space V, considered as a vector space over C.) We see from (91) that

p= [ dim V(C) — dim V'(C) if G(/C = Sp,,(C) or GL,(C), 92)

dim V(C) —dim V/(C) + 1 if G =0,(C).

Letp=pifD=Corif piseven. If D # Cand p isodd, let p = p — 1. Then a
simple case by case verification shows that

_ [ dim V(C)—dim V/(C) =1 if G'=Sp,,(R) and G=0O,; with r+s odd,
P=1dim V(C)—dim V/(C)  otherwise.

(93)

If G’ is not a general linear group, a complex group, or a group isomorphic to Oy i,
then we shall assume that for all the Cartan subalgebras h’ C g, in terms of (75),

dee: ey Doy (X . 94
1;15%,() egy 1O (X (x) <p (94)
Then, [3, Theorem 1] shows that the integrals (62), with f’ = [i¢y, are absolutely
convergent and therefore che(fi¢y) is well defined. Furthermore, we know from
(70) that che(fior) is a G-invariant S (g@)G-harmonic distribution on g and from
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(71) that the restriction of g, ,che(fier) to any connected component C,-(h) is a
S(hc)W-harmonic polynomial. We shall give a formula for that polynomial below.
Given Cartan subalgebras h" C g’ and h C g such that by = bly:, let hoo <

g% N h.+ be a fundamental Cartan subalgebra containing b_. [see (87)] and let
bo(h") = b5 + boo- 95)

This is a Cartan subalgebra of g and, as explained in (77), there is a Cayley transform
Cho(y).h: ho(bc — be.

Furthermore, ho(h') = b’ @ ho(h’) N h’L, so that any function defined on b may
be extended to a function defined on ho(h")c by the composition with the projec-
tion h= @ ho(h")c N bt — b Moreover, the condition by = b|y; implies that
h = b, @ hNh.+. Hence each real root of b’ in g may be first restricted to b and
then extended to h via the composition with the projection onto the first summand.
We shall use these conventions in Theorem 14 below.

Let; = gb/ C g be the centralizer of ', as in (32). Let ;5 denote the product
of all the positive roots of b in 3¢, as usual. If G’ is not isomorphic to Opgg,cven, let
Ty = Ty If G’ is isomorphic to Oyg4 even, let 713/ be the product of the short
roots only. (In this case G is a symplectic group.) Similarly, for the purpose of the
proof of the Theorem 14, we define ﬁgh} Jho(hy) and a character

530 : W(Ho(h)c, GIF) — C, (96)
ﬁghé/bo(h/)(s'x) = s’gﬁ(s)frghg/ho(b,)(x) (x € bo(h")

and notice that the group W (Hy (§") ¢, Gg‘) may be identified with the stabilizer of
b in W(Ho(h")c, Ge) and, via the Cayley transform, with the stabilizer of b’ in
W(Hc, Go).

Theorem 14. Under the assumption (94), for any Cartan subalgebras ' C ¢/,
b C gands € Stabw e Ge)(hy) there are (explicitly computed in the proof below)
functions Fyy y ¢ : b — C, constant on each connected component of the comple-
ment of the union of the kernels of the real roots of by in gc and the kernels of the
real roots of b/ in gEC, such that, for any regular element x € b,

(mg/pche(fio))(x)

- Z Z (ﬂo’”g’/h’)(caol(h/),hs_l-x)ﬁa/h(s_l-x)Fh’,b,x(X)~
b, bi=bly; seStabwe.ce) ()
Cn)

Here, the first sum is over all the Cartan subalgebras b’ C g’ such that h; = fly:.
If b = by, then the summation over Stabw .. G in (97) is equal to one term

(Lo T i) ()75 /5(x) Fly 1 (x). (98)
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Proof. We shall proceed via a case by case analysis, following [4, Theorems 3
and 7] and [3, Theorem 7.3]. Also, since we already know that the distribution in
question coincides with a function, we may assume that the test function ¥ we are
going to use is compactly supported in the set of the regular semisimple elements of
g. Then all the orbital integrals of s define smooth compactly supported functions
on the corresponding Cartan subalgebras.

0 imp W
Let G = GL(V), G' = GL(V"), n = Hom(U, V) € g and . = m

Theorem 3 in [4] says that
/chc(x’ + )W (x)dx
g

-2 / / [det ad(x’ + y)al¥(g.(¢ + ) dy d(g(HG(U))
G/H'G(U) g(U)

A
- D e e | et adG+y)all det ad(x'+y) |
/ IWHU), G(U))| Y)n Y)gU)/hV)
G/HGU) HUV) biU)

¥ (g.(x" +k.y)) d(k(H(U)) dy d(g(H'G(U)))

G(U)/HW)
A _1 L
=2 IWHU), GU))| / | detad(x” + y)g /|2 | det ad(x" + y) gy /pw) 12

| det ad(x'+Y)g/<h'+h(u>>|% / V(g.(x' +y)d(gHHWU) dy.  (99)
G/H'H(U)

Notice that in terms of (29)—(30), g(U) = 3”. Hence (99) may be rewritten as

gy ()] [ che’ =3+ G
gy G [ che + 0¥ () dx = wav 7 T e
g h// ’ h//

gy (8 + X)) / ¥ (g.(x' +y))d(g(H'H") dx". (100)
G/H/H//
Therefore,
/ Ao gy (I / che(x’ + )Y (x) dx
by g
)\' oS / I "
= Z WAH".Z o X))y iy (X737 /57 (x7)]
h” h/ h//
|7 g+ (" + x| / Y(g.(x +y)d(gHH"))dx"dx'. (101)
G/H/H//
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A A P
= 2 W z”)|/ / Ao Oy Dy ()
h// ’ h/ b//

gy O 1ty iy X1 gy (67 + 1))
gy () Ty (X7) - Ty (7 4 )

Tg/h+b (X + x") / Y(g.(x' +y)d(gHH")) dx" dx’.
G/H/H//

The term in the large parenthesis is equal to a constant multiple of

det(x’ + x")n

T2 n 102
| det(x” 4+ x")n] (102

which is smooth, except for the zeros of some real roots. Also, h’ = h;,. We see that
with Fyy 157 1(x" 4 x”) equal to an appropriate constant multiple of (102), (97)
follows from (101).

From now on we consider dual pairs of type L. Let

V=X, +Y, (103)
be a complete polarization. Define

n’ = Hom(X’, V.) @ Hom(X', Y)Ng C ¢/,

104
n = Hom(X’, U) ® Hom(X', Y) Ng C g. (o9

(These are nilradicals of some parabolic subalgebras.) Recall the number y (V, V', X)),
[4, (0.5)].
Suppose V.. = 0 and U = 0. Then, according to [4, Theorem 7],

| det(ad x")y| / che(x' +x)¥(x)dx =y (V, V', X)|det(ad x|
g
/ V(g.x")d(gH). (105)

G/H

Hence,

/ fo )y py () / che(x’ 4+ x)y (x) dx
b g
= [ o iy )Pl dettad ¥ (V. V' X)
h/
| det(ad x)u| / ¥ (gx)d(gH) (106)

G/H/
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— (V. V. X) / Ao () gy ) gy ()] / V(g d(gH)
by G/H'

/ /
=y X) [ fro e | L e
by gy () Ty ()

oy (X)) / ¥ (g.x")d(gH)

G/H'

The term in the large parenthesis is equal to 1 unless (G{, G¢) is isomorphic to
(02,(C), Sp,, (©)) or (Sp,,,(C), O2,(C)). In these cases, it is equal to the product
of the signs of the long real roots for the symplectic Lie algebra. Thus this case
gives the contribution to (97), with h = b’ = b and Fy p, ; (x) is equal to a constant
multiple of the term in the parenthesis. [There might be additional summands for
this  coming from different b’, see (62)].

Suppose b’ acts trivially on V.. and U # 0. Recall the symplectic space W, =
Hom(V/, U). Then, by [4, Theorem 7],

mldet(adx/)n/l/chc(x/ + X)) (x)dx (107)
g

_ / / |det ad(x’ + y)ulchew, )Y (5.(' + 1)) dy d(g(HG(U)))
G/H'G(U) g(U)

1
= - det ad(x” + y)n|chew, ()| I
/ Z WHU). GU))] /I ( Mnlchew, (D17 gwyp0) (VI
G/H'G(U) HW) BU)

Y (g-(x" + k.y) d(kH(U)) dy d(g(H'G(U)))

G(U)/HU)
1
- WD G det ad(x’ + y)nlchew,
%IW(H(U),G(U)N /' Ynlchew, (y)
hU)

X 179Uy /6 DTty nuy & + )7

Ta/+hUy (& + ¥) / ¥ (g.(x" +y) d(gHHU))) dy
G/H'H(U)

Therefore,
/ for (X (<) / che(x' + x)¥(x) dx
by g

= /,ll(o/(x/)ﬂg//hf(x/)ifgf/ry(x/)|det(adx/)n/l_1
h/
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|det(adx’)n/|/chc(x’ + )V (x)dx dx’

= Z r. V/ X) / / (X )Ty (x) (108)
IW(H(U), GU))] fo )Ty
b b biU)

(g /iy (X)) det(ad x')w || det(ad(x’ + y)n)lchew, ()| gm0y )1

Ta/ty+a Uy &+ 3)7")

Tty +hUy (X + ) / ¥ (g.(x" + ) d(g(HHU))) dy dx'.
G/H'H(U)

Here if V., = 0 then W, = 0 and chew, = 1. If V.. # 0, then G’ = Oy4d,even and
chew, () is a constant multiple of det(y)\jvlc , which is a constant multiple of the
reciprocal of the product of the long roots for the symplectic Lie algebra. Also,

my y (k) det(ad ') = w0 iyl (6)
and
det(ad(x’ + Y)m7gu) /b)) Ta/ty+h Uy & + 9™ = Tgi00) 1y, 6D 7
Therefore the term in the parenthesis is equal to a constant multiple of
sgn(det ad x")y - sgn(det ad(x’ + y)w) - Tgwuy/pU) (y)

and (97) follows, with Fy gy pwy,1(x" + y) equal to a constant multiple of
sgn(det ad x')y - sgn(det ad(x’ + y)w).

Now we consider the remaining case when b’ does not act trivially on W,.. We
assume first that b’ = b, is elliptic and begin with the following two well known
lemmas, included for reader’s convenience.

Lemma 15. For any non-zero y € R,

R

lim -
R—o0 X —1y

=misgn(y).

Proof. By taking the complex conjugate we may assume that y > 0. Then, for R
large enough,

R b4 )
, / dx / Rei%i do
2ni = — + - ;
x —iy Rel? — iy
—R 0

and

T

s
Re?i do
lim /e.—l,z/idezni.
R—oo ) Re'? —iy

0 0
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Lemma 16. As a generalized function of x € R, i.e. in terms of distributions,

R

1
lim —dx'=e€in (e = £1).
R—00 x'—x —€i0
—R

Proof. Letin(z) =In(|z]) +1i Arg(z), z € C\ 0, so that

In(|x|) if x>0,

In(x +i0) = {ln(|x|) tir if x<O.

Thus, for a test function ¥ € C°(R),

1 o d L
/mw(x) dx = —/ln(x + lO)Ellf(x) dx = —inr(0)
R R

d
—/ln(|x|)aw<x)dx.

R

Hence, with /(1) = %1//(1),

X
R R

/;,w(x)dx:einlﬁ(x/)+/ln(|x|)w/(x’—x)dx. (109)
x'—x —€i0

Furthermore, if ¥ is supported in the bounded interval [—A, A], with A + Z > 1,
then the integral

/|1n<|x|>||w’<x’—x>|dx
R

is dominated by

R A R /1
/ / [In(|x" — x|)|dx dx’ < / / lIn(]x])|dx +2AIn(A+ R) | dx’,
“R-A SR\

which is finite. Therefore,
SR e (DY (' —x) dx dx’ = [ [Re in(IxDy/ (" —x) dx’ dx
= Jg In(IxD(W(R—x) =Y (—R—x)) dx = [p(In(|lx—R))—In(|x+R) ¥ (x) dx
= Jiuin (Fif) w0 dx. (110)

We may assume that R is so large comparing to A that
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2<R—A<|x£R<R+A (x]<A).

lx — R R+ A
dx <2Aln — 0.
|x+R| R—A) R>x

Therefore (110) tends to zero if R — oo. Hence, by (109),

// 1//(x)dxdx —> em/w(x)dx

—R R

Then

O

In order to formulate Corollary 17 below we need to recall some notation from
[3]. Let h C g be an elliptic Cartan subalgebra. For a strongly orthogonal set S
of no-compact positive roots « of b in gc let hg = c(S)_lh(S) C bhe. Define the
support of S, S to be the set of the integers j between 1 and n = dim § such that
there is o € S with a(J;) # 0. (We shall denote the dimension of )’ by n’.) The
Weyl group W(Hc) = W(Hc, Ge) is isomorphic either to the permutation group
on n letters &, or to the semidirect product &, x Z5, where Z, = {0, 1}. We shall
denote by o the elements of &, and by e the elements of Z3. Thus any element
of the Weyl group may be written uniquely as oe. For € € Z; let € = (—1)°.
Recall the embedding b’ C b induced by (86). Let WY C W be the subspace of
the elements which commute with b’.

As explained in [3, Sec.3], the Weyl group W(H¢) acts on the symplectic space
W. In particular, for s € W(Hg), sWY s image of WY under this action. Further-
more, given s = o€ € W(Hg) there is y; € h [3, Def. 3.4] aconvex cone Iy s C b
[3, Lemma 7.1] and a positive definite symmetric bi-linear form k on sp(W) [4,
Page 1].

Corollary 17. For R > 0 let Bg = {x € by/; |x}| <R, 1< j<n'). Then, as a
generalized function of x € bg,

1
lim lim / . dx’'
R—00 y€eTy 5, y—0 det(x’ +x + ly)swh/
Br

=[eeuiipzen- [ sen(ig0s) (1

j=l1 l<j=n’, o(j)¢S

I sgn (e (i Jo (j)))sgn(e(x)).

aeS, 1<j<n’,o(j)ea

Proof. Recall, that if we view W as Hom(V, V'), as we may, then [3, Appendix B]

/

det(x’ +x + iy)swhr = H i(x} — éj (Xo(j) + 1Yo (j)))-
j=1



Howe correspondence and Springer correspondence 115

Hence, up to the constant multiple H;l/:l k(Jj, J j)%, coming from the normaliza-
tion of all the measures involved [4], the limit (111) is equal to

"o dx’

lim  lim HT/ — . (112)

R—oo yels s, y—0 =l 1 A xj — ijg(j) — Ejlyg(j)
Notice that foro € S and k € «,

sgn(Im xy) = sgn(a (i Ji)) sgn(a(x)). (113)
Indeed,
a=a(J)J; +a()JS, a(J) €iR, and a(x) €R,

and either a(J;) = 0 or a(J;) # 0. In the first case,

a(x) = a(J) i (x) = a(J)xe = a(iJp) (—ixk)
= Re(a(iJy)(—ixg)) = a(iJy)Re(—ixy) = a(iJy)Im xi.

In the second case, a(J;) = —a(Jg) and
a(x) = a(Ji)(xx — x1) = a(Jp)2i Im xi,

and (113) follows.
We see from (113) and Lemma 15 that

R
1 dx’
lim  lim I1 - / il

R— o0 yel 5, y—0 i X' — €iXg(iy — €1 Ve (i
YERSITD (o pesxllnlo(rea | T i T Gt T €

R

1 dx’ (114)
= 1 — S —
Jim [1 : / p

0 i €iXg(i
(@ jeSxlnlo(ea g i 770

= H mwéjsgn(Im xg(jy).
(o, j)eSx[1,n'], 0(j)ea

Also, Lemma 16 implies that

R
1 dx
lim _lim H T/ — _
R=ooyelss y=0 i o(ies l,R Xj = €jXo(j) — €Yo () (115)

=[]  #ésen(; 0.

I<j=n’,o(j)¢S

The corollary follows from (112), (114) and (115). m|
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We shall need some more notation from [3]. Let Wg g denote the set of the positive
roots for h which are real on bhg. For a set of roots A, let A(A) = HaGA Tal" Given
our test function v defines the pull-back of the Harish-Chandra orbital integral of
Y, from h(S) to hs via c¢(S) by

Hsr(x) = A(Ws r)(xX)g/H(x) / Y(g.c($)x)d(gH(S)) (x € hg).
G/H(S)
(116)

Let \AI'JS,R = Wg r unless G = Opdg even- In this case we let \TIS,R be the product
of the short roots only. For S as above define

n W .
Mﬁdlm H 1 if G #* Oodd,evenv (117)

m = . / .
ST = IWHS) [ [W(He. Zo)| |27 if G = Ouad,evens

where u = 1, —1, i, —i depends on our choice of the positive roots for b’ in g(c and
for b in gc. Recall also the normalizing factor

n®) = [[@w;. 72 20), (118)

j=1

which is used to pass from the un-normalized chc in [3] to the normalize chc in [4]
and [5]. The function Lo (x")7g 5 (x"), X" € b, is a polynomial, which we shall
denote by P(x’) below. Then,

/,&O/(x’)W(x/)ng//h/(x’)/chc(x/—f-x)lﬁ(x)dxdx’

y g

= Rlim /P(x’)ng//h/(x/)/chc(x/+x)w(x)dxdx/

=llmz Z

seW(HC)

/ lim /P(S Ts/p(s ')A( T p) (0)Hs ¥ (x) dx dc',

yelys,y—0,) det(x’ + x +iy)
Br bs

(119)

sgn(s)

where the first equality holds because we have absolute convergence in (62) and the
second one follows from [3, Theorem 7.3]. Furthermore, since v is supported in the
set of the regular semisimple elements, H s is smooth and compactly supported,



Howe correspondence and Springer correspondence

117

and therefore Corollary 17 applies. Hence, (119) is equal to

Z z [S] sgn(S)/P(S x)”g/h(s X)

seW(HC)

/

- 1,
[[=rws, ipzen- [T sentiz0s)
j=1 1<j<n’, o(j)¢S

I1 sgn(a(i Jo(j)))sgn(a(x))
aeS, 1<j<n’,o(j)ea

A(=Wg R)(x)Hs ¥ (x) dx.

Furthermore, by [3, Definition 3.4],

sgn(J, (])(ys)) = sgn(J , )s(Hom(Vj,Vj)J) (I=<j=n),

(120)

where the right hand side is 1 if the symmetric form (J , >s(H0m(V,,V,-)/) on the

two-dimensional real vector space s(Hom(V;, V j)J ) is positive definite and —1 if

it is negative definite. The indefinite case doesn’t occur. Therefore,

/ﬁo/(x’)W(x’)ng//h/(x’)/chc(x’+x)1/f(x) dx dx’'
h/

= 2 W)l IW(H(S))I / D PES T Ay s

[S1 seW(H(S)c)
s’ng(s)|W<H(S)>|m[S]z—"’H(é,»)- [T sentv . )Home, v,
j=1 I<j<n’, o(j)¢S
I1 sen(e (i Jo())sgn(@(c(S) ) A= Ts R)(e($) %) -

aeS, 1<j<n’, o(j)ea

AWs 2)(e($)™'%)

Tg/n(s) (X) / Y (g.x)d(gH(S)) dx,
G/H(S)

(121)

where 7/ (s) (x) = 73/5(c(S)7'x) and 7g/ps) (x) = mgp(c(S)~x). In this case
Fly n(s),s (x) is a constant multiple of the term in the parenthesis. This is the con-

tribution to (97) associated to the Cartan subalgebras h(S) C gand ' C ¢'.



118 A.-M. Aubert et al.

Suppose i)’ = b, + b, with both ), # 0 and b/, # 0. Then, by [4, Theorem 7],

| det(ad x| / che(x" + x)¥ (x) dx
g

=y, V. X) / / |det(ad(x” + y)n)|chew, (x" +y)  (122)
G/H'G) g(V)
¥ (g.(x" + y)) dy d(g(H'G())).
Let C’ € b’ be a connected component in the complement of the union of the

kernels of the real roots. Then C' = C' N b}, + h... Hence, for a fixed x, € C' N},
the function

be 3 x, = Lo (x; + x)Tg (x4 x.) € C (123)

is a polynomial, which shall be denoted by P (x] + x/.), (see [39, Theorem 3, page
93]). We don’t include the C’ in the notation, because this information is encoded
in x. For a fixed x/ and g € G consider the integral

/ P(xg + x)7g vy ny (X0) / chew, (x; + Y (g.(x" +y) dydx;, (124)
be a(U)
where x” = x| + x/. Notice that ). < g’(V,) is an elliptic Cartan subalgebra, that
(G'(V.), G(V)) is a dual pair in Sp(W,) and that the number ps [29, (1.12)] for this
dual pair is the same as for the pair (G, G). Hence, we may apply the argument
leading to (121). Let h(U) € g(U) be as in Sect. 7 and let W', (U) denote the family

of the sets S of positive strongly orthogonal non-compact imaginary roots of h(U)
in g(U)c. Let 3(U) = g(U)%. Then (124) is equal to

1
2 IWHU)(S), GU))I h(/

[SISW () U)cs) SEWHUIS)E.GU)E)

P+ ¢ 'sTL0F; U)Wy (57 x) sgals)

n'(U)
(W(H(U)(snm[sﬂun"’“’ [TeEn: I1 sen(/ . )sHomv,. V. ) *
j=1 I<j=n’'U), o ()¢S
I1 sgn(a(iJ(j)sgn(@(c($) ™" x)) A<@s,R<U>><c<5)—‘x)A(ws,Rw))(c(sr‘x))
aeS, 1<j=n’(U),0(j)ea
TaW)/h Uy (X) / Y (g.(x; + k.x)) d(kHU)(S)) dx. (125)
GU)/HU)(S)

Notice that the function
hé > xé —> det ad(x; + xé‘)HOm(X,,Vé) [S R
has no zeros. Furthermore,

sgn(det (ad x/)Hom(X/’Y/)mg/)
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is constant on C’. Therefore,
|det(ad x")y| = €' (x) det(ad x")w (X' € 1), (126)
where ¢/(x”) = +1 is constant on each C’. Similarly,
|det(ad(x" + y))n| = €(x") det(ad(x"+y)n (" € b,y € g(U)), (127)
where €(x’) = £1. Furthermore,

Tty (X') = wguxy sy, () - det(ad Xy - gy () (X eh) (128)

and
Ta/(h/+hU)($) (X) = Tgix)/py; (¥) - det(ad x)n - ) /) (s) ()
(x € b" +bU)(S)). (129)
Moreover,
3=0" =b, +aU)% = b +3(V). (130)

By combining (122)—(130) we obtain the following formula,

/ﬁo,(x’)W(x’)ng//h/(x’)/chc(x'+x)1ﬂ(x) dx dx’

b g
_ z )/(V, V/, X/) / / Z
B IWHHU)(S), G

[S1cwi, (U) b, HUX(S) seWHWU)(S)c.GU)e)

for (x4 ()L =Lx) gy (x) + ¢($)~1s~LX) T3y +hUy(s)) (X5 + s71x)
n'(U)

sgn(s)y (V. V. X)e(x)e' () WHHU)(S), G)lms; (U2~ Y [T €))-
j=1

IT sgn(/, )sHom(V,. ;. V.. )" (131)
I<j=n'(V), o (j)¢S
I1 sgn(@(i Jo(j))sen(a(c($) ™ 0)) A(=Vs g (U))(c(S) ' x)
aeS, 1<j<n’(U),o(j)ea
A(‘IJS,R(U))(C(S)_IX)) T/ (B +hU)(5)) (X) / ¥ (g-(xg +x))
G/H'H(U)(S)
d(gH'HU)(S))) dx dx,.
Here we see the contribution to (97) on the Cartan subalgebra ) = b + h(U)(S).

The function Fyy j ;(x) is a constant multiple of the term in the parenthesis.
This ends the proof of Theorem 14. O

Here is our main result.
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Theorem 18. Suppose G, G’ is not a complex dual pair; so that the complexification
Gc, Géc is an irreducible dual pair over C.

Let O C g be a nilpotent G'-orbit. Let i C g’ be a Cartan subalgebra and
let H C G’ be the Cartan subgroup with the Lie algebra §'. Let C' C b be a
connected component of the complement of the union of the kernels of the real
roots of b/ in géc. Denote by p' the irreducible representation of the Weyl group
W(H, G(/C) generated by the harmonic polynomial equal to Loy 7wy on C'. Let
A" be the partition associated to the nilpotent G-orbit in g attached to p’ via the
Springer correspondence. Assume (16). Recall the number p (93). If the pair G, G’
is of type I, assume that

ht()) < p. (132)

Then the integrals defining chc(f1or) are absolutely convergent. Assume che(fLoy) #
0.

Let h C g be a Cartan subalgebra and let H C G be the Cartan subgroup
with the Lie algebra V). Let C C b be a connected component of the complement
of the union of the kernels of the real roots of by in gc. Then (mgpche(flor))|c is
W(Hc, G¢)-harmonic and generates an irreducible representation p of this Weyl
group. Let )\ be the partition associated to the nilpotent Gc-orbit in gc attached to
o via the Springer correspondence. Then ) is obtained from )" by adding a column
of the appropriate length, as in (17).

If the irreducible dual pair G, G’ is complex, then the complexification G, Géc
is the direct sum of two copies of G, G'. Assume chc(fior) # 0. Let p' = p| ® p}
denote the irreducible representation of the Weyl group W (H(, G) = W(H', G) x
W(H, G') generated by the harmonic polynomial Loy iy on b. Denote by M,
Xy the pair of partitions associated to the nilpotent G-orbit in g attached to
p' = p| ® p5 via the Springer correspondence. Assume (16) for both 1| and A},
Then g pche(fior) is W(Hc, Ge) = W(H, G) x W(H, G)-harmonic and gener-
ates an irreducible representation p = p1 Q p> of this Weyl group. Let A1, Ay be the
pair of partitions associated to the nilpotent Gc-orbit in g attachedto p = p1 Q@ p2
via the Springer correspondence. Then A; is obtained from )»; (i =1,2) by adding
the same column of the appropriate length, as in (17).

Proof. By Corollary 4, (132) implies (94). Therefore, according to [3, Theorem 1],
the integrals defining chc (L) are absolutely convergent. Also, the formulas (97)
and (98) of Theorem 14 holds.

Assume first that G, G’ is not a complex dual pair. The polynomial 7T3/1 does
not depend on the real form G, G’ of the complexification G¢, Géc. If we choose the
real form to be compact and introduce the coordinates on the Cartan subalgebras
as in (75), then we obtain the following identifications

be = {x = (x1,x2, ..., xn); x; € C}, (133)
béc = {x/ = (xl,xz, ...,xn/); X = C}’

so that the complex Weyl groups act via the permutations of the coordinates if the
dual pair is of type II, and the permutations and all the sign changes if the dual
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pair is of type I. Recall that we assume n’ < n. If n’ < n, then (for an appropriate
choice of the positive root system) 7 /(x), is equal to

[l @i —x)ifGe =GLA(C). Gi = GLy(C) (134)
n'+1<i<j<n

H ()Cl2 - sz) if G(C = 0211 (C)a Géc = szn/ ((C),

n'+1<i<j<n

[T &7-xh T[] 2xjifGe=Spy,(C).Gf = 0y (O,

n'+l<i<j<n n'+1<j<n
2 2 ; !
H (] —x7) H xj if G = 02,,41(C), G = Sp,,, (C),
n'+l<i<j<n n'+1<j<n

[[ & —x}ifGe =Spy,(0). Gi = 021 ().

n'+1<i<j<n

If n =n’, then ;)5 (x) = 1.
Recall the Cartan subalgebra ho (') € g, (95). By the construction

ho(h) = b @ bh'= Nho(h).

Any function f : [)éc — C may be extended to f : ho(h")c — C via the composi-
tion with the projection ho(h' )¢ — héc. Then (134) implies that the map

Pe) > f — f 7y € Plhe) (135)

coincides with (23).
By assumption, (Lo 7y gy)(x) generates the irreducible representation p’ of
the Weyl group W(Héc’ G(’C). Hence, every non-zero term

(0T 5) (o s Ty~ H0) (s € W(He, Go)),

in Theorem 14, generates the representation p of W(Hc, G¢), constructed in The-
orem 9. In particular the statement about the partitions follows.

If G, G’ is a complex dual pair, then (135) coincides with (23) on each of the
two copies of § in hc = h @ h. Hence, the term (98) in Theorem 14 generates the
representation p = p; ® py of W(Hc, G), where each p; (i = 1, 2) is constructed
in Theorem 9 and the statement about the pairs of the partitions follows. O

Appendix A

We begin by recalling Rossmann’s construction of Springer’s correspondence, [33].
At this point it seems fair to mention that the first construction of the Springer cor-
respondence independent of étale cohomology, [38], was done in [23]. In fact on
the level cohomology (see below) Rossmann’s construction coincides with that
of [23], as explained in [33, Appendix]. We prefer to use [33] mainly because of
the connection with the Weyl group action on harmonic polynomials on a Cartan
subalgebra described explicitly in [33].
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Rossmann considers the adjoint group, but everything he does is valid for
any connected semisimple complex group. For our applications G = Sp,,,(C),
S02,,41(C) or SO,,(C). Also, in these cases the adjoint group and G have the same
Weyl group and the same nilpotent orbits.

Let g be the Lie algebra of G and let B be the flag manifold realized as the
variety of the Borel subalgebras b C g. Denote by B* the cotangent bundle of
B. Explicitly, B* = {(b,v); b € B, v € b+ C g*}. When convenient, we shall
identify g* with g via a Killing form. Then the v belongs to the nilradical of b.

Let us fix a Borel subalgebra by € g and let h € by be a Cartan subalgebra of
g. Denote by W the Weyl group, equal to the normalizer of h in G divided by the
centralizer of h in G.

Fix a regular element A € h* and let 2, C g* be the G-orbit through A. Let
U C G be a maximal compact subgroup. Then U acts transitively on B and we
have a bijection

i B 3 u.(b,v) > u.(A+1v) € weU, veb). (A.1)

Since for any w € W, Q,,, = ;, the following formula defines a transformation
of B*:

a.(w) = p,; o pp: B* = B (weW). (A2)
Then
a(wiwz) = awp(wiax(wz) — (wi, wa € W). (A.3)
Let ' C g be the nilpotent cone. Fix an element v € N Define
B*(v) = {(b,v) € B*} = {(b,V) € B, v = v}. (A4)

Let | | denote an Euclidean norm on g. Fore > Olet U, = {V' e N; v/ —v| < €}
and let

B*(Ue) = {(b,v) e B*, v e U} ={(b,V) e B, v —v| <€}. (AS)

According to Rossmann, for any sufficiently small €, the inclusion ¢: B*(v) —
B*(Ue) has a proper homotopy inverse p: B*(Uc) — B*(v):

pot~1lonB*(w)andio p ~ 1onB*(U,). (A.6)
Rossmann shows that for all A small enough,
a(w)(B*(v)) S B*(Ue)  (weW). (A7)
The transformations
aj(w)=poay(w)or: B*(v) - B*(v) (weW) (A.8)

are well defined for all regular A € h* in a small ball about zero. Since these A form
a connected set, the proper homotopy class of a”(w) of a} (w) is independent of A
and the Equation (A.3) implies

a’(wiwz) = a”(wpa”(wr)  (wi, wy € W). (A9)
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This way a" gives a proper homotopy action of W on 5*(v). As a consequence,
we have a representation of W on the relative homology

H.(B*(v)) := H (B*(v), dB*(v); C). (A.10)
The group U acts on B* by
B* 3 u.(by,v) — vu.(by,v) € B5  (u,veU, veb) (A.11)

Since the maps p;, (A.1), are U-equivariant, the operators a; (w) = p;i o Pis
(A.2), commute with the action of U. Let A(v) denote the component group of the
stabilizer of v in G. This group acts on H,(/3*(v)) via (A.11). Hence, the actions
of A(v) and W on H, (B3*(v)) commute. Denote by H, (B3*(v))A(") the subspace of
the A(v)-invariants in H, (B8*(v)). Let e(v) = dim¢ H,(B*(v)). Rossmann proved
(a theorem of Springer) that

Hae vy (B*(1))A® is an irreducible W module. (A.12)

Let O(v) € N be the G-orbit through v. Since G is connected, this representation
does not depend on the choice of v in the orbit. Thus each nilpotent orbit provides
an irreducible representation of W. This is known as the Springer correspondence
for G. Let B' = {b € B; v € b'}. Obviously the projection B* — B restricts to a
bijection

B*(v) > (b,v) > be B (A.13)

and e(v) = dimc BY. We may use (A.13) to transfer the actions of the groups
W and A(v) from Ha.(,) (B*(v)) to Hpe)(BY). In these terms, the Springer cor-
respondence attaches the orbit O(v) to the irreducible representation of W on
Hoe () (BV)AM,

The Weyl group acts on the flag manifold 53 by

Bouby —>uwbieB welU weW). (A.14)

(Here, for any w € W, we choose a representative of w in U.) Rossmann showed
that the inclusion B” € B induces a W-equivariant injection

Hoe(v) (B2 — Hae(y (B). (A.15)

[On the left W acts via (A.8) and on the right by (A.14)]. Furthermore, we have
Borel’s isomorphism

H.(B) — H(H*), (A.16)

where H(h*) is the space of the W-harmonic polynomials on h*. The map (A.16)
is W-equivariant. (For the obvious action of W on the polynomials.) By compos-
ing (A.15) and (A.16) we obtain a realization of the Springer representation in a
subspace H(h*), € H(h*) of the harmonics, which is contained in H,(,)(h*) - the
subspace of the harmonic polynomials homogeneous of degree e(v).
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The groups SO3,,+1(C) and Oy, (C) have the same Weyl group and the same
co-adjoint orbits. Hence, we have (the obvious) Springer correspondence for the
group 02,,11(C).

From now on let G = SO,,(C) and let G” = 0,,(C). Then G € G”. Let W”
be the normalizer of h in G” divided by the centralizer of f in G” (which is equal to
the centralizer of b in G). Then W is a subgroup of W” of index 2. Fix an element
s € W\ W. When convenient we’ll think of s as of an element of G” \ G.

As before, we have a fixed nilpotent v € N and the G-orbit O(v) through v.
Let O”(v) be the G”-orbit through v. There are two possibilities: either

O"(v) = O(v) i.e. there is g € G such that g.v = s.v, (A.17)
or

0" (v) = O(w) U O(s.v) (disjoint union). (A.18)

Lemma A.1. The representation of W" on the subspace of He)(h*) generated
by Hey(6™)y + He)(h)s.0 is irreducible.

We shall refer to this representation as to “Springer representation attached to
the orbit O” (v)".

Proof. We may assume that s.b; = bj. Recall, [33] the following U-invariant
two-form on B:

T (xbi, ybr) = A(lx, yD)  (x,y €w).
Then
Tg-1 5 (xb1, yb1) = A([sx, sy (x,y € w).
Hence, the map
B>ub; — sus~'.byeB (A.19)

intertwines the action of s on H, (3) with the action of s on H(h*) via Borel iso-
morphism (A.16).

We need to construct an action of s on H, (3”) compatible with (A.15). Notice
that

B* 5 u.(b;,v) > u.0n 4+ ) = su.(h +) = sus™ . (sh +sv) € Qi
D s
(A.20)
and

B* 5 u.(b;,v) = u.(sh +) € Q.
Psx

Set a;(s) = p;! o . Then

a, (s): B* 3 u.(by,v) — sus~'.(by,sv)) = su.(by,V) € B*.  (A.21)
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In particular a; (s) = a(s) does not depend on A. Furthermore, the action of s on
B* defined by (A.21) coincides with the action induced by the adjoint action on the
Borel subalgebras b C g.

Notice that for any w € W and any regular A € h*,

a(s)a;(w)a(s)‘1 = as,\(sws_l). (A.22)

Indeed, suppose

a(s)a, (wa(s) ™' w.(b1,1)) = u".(b1,v").
Then

pra(s)”" u.(b1,v) = pura(s) ™ @".(b1,v").
Equivalently,
pats ™ us. (b1, s™) = pui (s s (b1, 57V,

which means that

sThus.v+ s~ = s s.(wr + s~ ).
Hence,

w.(sh+v) = u" (sws™ (sA) + ") = pyygi o @ (b1,0).

Therefore,

u".(b1.v") = p,,)

sSws

_I(SA.) o p)\.(u(blv V/)),

which verifies (A.22).
Clearly, a(s): B*(v) — B*(sv) and the resulting map

a(s): He(B*(v)) — Hy(B*(sv)) (A.23)

intertwines the action of A(v) with the action of A(sv) = sA(v)s~ L.
Suppose O(v) = O(sv) asin (A.17). Since G is connected, there is a homotopy
equivalence B*(v) ~ B*(sv). Hence, (A.23) gives

5: Hyo(B*(v)) = Ho(B*(v)). (A.24)
Also, the action (A.24) commutes with the action of A(v). Thus
§: Hae() (B*)AY — Hae) (B* (). (A.25)

This way, Hpe () (B* (WHAW = Hoeq) (B")A™) becomes a representation of W”
which restricts to an irreducible representation of W.

Suppose O(v) # O(sv) asin (A.18). Then Hap(y (B”)AM and Hag s, (B°V) AV
are two non-isomorphic W-modules. As representations of W, the second one is
isomorphic to the first one transformed via the composition with the automorphism
of W equal to the conjugation by s. Furthermore, e(sv) = e(v). Thus

H2e(u)(Bv)A(U) D H2e(u) (BSI))A(SV) (A26)
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is a representation of W” which restricts to the sum of the two inequivalent repre-
sentations of W corresponding to O(v) and O(sv) via Springer. The representation
(A.206) is irreducible, because (as is easy to check) the only endomorphism which
commutes with the action of W” is a constant multiple of the identity. O

We still need to explain the combinatorial description of the representation
described in Lemma A.1.

Let A be the partition of 2n associated to the orbit O (v). Suppose O”(v) =
OWw)UO(sv) asin (A.18). Then all the parts of A are even and Lusztig’s algorithm
associates to A a pair of identical partitions (&, ), £ = n. The corresponding repre-
sentation of W, p¢ ), has the property that its restriction to W splits into the direct
sum of two inequivalent representations. These representations occur in the har-
monics of degree e(v) and not in any lower degree. Thus this is the representation
constructed in Lemma A.1.

Suppose O”(v) = O(v) as in (A.17). Then there are two representations of W”
which restrict to the same irreducible representation of W and we have to make
the correct choice in our combinatorial description, (18). We’ll show that one of
these representations occurs in the correct degree e(v) among the harmonics and
the other one does not.

Lemma A.2. Let \ be the partition of 2n corresponding to the orbit O (v) and let
(&, n) be the ordered pair of partitions obtained from A via the modified Lusztig
algorithm, as described in Proposition 5. Then

deg Ag , =e(v) (A.27)
and
deg Ay e =e(v)if and onlyifé =n. (A.28)

Proof. We shall transfer the problem from the orthogonal group O, (C) to the sym-
plectic group Sp,,,, (C), m > n, using Proposition 5 which is purely combinatorial
in nature.

In order to use this proposition we change the notation. Let A’ be the orthogonal
partition of 2n’ and let (¢/, ) be the ordered pair of partitions obtained from A’
via the modified Lusztig algorithm. Let A = (12¢) @ 1’ be the symplectic partition
obtained from A’ by adding a column of height 2£. Denote by (&, 1) the ordered pair
of partitions obtained from A via Lusztig’s algorithm [8, 13.3]. Let G’ = O,,/(C)
and let G = Sp,(,4;)(C). Denote by v" € g a nilpotent element in the G'-orbit
described by A’ and let v € g a nilpotent element in the G-orbit corresponding to
A. Let C(v') € G’ be the centralizer of v and let C(v) € G be the centralizer of v.
Then, [8, Theorem 5.10.2(a)],

2e(V') 4+ rank G’ = dim C(') (A.29)
and

2e(v) + rank G = dim C(v). (A.30)
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We would like to compare deg Ag ; and deg A, ¢ to e(v'). Since Lusztig’s
algorithm does describe the Springer correspondence for the symplectic group,
(A.30) translates to

2 deg Ag ; +rank G = dim C(v). (A.31)
We see from (A.29) that in order to verify (A.27) we need to show
2 deg Agr ,y 4+ rank G’ = dim C(v'). (A.32)

Proposition 5 shows that (£, n) = (&', (1°) @ n’). Notice that rankG = rank G’ + ¢
and that

deg Az, =2n(&) 4+ 2n(n) + Inl =2nE) +2n(n) + €L — 1) + £+ ||
= deg Agr oy + 02

Also, in terms of the notation in [9, page 89]

dimC(v):% S+ =% QO*+ > s+ D i

i>1 i odd i>2 i odd
1
=202 +dim C(v') + E(Z > r,»)
i odd i odd
1
= 2¢% +dim C(V') + 5 ( D4+ D +2e— ht(A’))
i odd i even

= 2¢% +dim C(v) + ¢.

Hence, (A.32) follows. This completes the proof of (A.27).

In order to verify (A.28) we choose £ > ht(§), greater than the number of parts
in & = &'. Then, as in [8, page 420] we extend & to £ by adding zeros so that &
has € + 1 parts, which is one more than the number of parts in 7. Then §; = 0. As
shown by Lusztig [8, page 420], the pair (&, n) satisfies the following inequalities:

E<m+l<bh+2<m43<bB+4<m+5<&+6<...
< +204+1<E 1 +20+2.

Since, n; = n; + 1, we have
E<n+2<b+2<ny+4<B+4<n+6<&+6<...
<N +20+2 <Eq +20+2.

Therefore

!/

Ny <&, ny <&, ....np <& (A33)
Since £ = 0, we have |£| = || = |&’|. Thus (A.33) implies
In'l < 1&']. (A.34)
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Also, equality in (A.34) implies equalities in (A.33). Thus
[n'| < |&'| if and only if n’ = &’. (A.35)
Since, deg Az, —deg Ag , = 0| — |£'], (A.35) implies (A.28). m]

The aim of the last part this section is to extend the above results to the case of
an orthogonal group O3, (K) where K is the algebraic closure of a finite field I, of
odd characteristic. We shall need them in [1].

Let Tc € SO2,(C) and T C SO,, (K) be maximal tori such that the root data
of SOy, (C) and SO,, (K) with respect to T¢ and T, respectively, are isomorphic.
We also fix a Borel subgroup B € SOy, (K) containing T. Let W be the Weyl
group of SOy, (K) with respect to T and let S € W denote the set of simple reflec-
tions determined by B. Then the pair (W, S) can be canonically identified with the
corresponding pair in SO, (C) defined with respect to Tc C Bc.

Let N'(SO2,(C)), N (SO, (K)) denote the set of unipotent classes of SO, (C),
S0,,(K), respectively. Let E: A (SO2,(C)) — N(SO,,(K)) be Spaltenstein’s
map, see [37, Théoreme III 5.2]. This map is uniquely characterized by the follow-
ing three properties:

(1) Itpreserves the usual partial orderings < on A/ (SO»,, (C)) and on N (SO2,, (K));

(2) it preserves the dimensions of classes;

(3) itsatisfies certain compatibility conditions with respect to parabolic subgroups
in SO, (C) and SO,, (K) containing B¢ and B, respectively.

Moreover, since g is assumed to be odd, E is an isomorphism of partially
ordered sets. We can also canonically identify the component group

A(u) := 10(Cs0,, ) (1))

of the centralizer of u in SOy, (K) with the component group ﬂo(Csoz,l(C)(M/ ))
where u € O for some O € N (50, (K)) and u’ € E(O). Then it follows from its
explicit description that the Springer correspondence coincides for SO,, (K) and
for SO, (C) (see [36] and the references there).

Let u be a unipotent element in SO», (K), let O(u) € N(SO,,(K)) denote
the conjugacy class of u in SO,, (K), and let O”(u) denote the conjugacy class
of u in Oy, (K). As before, there are two possibilities: either O”(u) = O(u), or
O (u) = O(u) U O(sus™") (disjoint union), where we think of s € W”\W as an
element of Oy, (K)\SOy, (K).

We assume first that O” (1) = O(u) U O(sus~") (disjoint union). Then the
inverse images by E of O(u) and O(sus~!) are also disjoint, and similarly for
O(v) and O(sv), with u = exp v. It follows from the above discussion that

Hae() (BY)AY) @ Happry (BS)ACY) (A.36)

is an irreducible representation of W’ which restricts to the sum of two inequiv-
alent representations of W corresponding to O(u) and O(sus~") by the Springer
correspondence for the group SO», (K). Let A be the partition of 2n associated to
O (u). All the parts of A are even and Lusztig’s algorithm associates to A a pair of
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identical partitions (£, ), € = n. The restriction to W of the corresponding repre-
sentation of W”, pg ,, splits into the direct sum of two inequivalent representations.
The b-invariant of these representations [as defined in (7)] equals

1
e(v) = 3 dim B,,

where B, is the Springer fiber of all the Borel subgroups of SO,, (K) which contain
u. Thus pg ; is the representation given in (A.36).

We suppose now that O”(u) = O(u). As previously, we have then two repre-
sentations of W which restrict to the same irreducible representation of W (and
we have made the correct choice). Formulas (A.29) and (A.30) are still valid with
K instead of C. Then the same proof as that of Lemma A.2 gives the result.
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