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Abstract. This is the second of our three articles showing that the Cauchy
Harish-Chandra integral maps invariant eigendistributions to invariant eigendis-
tributions with the correct infinitesimal character. In this paper, we define a
normalization of this integral for all real reductive dual pairs. Then we prove
that the normalized Cauchy Harish-Chandra integral maps orbital integrals to
orbital integrals for the pairs (Up,q,U1,1), (Op,q,Sp2(R)) and (Sp2n(R),O1,2).
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Introduction

Let (G̃, G̃′) be a real reductive dual pair in a metaplectic group S̃p. Let Θ be

the character of an oscillator representation of S̃p. Assume G̃′ is compact and let
(π, π′) be two irreducible representations of G̃ and G̃′ in Howe’s correspondence.
In these terms the First Fundamental Theorem of Classical Invariant Theory can
be written as the following equality of distributions∫

G̃′
Θ(gg′)Θπ′(g′)dg

′ = Θπ(g)

where Θπ and Θπ′ stand for the characters of π and π′ . For a smooth compactly
supported function φ on G̃, the formula

φ′(g′) =

∫
G̃

φ(g)Θ(gg′)dg (0.1)

defines a smooth compactly supported function on G̃′ and∫
G̃′

Θπ′(g′)φ
′(g′)dg′ =

∫
G̃

Θπ(g)φ(g)dg.

The Cauchy Harish-Chandra integral (Chc) extends formula (0.1) to all dual pairs

with rank of G̃′ less or equal to rank of G̃. One of the goals of this project is to
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prove that this analogue of formula (0.1) provides a smooth compactly supported

function on G̃′ . In this paper, we prove the existence of such function for the dual
pairs

(Up,q,U1,1), (Op,q, Sp2(R)) and (Sp2n(R),O1,2).

Also, we obtain formulas for Chc both on the Lie algebra and the Lie group. These
expressions become explicit when combine with the description of Chc done in [1].

Let W be a finite dimensional vector space over the reals, with a non-
degenerate symplectic form 〈 , 〉 . Let J be a positive compatible complex structure
on W , Sp(W) (resp. sp(W)) the symplectic group (resp. the symplectic Lie
algebra) associated to 〈 , 〉 and let χ(r) = exp(2πir), r ∈ R . Fix a Lebesgue
measure dw on W so that ∫

W

χ( i
2
〈Jw,w〉) dw = 1.

The conjugation by J is a Cartan involution θ on sp(W) and the following formula
defines a Killing form κ on End(W) and on sp(W):

κ(x, y) = tr(xy) (x, y ∈ End(W)).

Let
κ̃(x, y) = −κ(θx, y) (x, y ∈ sp(W)).

This is a positive definite symmetric form. We shall denote by the same letter κ̃
the restriction of the form κ̃ to any subspace of sp(W). The form κ̃ determines
a normalization of the Lebesgue measure on that subspace as follows. Let e1 , e2 ,
· · · , en be a basis of that subspace, and let I = [0, 1] ⊆ R denote the unit interval.
Then

µ(Ie1 + Ie2 + · · ·+ Ien) = | det(κ̃(ej, ek))|1/2.

If we write µ = µκ̃ , then

µtκ̃ = tn/2µκ̃ (t > 0).

For any unimodular Lie subgroups F ⊆ E ⊆ Sp(W), the measure µ induces the
left invariant Haar measure on E and a left invariant measure on the quotient
E/F, assuming it does exist. We shall denote these induced measures also by µ .

Let (G,G′) be a reductive dual pair in Sp(W) (see [8] for the definition) and
let g = Lie(G), g′ = Lie(G′). We assume that g and g′ are preserved by θ . Let H′

be a Cartan subgroup of G′ preserved by θ . We consider the Cartan decomposition
of H′ : H′ = T′A′ where T′ (resp. A′ ) is the compact (resp. split) part of H′ . We
consider the commutant A′′ (resp. A′′′ ) of A′ (resp. A′′ ) in Sp(W). Then (A′′,A′′′)
is a reductive dual pair of Sp(W), see [10]. Let V′c = {v ∈ V′ | a.v = v ∀ a ∈ A′} .
There exists a unique complement V′s of V′c in V′ such that the decomposition

V′ = V′c ⊕ V′s

is preserved by H′ . As A′′′ ⊂ H′ , we may consider

A′′′s = {a ∈ A′′′ | a|V′c = id}.
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Then A′′′ = A′′′s if and only if V′c = 0 and A′′′ = A′′′s × {±id|V′c} otherwise. There
exists a dense open subset WA′′′s of W such that the quotient A′′′s \WA′′′s is a smooth
manifold. Define the measure µ on the quotient A′′′s \WA′′′s by

∫
W

f(w) dw =

∫
A′′′\WA′′′s

∫
A′′′s

f(aw) dµ(a) dµ(A′′′s w).

Let

χx(w) = χ(
1

4
〈xw,w〉), (x ∈ sp(W), w ∈ W).

Recall [10, p. 302] the Cauchy Harish-Chandra integral on the Lie algebra:

c̃hcW(x′ + x) =

∫
A′′′s \WA′′′s

χx′+x(w) dµ(A′′′s w) (x′ ∈ h′reg, x ∈ g).

Definition 0.1. Define the normalized Cauchy Harish-Chandra integral by

chcW(x′ + x) =
1

µ(A′′′s \ H′)
c̃hcW(x′ + x) (x′ ∈ h′reg, x ∈ g).

Let S̃p(W) the connected two fold cover of Sp(W) and let S∗(W) the space
of tempered distributions on W . Recall [10, Theorem 2.8] Howe’s embedding

T : S̃p(W) −→ S∗(W).

For a subgroup P of Sp(W), let P̃ be the preimage of P in S̃p(W). We
recall the definition of the Cauchy Harish-Chandra integral on the group and define
an associated normalized integral.

Definition 0.2. [10, Definition 2.11] Let H′ be a Cartan subgroup of G′ and

x′ ∈ H̃′reg . Then

C̃hcW(x′x) =

∫
A′′′s \WA′′′s

T (x′x)(w)dµ(A′′′s w) ( x ∈ G̃ ).

Define

ChcW(x′x) =
1

µ(A′′′s \ H′)
C̃hcW(x′x) ( x ∈ G̃ ).
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Remark. Formally

ChcW(x′x) =
1

µ(A′′′s \ H′)

∫
A′′′s \WA′′′s

T (x′x)(w) dµ(A′′′s w)

=
1

µ(A′′′s \ H′)

∫
H′\WA′′′s

∫
A′′′s \H′

T (x′x)(h′w) dµ(A′′′s h
′) dµ(H′w)

=

∫
H′\WA′′′s

T (x′x)(w) dµ(H′w)

=

∫
G′\WA′′′s

∫
H′\G′

T (x′x)(gw) dµ(H′g) dµ(G′w)

=

∫
H′\G′

(∫
G′\WA′′′s

T (g−1x′gx)(w) dµ(G′w)

)
dµ(H′g).

Thus ChcW looks like an orbital integral. We shall verify the corresponding precise
statement in a forthcoming article.

Let

S̃p(W) −→ Sp(W), x 7−→ x (0.2)

be the canonical surjective map. Denote by 1̃ the non-trivial element in the
preimage of 1 in S̃p(W). Fix d ∈ S̃p(W) such that d = −1.

Formulas for a dual pair of type II

Let D = R or C . Let V , V′ be two finite dimensional left vector spaces over D .
On the real vector space W = Hom(V′,V)⊕ Hom(V,V′) define a symplectic form
〈, 〉 by

〈w,w′〉 = tr(xy′)− tr(yx′) (w = (x, y), w′ = (x′, y′) ∈ W), (0.3)

where tr = trD/R . The groups GL(V) and GL(V′) act on W by the post-
multiplication and pre-multiplication by the inverse, respectively. These actions
preserve the symplectic form (0.3). The pair (GL(V),GL(V′)) is a dual pair in
Sp(W) of type II, in the sense of Howe (see [8]). We assume that V′ is a subspace
of V and consider a direct sum decomposition

V = V′ ⊕ U.

The above decomposition induces embeddings

L = GL(V′)×GL(U) ⊆ GL(V),

n = Hom(U,V′) ⊆ gl(V).

Let l = Lie(L), and let K be the maximal compact subgroup of GL(V) fixed by θ .
We assume that our Cartan involution θ preserves the subgroup GL(V′)×GL(U).
Let H′ be a Cartan subgroup of GL(V′). We may consider the group H′ as a
subgroup of Sp(W) in two different ways. We have:

H′ ⊂ GL(V′) ⊂as a dual pair Sp(W)

H′ ⊂ GL(V′) ⊂ GL(V′)×GL(U) ⊂ GL(V) ⊂as a dual pair Sp(W)
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Let H′1 (resp. H′2 ) denote the group H′ as a subgroup of GL(V′) with respect
to the first (resp. second) inclusion above. Let h′i = Lie(H′i). Denote by κi the
restriction of the Killing form κ to h′i . Then

κ1(x, y) = 2 dimR(V) trD/R(xy) for x, y ∈ h1,

κ2(x, y) = 2 dimR(V′) trD/R(xy) for x, y ∈ h2.

Let S(gl(V)) be the Schwartz space of gl(V). For ψ ∈ S(gl(V)) define the following
version of the Harish-Chandra transform of ψ

ψK
n (z) =

1

µ(K)

∫
K×n

ψ(k.(z + n))dµ(n)dµ(k),

where z ∈ l and k.(z + n) = k(z + n)k−1 .

Theorem 0.3. Let H′ be a Cartan subgroup of GL(V′) and let ψ ∈ S(gl(V)).
Then, for any x′ ∈ h′reg , we have

∫
gl(V)

ψ(x) chcW(x′ + x) dµ(x) =

√
2

dimR(W)√
dimD(V)

dimR(V′)∫
GL(V)/(H′2×GL(U))

∫
gl(U)

| det(ad(x′ + y)n)|ψ(g.(x′ + y)) dµ(y) dµ(g(H′2 ×GL(U)).

Corollary 0.4. We have the equality:∫
gl(V)

ψ(x)chcW(x′ + x)dµ(x)

=

√
2

dimR(W)−dimR(n)

√
dimD V′

dimR(V′)
µ(K ∩ L)

∫
GL(V′)/H′1

∫
gl(U)

ψK
n (g.x′ + y)dµ(y)dµ(g.H′1).

Let δ be the Dirac distribution on R supported at 0. For s 6= 0, we may
consider the pull-back of δ by the function det(.) + s . We denote this distribution
by δ(det(.) + s). We can then prove the existence of the limit lims→0 δ(det(.) + s)
in terms of distributions (cf. equality (4.6) of [10]). We denote this limit by δ◦det.
The proof of Theorem 0.3 will use the following lemma:

Lemma 0.5. Let (G,G′) = (GLn(D),GL1(D)) with D = R or C. Then

chcW =

√
2

dimR W

√
dimRW

dimR V′
δ ◦ det .

Let S(G̃L(V)) be the Schwartz space of G̃L(V) (see [9, p.450]). For ψ ∈
S(G̃L(V)) consider the following function of x ∈ L̃,

ψL̃(x) = | det(Ad(x)n)|ψK̃
Ñ

(x) (0.4)
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where

ψK̃
Ñ

(x) =

∫
K̃×N

ψ(k.(xn))dµ(n)dµ(k).

The function ψL̃ is the Harish-Chandra transform of ψ (see [12] or Appendix A).

Theorem 0.6. Let H′ be a Cartan subgroup of GL(V′), x′ ∈ H̃′reg and ψ ∈
C∞c (G̃L(V)). Then∫

G̃L(V)

ψ(x)ChcW(x′x)dµ(x)

=

√
2

dimR(W)−dimR(n)

√
dimD V′

dimR(V′)
µ(K ∩ L)

ε(x′)

∫
GL(V′)/H′1

∫
G̃L(U)

ε(dx′y)ψL̃(g.(dx′)y)dµ(y)dµ(gH′1),

where the function ε takes values in {±1,±i} and is defined in [1], Section 2.

Formulas for a dual pair of type I

Let V ,V′ be two finite dimensional left vector spaces over D = R, C or H with
non-degenerate forms (, ), (, )′ - one hermitian and the other one skew-hermitian.
Let W = Hom(V′,V). Define a map

W −→ Hom(V,V′)
w 7−→ w∗

by
(wv′, v) = (v′, w∗v)′ (w ∈ W, v ∈ V, v′ ∈ V′).

Define a symplectic form 〈, 〉 on the real vector space W by

〈w,w′〉 = trD/R(w′∗w) (w,w′ ∈ W).

Let G ⊂ GL(V) be the isometry group of the form ( , ) with the Lie algebra
g ⊂ End(V). Similarly we have the isometry group G′ ⊂ GL(V′) of the form (, )′ ,
with the Lie algebra g′ ⊂ End(V′).

Recall the θ−stable Cartan subgroup H′ = T′A′ ⊆ G′ . Let V′c ⊆ V′ be
the subspace on which A′ acts trivially, and let V′s = V′c

⊥ be the orthogonal
complement of V′c in V′ . Then V′s has a complete polarization

V′s = X′ ⊕ Y′ (0.5)

preserved by H′ . We assume that V′s is contained in V and that (0.5) is also a
complete polarization with respect to the form ( , ). Then

V = V′s ⊕ U, U = V′s
⊥
.

The above decompositions induce embeddings:

GL(X′)×G(U) ⊆ G,

n′ = Hom(X′,V′c)⊕ Hom(X′,Y′) ∩ g′ ⊆ g′,

n = Hom(X′,U)⊕ Hom(X′,Y′) ∩ g ⊆ g.
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Moreover, we have the following embeddings

H′|X′ ⊂ G′ ⊂as a dual pair Sp(W),

H′|X′ ⊂ GL(X′)×G(U) ⊂ G.

We denote H′1|X′ (resp. H′2|X′ ) the group H′|X′ with respect to the first (resp.

second) inclusion above. Let Wc = Hom(V′c,U). We assume that the subgroup
GL(X′)×G(U) ⊆ G is preserved by θ . It is convenient to introduce the following
constants:

γ(V,V′,X′) =


√

2
[dimR(W)−dimR(Wc)+dimR(X′)]

√
dimD(V)

dimR(X′)

√
dimD V′

dimD V′s

dimR H′

if h′ acts trivially on Wc,

√
2
[dimR(W)−dimR(Wc)+dimR(X′)]

√
dimD(V)

dimR(X′)

√
dimD(U)
dimD(V)

dimR(H′|V′c )

otherwise.

η(V,V′,X′) =

{
µ(K ∩GL(X′))

√
2

dimR(n)
if U = 0,

µ(K ∩ (GL(X′)×G(U))
√

2
dimR(n)

otherwise.
(0.6)

Remark. Notice that h′ acts trivially on Wc if and only if U = 0 or h′ acts
trivially on V′c . This second property is equivalent to H′|V′c being finite.

Theorem 0.7. Let ψ ∈ S(g). If V′c = (0) and U = (0), then

| det(ad x′)n′|
∫
g

ψ(x) chcW(x′ + x) dµ(x)

= γ(V,V′,X′)| det(ad x′)n|
∫

G/H′
2|X′

ψ(g · x′) dµ(gH′2|X′).

If h′ acts trivially on Wc then

| det(adx′)n′ |
∫
g

ψ(x) chcW(x′ + x) dµ(x)

= γ(V,V′,X′)

∫
G/(H′

2|X′×G(U))∫
g(U)

| det(ad(x′ + y))n|ψ(g · (x′|X′ + y))chcWc(y) dµ(y)dµ(g(H′2|X′ ×G(U))),

where chcWc = 1 if Wc = (0). Otherwise,

| det(adx′)n′ |
∫
g

ψ(x) chcW(x′ + x) dµ(x)

= γ(V,V′,X′)

∫
G/(H′

2|X′×G(U))∫
g(U)

| det(ad(x′ + y))n|ψ(g · (x′|X′ + y)) chcWc(x
′ + y) dµ(y)dµ(g(H′2|X′ ×G(U))).
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Corollary 0.8. If V′c = (0) and U = (0), then

| det(adx′)n′|
∫
g

ψ(x)chcW(x′+x)dµ(x) =
γ(V,V′,X′)

η(V,V′,X′)

∫
GL(X′)/H′|X′

ψK
n (g.x′|X′)dµ(gH′1|X′).

If h′ acts trivially on Wc , then

| det(adx′)n′)|
∫
g

ψ(x)chcW(x′ + x)dµ(x)

=
γ(V,V′,X′)

η(V,V′,X′)

∫
GL(X′)/H′|X′

∫
g(U)

ψK
n (g.x′|X′ + y)chcWc(y)dµ(y)dµ(gH′1|X′),

where chcWc = 1 if Wc = (0). Otherwise

| det(adx′)n′)|
∫
g

ψ(x)chcW(x′ + x)dµ(x)

=
γ(V,V′,X′)

η(V,V′,X′)

∫
GL(X′)/H′|X′

∫
g(U)

ψK
n (g.x′|X′ + y)chcWc(x

′
|V′c + y)dµ(y)dµ(gH′1|X′).

Theorem 0.9. Let ψ ∈ C∞c (G̃). If V′c = (0) and U = (0), then

| det(Adx′−1 − 1)n′ |
∫

G̃

ψ(x)ChcW(x′x)dµ(x)

=
γ(V,V′,X′)

η(V,V′,X′)
ε(d)| det Ad(x′)n′|−

1
2

∫
GL(X′)/H′|X′

ψL̃(g.x′|X′)dµ(gH′1|X′)

If h′ acts trivially on Wc , then

| det(Adx′−1 − 1)n′ |
∫

G̃

ψ(x)ChcW(x′x)dµ(x) =
γ(V,V′,X′)

η(V,V′,X′)
ε(x′s)| det Ad(x′)n′|−

1
2∫

GL(X′)/H′|X′

∫
G̃(U)

ε(dx′sus)ψ
L̃(g.x′|X′ + y)ChcWc(y)dµ(y)dµ(gH′1|X′),

where ChcWc = 1 if Wc = (0). Otherwise,

| det(Adx′−1 − 1)n′ |
∫

G̃

ψ(x)ChcW(x′x)dµ(x) =
γ(V,V′,X′)

η(V,V′,X′)
ε(x′s)| det Ad(x′)n′|−

1
2∫

GL(X′)/H′|X′

∫
G̃(U)

ε(dx′sys)ψ
L̃(dg.x′|X′y)ChcWc(x

′
|V′cy)dµ(y)dµ(gH′1|X′),

where ψL̃ is the Harish-Chandra transform (cf. equality (0.4)).

Properties of Chc for some dual pairs

We recall some notations used in [1]. Fix a Cartan decomposition g = k⊕p
and let h ⊆ k be a Cartan subalgebra of g . Let Ψ be a positive root system
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for (gC, hC). Let Ψn ⊆ Ψ denote the subset of the non-compact roots and let
Ψc ⊆ Ψ denote the subset of the compact roots. Let Ψn

st be the family of
strongly orthogonal subsets of Ψn . For each S ∈ Ψn

st let c(S) ∈ End(gC) be
the corresponding Cayley transform, [1, (1.6)], and let h(S) = g ∩ c(S)(hC) be
the corresponding Cartan subalgebra. Let hS = c(S)−1h(S) ⊆ hC . Denote by
ΨS,R ⊆ Ψ the set of real roots for h(S), and let Ψn

S,iR ⊆ Ψ be the set of the
non-compact imaginary roots.

If α ∈ Ψn
S,iR and α is not strongly orthogonal to S , then there is exactly

one α′ ∈ S is not strongly orthogonal to α . Moreover, α + α′ ∈ Ψn . Define

S ∨ α =


(S \ α′) ∪ {α + α′} ∪ {±(α− α′)} ∩Ψ,

if α ∈ Ψn
S,iR is not strongly orthogonal to S;

S ∪ α,
if α ∈ Ψn

S,iR is strongly orthogonal to S.

Here S \ α′ = S \ {α′} and S ∪ α = S ∪ {α} .
For α ∈ Ψn

S,iR define the numbers ε(Ψ,S, α) = ±1 and d(α) = 1 or 2,
as in Lemma 1.7 and Definition 1.8 in [1]. For a subset A ⊆ Ψ ∪ (−Ψ), let
A(A) =

∏
α∈A

α
|α| .

For α ∈ Ψn
S,iR let Hα ∈ hS∨α be the corresponding coroot. If φ : hS → C is

a function and x ∈ hS , let

〈φ〉α(x) = 〈φ〉iHα(x) = lim
t→0+

φ(x+ itHα)− lim
t→0+

φ(x− itHα),

whenever the limits exist.

For a function greg → C and a set S ∈ Ψn
st define

HSf(x) = A(ΨS,R)(x)
∏
α∈Ψ

α(x)f(cS(x)) (x ∈ hS).

Let Ĩ(g) denote the space of all the functions f satisfying the following
three conditions:

(i) f is a smooth G− invariant function on greg ,

(ii) All the derivatives of HSf are bounded,

(iii) For each α ∈ ΨS,R , each semiregular element x ∈ hS with respect to α and
each w ∈ Sym(h∅,C), we have

〈∂(w)HSf〉α(x) = iε(Ψ,S, α)d(α)∂(c(S ∨ α)−1c(S)c(α)w)HS∨αf(x).

The space Ĩ(g) contains the space of the (regular semisimple) orbital integrals

of the Schwartz functions on g , [3, Section 3.1]. Let I(G̃) be the space of the

orbital integrals of the smooth compactly supported functions on G̃, [4, Section

3]. Similarly we have Ĩ(g′) and I(G̃′).

Theorem 0.10. Let (G,G′) be one of the reductive dual pairs (Up,q,U1,1),
(Op,q, Sp2(R)) or (Sp2n(R),O1,2). Then chc(ψ) ∈ Ĩ(g′) for any ψ ∈ S(g).
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Theorem 0.11. Let (G,G′) be one of the reductive dual pairs (Up,q,U1,1),

(Op,q, Sp2(R)) or (Sp2n(R),O1,2). Then Chc(ψ) ∈ I(G̃′) for any ψ ∈ C∞c (G̃).

This is immediate from Theorem 0.10, because the support of Chc(ψ) is
compact module the compact part of any Cartan subgroup, and hence compact.
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1. Proof of Theorem 0.3 for the dual pairs (GLn(R),GL1(R))

Here W = Rn ⊕ RnT , 〈(u, v), (u′v′)〉 = v′u − vu′ and J(u, v) = (vT ,−uT ),
(u, u′ ∈ Rn , v, v′ ∈ RnT ). Furthermore, we have an embedding,
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(
xIn 0
0 −xIn

)
∈ sp2n(R).

Thus,

κ(x, y) = 2nxy (x, y ∈ R = gl1(R)),
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so that
dµ(a) =

√
2n da/|a| (a ∈ R× = GL1(R)),

where da is the usual Lebesgue measure on R . Similarly, we have

gln(R) 3 x→
(
x 0
0 −xT

)
∈ sp2n(R).

Thus,
κ(x, y) = 2 tr(xy) (x, y ∈ gln(R)),

so that

dµ(a) =
√

2
n2

dg/| det(g)|n (g ∈ GLn(R)).

Let e1 = (1, 0, 0, 0, · · · , 0)T ∈ Rn . Then∫
W

φ(w) dw =
|Sn−1|

2µ(On)
√

2n

∫
On

∫
RnT

∫
GL1(R)

φ(ke1a, a
−1v) dv dµ(k) dµ(a),

where |Sn−1| is the Euclidean measure of the unit sphere in Rn and dv is the
usual Lebesgue measure on RnT . Therefore,∫

GL1(R)\W
φ(GL1(R)w) dµ(GL1(R)w) =

|Sn−1|
2µ(On)

√
2n

∫
On

∫
RnT

φ(ke1, v) dv dµ(k).

For x ∈ gln(R), we have

χx(ke1, v) = χ(
1

4
〈x(ke1, v), (ke1, v)〉)

= χ(
1

4
〈(xke1,−vx), (ke1, v)〉) = χ(

1

2
vxke1).

Since H′ = A′′′ = A′′′s = GL1(R), we have chcW(ψ) = c̃hcW(ψ) and therefore

chcW(ψ) =
|Sn−1|

√
2
n2

2µ(On)
√

2n

∫
On

∫
RnT

∫
gln(R)

ψ(x)χ(
1

2
vxke1) dx dv dµ(k)

=
|Sn−1|

√
2
n2

2n

2µ(On)
√

2n

∫
Mn,n−1(R)

ψOn(0, x) dx

=
|Sn−1|

√
2
n2−n(n−1)

2n

2µ(On)
√

2n

∫
R(n−1)T

∫
gln−1(R)

ψOn

((
1 y
0 1

)
·
(

0 0
0 x

))
| det(x)| dµ(x),

where

ψOn(x) =

∫
On

ψ(k.x) dµ(k).

Let e2 = (0, 1, 0, 0, · · · , 0)T , e3 = (0, 0, 1, 0, · · · , 0)T ,· · · , en = (0, 0, 0, · · · , 0, 1)T .
Set V′ = Re1 , U = Re2 ⊕ Re3 ⊕ · · · ⊕ Ren . Then Hom(U,V′) = n ⊆ gln(R). Let
K = On and let N = exp(n). Our computation above shows that

chcW(ψ) =
|Sn−1|

√
2
n2−n(n−1)

2n

2µ(On)
√

2n

∫
N

∫
gl(U)

ψK(n.x)| det(ad(x)n)| dµ(x) dµ(n).
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Notice that, since

son 3 z =

(
0 −yT
y 0

)
→ ze1 =

(
0
y

)
3 Rn,

we have

κ(z, z) = 2 tr(zzT ) = 4yTy.

Hence,
µ(On)

1
2
µ(O1 ×On−1)

= µ(K/StabK(e1)) = 2n−1|Sn−1|.

We may compute |Sn−1| from this formula, and obtain the following equation,

chcW(ψ) =
2n√
n

1

µ(O1 ×On−1)
√

2
(n−1)

∫
N

∫
gl(U)

ψK(n.x)| det(ad(x)n)| dµ(x) dµ(n).

Let L = GL1(R)×GLn−1(R) ⊆ GLn(R). Then, by Proposition A.1, we have∫
GLn(R)

φ(g) dµ(g) =
1

µ(K ∩ L)
√

2
(n−1)

∫
N

∫
K

∫
L

φ(knl) dµ(l) dµ(k) dµ(n).

Thus,

chcW(ψ) =
2n√
n

∫
GLn(R)/L

∫
gl(U)

ψ(g · y)| det(ad(y)n)| dµ(y) dµ(gL).

Therefore, in terms of Theorem 0.3 and the identification R = gl(V′),∫
gl(V )

ψ(x)chcW(x′ + x) dµ(x) =

∫
gl(V )

ψ(x+ x′idV)chcW(x) dµ(x)

=
2n√
n

∫
GLn(R)/L

∫
gl(U)

ψ(g.y + x′idV )|det(ad y)n| dµ(y) dµ(gL)

=
2n√
n

∫
GLn(R)/L

∫
gl(U)

ψ(g.(y + x′idV ))|det(ad y)n| dµ(y) dµ(gL)

=
2n√
n

∫
GLn(R)/L

∫
gl(U)

ψ(g.(y + x′idV ))|det(ad(y − x′idU)n| dµ(y) dµ(gL)

=
2n√
n

∫
GLn(R)/L

∫
gl(U)

ψ(g.(x′ + y))|det(ad(x′ + y)n| dµ(y) dµ(gL).

This verifies Theorem 0.3 for our pair.

Proof. [Proof of Lemma 0.5 for D = R .] Let R be equipped with the bilinear
form (x, y)→ xy , (x, y ∈ R), and let dx be the corresponding Lebesgue measure,
as above. We shall consider the Dirac delta δ as a generalized function by∫

R
f(x)δ(x) dx = f(0).
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Let G = GLn(R) and let g = gln(R). For any ψ ∈ D(g) supported in the set of
x ∈ greg such that det′(x) 6= 0, we have

∫
g
ψ(x)δ(det(x)) dµ(x)

=
∑ 1

|W (H)|

∫
h

| det(ad(x)g/h)|δ(det(x))

∫
G/H

ψ(g · x) dµ(gH) dµ(x),

where the summation is a maximal family of mutually non-conjugate Cartan
subgroups H ⊆ G, and |W (H)| is the cardinality of the Weyl group W (H). Up
to conjugation, only the terms corresponding to the Cartan subgroups of the form
H = GL(V′) × HU , where HU ⊆ GL(U), may be non-zero. A term like that will
occur |W (H)|/|W (HU)| times. Hence,∫

g

ψ(x)δ(det(x)) dµ(x)

=
∑ 1

|W (HU)|

∫
gl(V′)

∫
hU

| det(ad(x1 + y))g/h|δ(x1 det(y))∫
G/H

ψ(g · (x1 + y)) dµ(gH) dµ(y) dµ(x1)

=
∑ 1

|W (HU)|

∫
gl(V′)

δ(x1)

∫
hU

| det(ad(x1 + y))g/h|| det(y)|−1∫
G/H

ψ(g · (x1 + y)) dµ(gH) dµ(y) dµ(x1).

Since dµ(x1) =
√

2dx1 , the above is equal to

√
2
∑ 1

|W (HU)|

∫
hU

| det(ad(y)g/h)|| det(y)|−1

∫
G/H

ψ(g · y) dµ(gH) dµ(y)

=
√

2

∫
G/L

∑ 1

|W (HU)|

∫
hU

| det(ad(y)g/h)|| det(y)|∫
L/GL(V′)×HU

ψ(gl · y) dµ(lGL(V′)× HU) dµ(y) dµ(gL)

=
√

2

∫
G/L

∫
gl(U)

| det(y)|ψ(g · y) dµ(y) dµ(gL),

where, as before L = GL(V′)×GL(U). Thus∫
g

ψ(x)δ(det(x)) dµ(x) =
√

2

∫
G/L

∫
gl(U)

| det(ad(y))n|ψ(g · y) dµ(y) dµ(gL).

We extend the measure δ ◦ det by zero beyond the indicated subset of g . Then

chcW =
2n√
2n

δ ◦ det =

√
2

dimR W

√
dimR W

dimR V′
δ ◦ det . (1.1)
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2. Proof of Theorem 0.3 for the dual pairs (GLn(C),GL1(C))

Here W = Cn ⊕ CnT , 〈(u, v), (u′v′)〉 = Re(v′u − vu′) and J(u, v) = (vT ,−uT ),
(u, u′ ∈ Cn , v, v′ ∈ CnT ). Furthermore, we have an embedding,

C = gl1(C) 3 x→
(
xIn 0
0 −xIn

)
∈ sp2n(C) ⊆ sp4n(R).

Thus,
κ(x, y) = 4nRe(xy) (x, y ∈ C = gl1(C)),

so that
dµ(a) =

√
4n da/|a| (a ∈ C× = GL1(C)),

where da is the usual Lebesgue measure on C . Similarly, we have

gln(C) 3 x→
(
x 0
0 −xT

)
∈ sp2n(C) ⊆ sp4n(R).

Thus,
κ(x, y) = 4 Re tr(xy) (x, y ∈ gln(C)).

Since dimR(gln(C)) = 2n2 ,

dµ(a) = 4n
2

dg/| det(g)|2n (g ∈ GLn(C)).

Let e1 = (1, 0, 0, 0, · · · , 0)T ∈ Cn . Then∫
W

φ(w) dw =
|S2n−1|
2µ(Un)

∫
Un

∫
CnT

∫
C×
φ(ke1a, a

−1v) dv dµ(k) da/|a|,

=
|S2n−1|

2µ(Un)
√

4n

∫
Un

∫
CnT

∫
GL1(C)

φ(ke1a, a
−1v) dv dµ(k) dµ(a).

where |S2n−1| is the Euclidean measure of the unit sphere in Cn and dv is the
usual Lebesgue measure on CnT . Therefore,∫

GL1(R)\W
φ(GL1(R)w) dµ(GL1(R)w) =

|S2n−1|
2µ(Un)

√
4n

∫
Un

∫
CnT

φ(ke1, v) dv dµ(k).

For x ∈ gln(C), we have

χx(ke1, v) = χ(
1

4
〈x(ke1, v), (ke1, v)〉) = χ(

1

2
Re(vxke1)).

Hence,

chcW(ψ) =
|S2n−1|4n2

2µ(Un)
√

4n

∫
Un

∫
CnT

∫
gln(C)

ψ(x)χ(
1

2
Re(vxke1)) dx dv dµ(k)

=
|S2n−1|4n2

4n

2µ(Un)
√

4n

∫
Mn,n−1(C)

ψUn(0, x) dx

=
|S2n−1|4n2−n(n−1)4n

2µ(Un)
√

4n

∫
C(n−1)T

∫
gln−1(C)

ψUn

((
1 y
0 1

)
·
(

0 0
0 x

))
| det(x)|2 dµ(x),
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where

ψUn(x) =

∫
Un

ψ(k.x) dµ(k).

Let e2 = (0, 1, 0, 0, · · · , 0)T , e3 = (0, 0, 1, 0, · · · , 0)T ,· · · , en = (0, 0, 0, · · · , 0, 1)T .
Set V′ = Ce1 , U = Ce2⊕Ce3⊕ · · · ⊕Cen . Then n ⊆ gln(C). Let K = Un and let
N = exp(n). Our computation above shows that

c̃hcW(ψ) =
|S2n−1|4n2−n(n−1)4n

2µ(Un)
√

4n

∫
N

∫
gl(U)

ψK(n.x)| det(ad(x)n)|2 dµ(x) dµ(n).

Notice that since

un 3 z =

(
it −yT
y 0

)
→ ze1 =

(
it
y

)
3 Cn,

we have

κ̃(z, z) = Re tr(zzT ) = 4 Re tr

(
it −yT
y 0

)(
−it yT

−y 0

)
= 4(t2 + 2yTy).

Hence,

µ(Un)µ(U1)

µ(U1 × Un−1)
= µ(K/StabK(e1)) =

√
4

2n−1√
2

2n−2
|S2n−1| = 22n−12n−1|S2n−1|.

We may compute |S2n−1| from this formula, and obtain the following equation,

c̃hcW(ψ) =
2n√
n

µ(U1)

µ(U1 × Un−1)

∫
N

∫
gl(U)

ψK(n.x)| det(ad(x)n)|2 dµ(x) dµ(n).

Let L = GL1(C)× GLn−1(C) ⊆ GLn(C). Then according to Proposition A.1, we
have ∫

GLn(C)

φ(g) dµ(g) =
1

µ(K ∩ L)
√

2
2n−2

∫
K

∫
N

∫
L

φ(knl) dµ(l) dµ(n) dµ(k).

Therefore,

c̃hcW(ψ) =
2n√
n

µ(U1)

µ(U1 × Un−1)
µ(K ∩ L)

√
2

2n−2

∫
GLn(C)/L

∫
gl(U)

ψ(g · y)| det(ad(y)n)|2 dµ(y) dµ(gL).

In our case H′ = G′ = GL1(C) and the group A′′′s = R∗ . Hence, µ(H′/A′′′) =

2
√
nπ . Notice that U1 in the preceding formula of c̃hcW is considered as a

subgroup of U1 × Un−1 ⊂ GLn(C) thus κu1×u1(x, y) = 4 Re(xy) and µ(U1) = 4π .
Hence

1

µ(H′/A′′′)

2n√
n

µ(U1)

µ(U1 × Un−1)
µ(K ∩ L)

√
2

2n−2
=

22n−12π√
n
√
nπ

=
4n

n
.

Therefore,

chcW(ψ) =
4n

n

∫
GLn(C)/L

∫
gl(U)

ψ(g · y)| det(ad y)n|2 dµ(y) dµ(gL).

This verifies Theorem 0.3 for our pair.
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Proof. [Proof of Lemma 0.5 for D = C .] Let C be equipped with the bilinear
form (x, y) → Rexy , (x, y ∈ C), and let dx be the corresponding Lebesgue
measure, as above. We shall consider the Dirac delta δ as a generalized function
by ∫

C
f(x)δ(x) dx = f(0).

Let G = GLn(C) and let g = gln(C). For any ψ ∈ Cc(g) supported in the set of
x ∈ g which are regular, semisimple and such that det′(x) 6= 0, we have∫

g

ψ(x)δ(det(x)) dµ(x)

=
∑ 1

|W (H)|

∫
h

| det(ad x)g/h|2δ(det(x))

∫
G/H

ψ(g · x) dµ(gH) dµ(x),

where g/h is viewed as a real vector space, the summation is a maximal family of
mutually non-conjugate Cartan subgroups H ⊆ G, and |W (H)| is the cardinality
of the Weyl group W (H). Up to conjugation, only the terms corresponding to the
Cartan subgroups of the form H = GL(V′) × HU , where HU ⊆ GL(U), may be
non-zero. A term like that will occur |W (H)|/|W (HU)| times. Hence,∫

g

ψ(x)δ(det(x)) dµ(x)

=
∑ 1

|W (HU)|

∫
gl(V′)

∫
hU

| det(ad(x1 + y)g/h)|2δ(x1 det(y))∫
G/H

ψ(g · (x1 + y)) dµ(gH) dµ(y) dµ(x1)

=
∑ 1

|W (HU)|

∫
gl(V′)

δ(x1)

∫
hU

| det(ad(x1 + y))g/h|2| det(y)|−2∫
G/H

ψ(g · (x1 + y)) dµ(gH) dµ(y) dµ(x1).

Since dµ(x1) = 4 dx1 , the above is equal to

4
∑ 1

|W (HU)|

∫
hU

| det(ad(y))g/h|2| det(y)|−2

∫
G/H

ψ(g · y) dµ(gH) dµ(y)

= 4

∫
G/L

∑ 1

|W (HU)|

∫
hU

| det(ad(y))g/h|2| det(y)|2∫
L/GL(V′)×HU

ψ(gl · y) dµ(lGL(V′)× HU) dµ(y) dµ(gL)

= 4

∫
G/L

∫
gl(U)

| det(y)|2ψ(g · y) dµ(y) dµ(gL),

where, as before L = GL(V′)×GL(U). Thus∫
g

ψ(x)δ(det(x)) dµ(x) = 4

∫
G/L

∫
gl(U)

| det(ad(y))n|2ψ(g · y) dµ(y) dµ(gL).
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We extend the measure δ ◦ det by zero beyond the indicated subset of g . Then,
as in the case D = R ,

chcW =
4n

4n
δ ◦ det =

√
2

dimR W

√
dimR W

dimR V′
δ ◦ det . (2.1)

3. Proof of Theorem 0.3 for the dual pairs (GLn(D),GLn′(D)), D = R
or D = C

An element x ∈ g , or rather the pair (x, V ), is called decomposable if and
only if there are two non-zero subspaces U ′, U ′′ ⊆ V , preserved by x such that
V = U ′ ⊕ U ′′ . In this case we say that (x, V ) is the direct sum of the elements
(x, U ′) and (x, U ′′). The element x , or (x, V ), is called indecomposable if and
only if (x, V ) is not decomposable. If x is semisimple then (x, V ) decomposes
into a direct sum of indecomposables. Two elements (x, V ) and (y, U) are called
similar if and only if there is an invertible linear map g ∈ Hom(U, V ) such that
y = g−1xg . A direct sum of indecomposable elements is called isotypic if and
only if all the indecomposable components are mutually similar. Two isotypic
components are of the same type if and only if the corresponding indecomposable
elements are similar.

Let x′ be a regular element in a fixed Cartan subalgebra h′ ⊆ g′ = gl(V′).
Let

V′ = V′1 ⊕ V′2 ⊕ · · · ⊕ V′m

be the decomposition into x′− isotypic components. Recall the symplectic space

W = Hom(V′,V)⊕ Hom(V,V′).

For j = 1, 2, · · · ,m let

Wj = Hom(V′j,V)⊕ Hom(V,V′j),

cj =

√
2

dimR Wj√
dimR Wj

dimR V′j
.

Since

W = W1 ⊕W2 ⊕ · · · ⊕Wm

is an orthogonal decomposition, the subspaces

sp(Wj), sp(Wk) (j 6= k)

are mutually orthogonal with respect to the form κ . Hence, the restriction of κ
to each sp(Wj) coincides with the corresponding bilinear symmetric form given
by the trace on sp(Wj). In particular the normalized measure on W is the
product of the normalized measures on the W′js and normalized measure on
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∑m
j=1(gl(V′j) + gl(V)) ⊆ sp(W) is the product of the normalized measures on the

gl(V′j) + gl(V)) ⊆ sp(Wj). As shown in the previous two sections,

chcW(x′ + x) =
m∏
j=1

cj δ
(

det(x′ + x)Hom(V′j ,V)

)
,

for x ∈ g . In particular an element x ∈ g belongs to the support of chcW(x′+ ) if
and only if the semisimple part of x belongs to the support of chcW(x′+ ). Suppose
x is semisimple and belongs to the indicated support. Since the generalized
function chcW(x′+ ) is conjugation invariant, we may assume that x|V′ = x′ .
Then

V = V′′′ ⊕ U0, V′′′ = V′′′1 ⊕ V′′′2 ⊕ · · · ⊕ V′′′m,

where each (x,V′′′j ) is isotypic of the same type as (x,V′j), and U0 does not contain
any x− indecomposable components similar to any (x,V′j), j = 1, 2, · · · ,m .
Moreover,

V′′′j = V′j ⊕ V′′j (j = 1, 2, · · · ,m),

where the decomposition is preserved by x . Define x′′′ ∈ g by

x′′′|V′′′ = x|V′′′ , x′′′|U0 = 0.

For a classical Lie algebra s , with the defining module V , and for a subset S ⊆ s ,
let Sε denote the set of all elements y ∈ S such that for any eigenvalue λ of y ,
acting on V , |λ| < ε .

For ε > 0 let Uε be the set of all y ∈ gx
′′′

such that

y|V′′′ ∈ x′′′|V′′′ + gl(V′′′)xε , and

d(eig(x′′′|V′′′), eig(y|U0)) > ε.

where d(eig(x′′′|V′′′), eig(y|U0)) is the minimum of |λ′ − λ| , where λ′ ∈ eig(x′′′|V′′′)
and λ ∈ eig(y|U0).

Lemma 3.1. For all ε > 0 small enough,
(a) x ∈ Uε ;
(b) Uε is Gx′′′−stable;
(c) if y1, y2 ∈ Uε and h ∈ G are such that h · y1 = y2 , then h ∈ Gx′′′ ;
(d) det(ad(y)g/g′′′) 6= 0 for y ∈ Uε .

Remark. Part (d) implies that the map

G× Uε −→ g
(g, y) 7−→ g · y

is a submersion, and (c) shows that the fiber of the above map is equal to

{(gh−1, h · y); h ∈ Gx′′′}.

Thus
G×Gx′′′ Uε = G · Uε.
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Proof. Parts (a), (b), (c) are clear. We shall verify (d). Notice that

gx
′′′

=
m⊕
j=1

gl(V′′′j )x ⊕ gl(U0)

and

g = gx
′′′ ⊕

m⊕
j=1

xgl(V′′′j )⊕
m⊕

i,j=1
i 6=j

Hom(V′′′i ,V
′′′
j )⊕ Hom(U0,V

′′′)⊕ Hom(V′′′,U0),

where the left superscript indicates the anticommutant:
xY = {y ∈ Y ; yx = −xy} .

Hence

∣∣det
(
ad(y)g/g′′′

)∣∣
=

∣∣∣∣ det

(
ad(y) m⊕

j=1

xgl(V′′′j )⊕
m⊕

i,j=1
i 6=j

Hom(V′′′i ,V
′′′
j )⊕Hom(U0,V′′′)⊕Hom(V′′′,U0)

)∣∣∣∣
=

m∏
j=1

∣∣∣∣det

(
ad(y)xgl(V′′′j )

)∣∣∣∣ m∏
i,j=1
i 6=j

∣∣∣det
(

ad(y)Hom(V′′′i ,V
′′′
j )

)∣∣∣
∣∣det

(
ad(y)Hom(U0,V′′′)

)∣∣ ∣∣det
(
ad(y)Hom(V′′′,U0)

)∣∣ .
The action of ad(y) on xgl(V′′′j ) coincides with 2 times the left multiplication by
y|V′′j . Hence, ∣∣∣det

(
ad(y)xgl(V′′′j )

)∣∣∣
is a non-zero constant multiple of a power of∣∣∣det

(
ad(x′)x′gl(V′j)

)∣∣∣ ,
which is non-zero, by the regularity of x′ .

Since

eig(y|V′′′i ) ∩ eig(y|V′′′j ) = ∅ (i 6= j),

we have

det
(

ad(y)Hom(V′′′i ,V
′′′
j )

)
6= 0 (i 6= j).

Similarly ∣∣det
(
ad(y)Hom(U0,V′′′)

)∣∣ ∣∣det
(
ad(y)Hom(V′′′,U0)

)∣∣ 6= 0.

For y ∈ Uε we have
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m∏
j=1

δ(det(x′ + y)Hom(V′j ,V))

=
m∏
j=1

δ
(

det(x′ + y)Hom(V′j ,V
′′′
j )x

) m∏
j=1

∣∣∣det(x′ + y)xHom(V′j ,V
′′′
j )

∣∣∣−1

m∏
j,k=1
j 6=k

∣∣∣det(x′ + y)Hom(V′j ,V
′′′
k )

∣∣∣−1 ∣∣det(x′ + y)Hom(V′,U0)

∣∣−1
,

where all the vector spaces Hom( , ) are over R . Thus

m∏
j=1

δ
(

det(x′ + y)Hom(V′j ,V)

)
=

m∏
j=1

δ
(

det(x′ + y)Hom(V ′j ,V
′′′
j )x

)
∣∣∣∣ det

(
ad(y) m⊕

j=1

xHom(V′j ,V
′′′
j )

m⊕
j,k=1
j 6=k

Hom(V′j ,V
′′′
k )⊕Hom(V′,U0)

)∣∣∣∣−1

.

For each j , h′|V′j ⊆ End(V′j) is isomorphic to R or C , as a field and of dimension

dimR V
′
j over R . Let

Wx
j = Hom(V′j,V

′′′
j )x ⊕ Hom(V′′′j ,V

′
j)
x.

Then
GL(V′j)

x = H′|V′j ,GL(V′′′j )x ⊆ Sp(Wj)
x

is a dual pair. Moreover, since

W = Wx
j ⊕Wx

j
⊥,

our symmetric bilinear form on sp(Wx
j ) coincides with the restriction of the form

from sp(W). Hence, for y ∈ Uε , dµ(y|V′′′j ) is the same as the measure for the pair

(GL(V′j)
x = H′|V′j ,GL(V′′′j )x). Let

cxj =

√
2

dimR Wx
j√

dimR Wx
j

dimR V′j
.

Then according to (1.1) and (2.1), for y ∈ Uε and for all j ,

δ(det(x′ + y)Hom(V′j ,V
′′′
j )) =

1

cxj
chcWx

j
(x′ + y)

∣∣∣det(x′ + y)xHom(V′j ,V
′′′
j )

∣∣∣−1

.

Hence,

chcW(x′ + y) =
m∏
j=1

cj
1

cxj
chcWx

j
(x′ + y)

∣∣∣∣ det

(
x′ + y

)
m⊕
j=1

xHom(V′j ,V
′′′
j )

m⊕
j,k=1
j 6=k

Hom(V′j ,V
′′′
k )⊕Hom(V′,U0)

∣∣∣∣−1

.
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Define x′′ ∈ g by
x′′|V′′ = x|V′′ , x′′|V′⊕U0 = 0.

Then

gx
′′′

=
m⊕
j=1

gl(V′′′j )x ⊕ gl(U0) and
(
gx
′′′
)x′′

=
m⊕
j=1

(
gl(V′j)

x ⊕ gl(V′′j )
x
)
⊕ gl(U0).

Also (
GL(V′′′j )x

)x′′
= GL(V′j)

x ×GL(V′′j )
x.

As we have shown in Sections 1 and 2,∫
gl(V′′j )x

ψ(y)chcWx
j
(x′ + y) dµ(y)

= cxj

√
2 dimR V′j

dimR V′j
∫

GL(V′′′j )x/(GL(V′′′j )x)x′′

∫
gl(V′′′j )x

∣∣∣det
(

ad(x′ + y)Hom(V′j ,V
′′
j )x

)∣∣∣
ψ(g · (x′|V′j + y)) dµ(y) dµ(g(GL(V′′′j )x)x

′′
).

Furthermore,
m∏
j=1

cj

√
2 dimR V′j

dimR V′j
=

√
2

dimR W

√
dimD V

dimR V′
.

Moreover,∣∣∣∣ det

(
ad(x′ + y) m⊕

j=1

xHom(V′j ,V
′′′
j )

m⊕
j,k=1
j 6=k

Hom(V′j ,V
′′′
k )⊕Hom(V′,U0)

)∣∣∣∣−1

∣∣∣∣ det

(
ad(x′ + y) m⊕

j=1
Hom(V′j ,V

′′′
j )x

)∣∣∣∣ ∣∣∣∣ det

(
ad(x′ + y)g/gx′′′

)∣∣∣∣
=

∣∣∣∣ det

(
ad(x′ + y)gl(U)/gl(U)x′′

)∣∣∣∣ ∣∣∣∣ det

(
ad(x′ + y)Hom(U,V′)

)∣∣∣∣.
Let ψ ∈ S(g) be supported in the set of the G−orbits passing through Uε . Then

our computations show that∫
g

ψ(x)chcW(x′ + x) dµ(x)

=

∫
G/Gx′′′

∫
gx
′′′
ψ(g · y)chcW(x′ + y)| det(ad(x′ + y)g/gx′′′ )| dµ(y) dµ(gGx′′′)

=

√
2

dimR W

√
dimD V

dimR V′

∫
G/(Gx′′′ )x′′

∫
(gx′′′ )x′′

ψ(g · (x′ + y))

∣∣∣∣ det
(

ad(x′ + y)gl(U)/gl(U)x′′
)∣∣∣∣∣∣∣∣ det

(
ad(x′ + y)Hom(U,V′)

)∣∣∣∣ dµ(y) dµ(g(Gx′′′)x
′′
)
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=

√
2

dimR W

√
dimD V

dimR V′

∫
G/L

∫
GL(V′)/GL(V′)x′

∫
gl(U)

ψ(g · (l · x′ + y))∣∣ det
(

ad(x′ + y)Hom(U,V′)

)∣∣ dµ(y) dµ(l(GL(V′)x
′
)) dµ(gL).

Since GL(V′)x
′
= H′ , we see that we have for every ψ ∈ S(g),

∫
g

ψ(x)chcW(x′ + x) dµ(x) =

√
2

dimR W

√
dimD V

dimR V′∫
G/L

∫
GL(V′)/H′

∫
gl(U)

ψ(g · (l · x′ + y))| det(ad(x′ + y)n)| dµ(y) dµ(lH′2) dµ(gL).

This verifies Theorem 0.3.

Proof. [Proof of Corollary 0.4] We denote by DGL(U) the Weyl denominator of
the Lie algebra gl(U) (see equality (A.2) for the definition). The Weyl integration
formula for the Lie algebra gl(U) implies the following equality:∫

GL(V)/H′×GL(U)

∫
gl(U)

| det(ad(x′ + y)n′)|ψ(g.(x′ + y))dµ(y)dµ(g(H′2 ×GL(U)))

=
∑
HU

1

|WGL(U)(hU)|

∫
hU

DGL(U)(y)| det(ad(x′ + y)n′)|∫
GL(V)/H′×HU

ψ(g.(x′ + y))dµ(g(H′2 × HU))dµ(y).

Corollary A.4 implies that the above is equal to

=
∑
HU

1

|WGL(U)(hU)|

∫
hU

DGL(U)(y)
1

√
2

dimR(n′)
µ(K ∩ L)∫

GL(V′)×GL(U)/H′×HU

ψK
n (g.(x′ + y))dµ(g(H′2 × HU))dµ(y)

=
1

√
2

dimR(n′)
µ(K ∩ L)

∫
GL(V′)/H′

∫
gl(U)

ψK
n (g.x′ + y)dµ(y)µ(gH′2)

=
1

√
2

dimR(n′)
µ(K ∩ L)

√
dimD(V)

dimD(V′)

dimR(h′) ∫
GL(V′)/H′

∫
gl(U)

ψK
n (g.x′+y)dµ(y)µ(gH′1).

If we notice that dimR(h′) = dimR(V′), then the formula of Corollary 0.4 follows
from Theorem 0.3.

4. Proof of Theorem 0.7

In the proof of Theorem 0.7, we shall encounter a delicate point which we would
like to explain here. Let h′s = h′|V ′s . There are two inclusions:

j1 : h′s ↪→ g and j2 : h′s ↪→ gl(V)
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defined by

j1(x′)(v′ + u) = x′v′ (x′ ∈ h′s, v
′ ∈ V′s, u ∈ U),

j2(x′)(v′ + u) = x′v′ (x′ ∈ h′s, v
′ ∈ X′, u ∈ U + Y′).

Furthermore, there are the obvious inclusions:

g ↪→ sp(Ws),
gl(V) ↪→ sp(Ws),

where Ws = Hom(V′s,V). Let h′s,i = ji(h
′
s). Thus

h′s,1 ↪→ sp(Ws),
h′s,2 ↪→ sp(Ws).

We denote by H′s,i the corresponding subgroup of Sp(Ws). Let, for the moment,
κi(x, y) = κ(x, y) for x, y ∈ h′s,i with i = 1, 2. Then

κ1(x, y) = tr (xy)Hom(V′s,V
′
s)R

= 2 dimD(V′s) tr (xy)End(X′)R
,

κ2(x, y) = tr (xy)(Hom(X′,X′)⊕Hom(Y′,Y′))R
= dimD(V′s) tr (xy)End(X′)R

.

Thus
κ2(x, y) = 2−1κ1(x, y) (x, y ∈ h′s). (4.1)

Let µ1 and µ2 be the corresponding measures on H′s,1 and H′s,2 respectively. Then

dµ2(x) =
1

√
2

dimR(X′)
dµ1(x) (x, y ∈ h′s).

The pair of groups (GL(X′),GL(V)) is a dual pairs of type II in Sp(Ws). In the
third equality in (4.3) we shall apply Theorem 0.3 to this pair, but we have to be
careful about the measures involved. We shall only need the case dimD(X′) = 1,
D = R or C . Let µ denote the measure on GL(V), the subgroups and the quotients
of it, as in Theorem 0.3. Then∫

gl(V)

ψ(x) chcW(x′ + x) dµ(x)

=

√
2

dimR Ws

√
dimR Ws

dimR X′

∫
gl(V)

δ(det(x′ + x))ψ(x) dµ(x)

=

√
2

dimR Ws√
dimD(V)

dimR(X′)

∫
GL(V)/(H′s×GL(U))

∫
gl(U)

F (y) dµ(y) dµ(g(H′s ×GL(U))),

where F (y) =
∣∣ det

(
ad(x′ + y)Hom(U,X′)

)∣∣ψ(g · (x′ + y)). (4.2)

Let us equip the group H′s,1 × GL(U) with the measure µ1 ⊗ µ , keep the same
measure µ on GL(V), and let µ̃ denote the corresponding measure on the quotient
GL(V)/(H′s,1 ×GL(U)). Then, by (4.1),

dµ̃(g(H′s,1 ×GL(U))) =
√

2
dimR(X′)

dµ(g(H′s,1 ×GL(U))).
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Then (4.2) is equal to

√
2

dimR Ws√
dimD(V)

dimR(X′)

√
2

dimR(X′)
∫

GL(V)/(H′s,1×GL(U))

∫
gl(U)

∣∣ det
(

ad(x′ + y)Hom(U,X′)

)∣∣
ψ(g · (x′ + y)) dµ(y) dµ̃(g(H′s,1 ×GL(U))).

Notice that the quotient measure in (4.3), denoted by µ there (for natural
reasons) is µ̃ .

Recall the notation and the assumptions of Section 4. Let

V′s = V′1 ⊕ V′2 ⊕ · · · ⊕ V′m

be the isotypic decomposition with respect to x′ . Then each V′j has a complete
polarization

V′j = X′j ⊕ Y′j

preserved by H′ . For j = 1, 2, · · · ,m let

Wj = Hom(V′j,V)⊕ Hom(V,V′j),

cj =

√
2

dimR Wj√
dimR Wj

dimR V′j
.

Notice that
W = Ws ⊕ Hom(V′c,V)

is an orthogonal decomposition. Since

Ws = W1 ⊕W2 ⊕ · · · ⊕Wm

is an orthogonal decomposition, the subspaces

sp(Wj), sp(Wk) (j 6= k)

are mutually orthogonal with respect to the form κ . Hence, the restriction of κ
to each sp(Wj) coincides with the corresponding bilinear symmetric form given by
the trace on sp(Wj). In particular the normalized measure on W is the product
of the normalized measures on the W′js and on Hom(V′c,V).

Similarly, the normalized measure on A′′′s ⊆ Sp(W) is the product of the
normalized measures on the A′′′s ∩Sp(Wj), and the normalized measure on H′|V ′s ⊆
Sp(Hom(V′s,V)) is the product of the normalized measures on the H′|V′s ∩Sp(Wj).
Hence, for x ∈ g ,

chcW(x′ + x) = chcWs(x
′ + x) chcHom(V′c,V)(x

′ + x),

chcWs(x
′ + x) =

m∏
j=1

cj δ(det(x′ + x)Hom(X′j ,V)).

Notice that the measure µ(H′|V′c) used to define the chcHom(V′c,V) is different than
the corresponding measure (denote it by µU(H′|V′c)) of H′|V′c used to define chcWc .
For x, y ∈ End(V′c) let

κ(x, y) = trD/R(xy)
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where we view x and y as elements of End(Hom(V′c,V)), and let

κU(x, y) = trD/R(xy)

where we view x and y as elements of End(Wc). Then

κ(x, y) =
dimD V

dimD U
κU(x, y).

Hence,

µ(H′|V′c) =

√
dimD V

dimD U

dimR(H′|V′c )

µU(H′|V′c).

An element x ∈ g belongs to the support of chcW(x′+·) ( = supp(chcWs(x
′+·))) if

and only if the semisimple part of x belongs to the support of chcW(x′+·). Suppose
x is semisimple and belongs to the indicated support. Since the generalized
function chcW(x′ + ·) is conjugation invariant, we may assume that x|V′ = x′ .
Then

V = V′′′ ⊕ U0, V′′′ = V′′′1 ⊕ V′′′2 ⊕ · · · ⊕ V′′′m,

where each (x,V′′′j ) is isotypic of the same type as (x,V′j), and U0 does not
contain any x-indecomposable components similar to any (x,V′j), j = 1, 2, · · · ,m .
Moreover,

V′′′j = V′j ⊕ V′′j (j = 1, 2, · · · ,m),

where V′′j is orthogonal to V′j and the decomposition is preserved by x . For each
j , let

V′′j = X′′j ⊕ Y′′j

be the complete polarization preserved by x . Let

X′′′j = X′j ⊕ X′′j (j = 1, 2, 3, · · · ,m)

X′′′ = X′′′1 + X′′′2 + · · ·+ X′′′m, Y′′′ = Y′′′1 + Y′′′2 + · · ·+ Y′′′m.

All these spaces are x− invariant, and the V′′j might be zero. Define x′′′ ∈ g by

x′′′|V′′′ = x|V′′′ , x′′′|U0 = 0.

For ε > 0 let Uε be the set of all y ∈ gx
′′′

such that

y|X′′′ ∈ x′′′|X′′′ + gl(X′′′)xε , and

d(eig(x′′′|X′′′), eig(y|U0)) > ε.

Hence, Lemma 3.1 holds. Notice that

m∏
j=1

cj

√
2 dimR X′j

dimR X′j
=

√
2

dimR Ws

√
dimD V

dimR X′
.

As in Section 3, we check that

m∏
j=1

δ

(
det(x′ + y)Hom(X′j ,V)

)
=

m∏
j=1

δ

(
det(x′ + y)Hom(X′j ,X

′′′
j )x

)
∣∣∣∣ det

(
ad(y) m⊕

j=1

xHom(X′j ,X
′′′
j )⊕

m⊕
j,k=1
j 6=k

Hom(X′j ,X
′′′
k )⊕Hom(X′,U0+Y′′′)

)∣∣∣∣−1

.
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Notice that∣∣∣∣ det

(
ad(y)g/(∑j gl(X

′′′
j )+g(U0))

)∣∣∣∣
=

∣∣∣∣ det

(
ad(y)Hom(X′′′,U0)+Hom(X′,Y′′)+Hom(X′,Y′)∩g+Hom(X′′,Y′′)∩g

)∣∣∣∣2∣∣∣∣ det

(
ad(y)∑m

j,k=1
Hom(X′′′j ,X

′′′
k )

)∣∣∣∣
and that∣∣∣∣ det

(
ad(y)(

∑
j gl(X

′′′
j )+g(U0))/(

∑
j gl(X

′′′
j )x+g(U0))

)∣∣∣∣ =

∣∣∣∣ det

(
ad(y)∑

j
xgl(X′′′j )

)∣∣∣∣.
Hence, by a straightforward computation∣∣∣∣ det

(
ad(x′ + y)g/gx′′′

)∣∣∣∣
=

∣∣∣∣ det

(
ad(x′ + y) m⊕

j=1

xHom(X′j ,X
′′′
j )⊕

m⊕
j,k=1
j 6=k

Hom(X′j ,X
′′′
k )⊕Hom(X′,U0+Y′′′)

)∣∣∣∣−1

∣∣∣∣ det

(
ad(x′ + y) m⊕

j=1
Hom(X′j ,X

′′′
j )x

)∣∣∣∣

=

∣∣∣∣ det

(
ad(x′ + y)Hom(X′′,X′)+Hom(X′,U0+Y′′)+Hom(X′,Y′)∩g

)∣∣∣∣∣∣∣∣ det

(
ad(x′ + y)g(U)/g(U)x

)∣∣∣∣ ∣∣∣∣ det

(
ad(x′ + y)Hom(X′,Y′)∩g′

)∣∣∣∣−1

=

∣∣∣∣ det

(
ad(x′ + y)Hom(X′,U)+Hom(X′,Y′)∩g

)∣∣∣∣∣∣∣∣ det

(
ad(x′ + y)g(U)/g(U)x

)∣∣∣∣ ∣∣∣∣ det

(
ad(x′ + y)Hom(X′,Y′)∩g′

)∣∣∣∣−1

.

Define x′′ ∈ g by

x′′|V′′ = x|V′′ , x′′|V′′⊥ = 0.

Then

gx
′′′

=
m⊕
j=1

gl(X′′′j )x ⊕ gl(U0), and

(
gx
′′′)x′′

=
m⊕
j=1

(gl(X′j)
x ⊕ gl(X′′j )

x)⊕ gl(U0).
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Let ψ ∈ S(g). Assume, supp(ψ) ⊆ G · Uε . Then

∫
g

ψ(x)chcWs dµ(x) =

∫
g

m∏
j=1

cjδ

(
det(x′ + x)Hom(X′j ,V)

)
ψ(x) dµ(x)

=

√
2

dimR Ws√
1
2

dimD V
dimR X′

∣∣ det(ad(x′)Hom(X′,Y′)∩g′)
∣∣−1
∫

G/(H′|X′×G(U)x′′ )

∫
g(U)x′′∣∣ det(ad(x′ + y)g(U)/g(U)x′′ )

∣∣ ∣∣ det(ad(x′ + y)Hom(X′,U)+Hom(X′,Y′)∩g)
∣∣

ψ(g · (x′ + y)) dµ(y) dµ(g(H′|X′ ×G(U)x
′′
))

=

√
2

dimR Ws√
1
2

dimD V
dimR X′

∣∣ det(ad(x′)Hom(X′,Y′)∩g′)
∣∣−1
∫

G/(H′|X′×G(U))

∫
g(U)∣∣ det(ad(x′ + y)Hom(X′,U)+Hom(X′,Y′)∩g)

∣∣ψ(g · (x′ + y)) dµ(y) dµ(g(H′|X′ ×G(U))).
(4.3)

This verifies the part of Theorem 0.7 corresponding to the case V′c = 0.

Notice that for y ∈ Uε , such that y restricted to X′ is conjugate to x′

restricted to X′ , we have

chcHom(V′c,V
′
s)(x

′ + y) =
√

2
dimR Hom(V′c,V

′
s)
∣∣∣∣ det(x′ + y)Hom(Vc,V′s)

∣∣∣∣−1/2

=
√

2
dimR Hom(V′c,V

′
s)
∣∣∣∣ det(ad(x′)Hom(X′,V′c))

∣∣∣∣−1

.

Furthermore,

W = Ws ⊕ Hom(V′c,V
′
s)⊕Wc.

Assume that U 6= 0 and H′|V′c is not finite. Then,

∫
g

chcW(x′ + x)ψ(x)dµ(x)

=

∫
g

chcWs(x
′ + x)

1

µ(H′|V′c)
c̃hcHom(V′c,V

′
s)(x

′ + x)

c̃hcHom(V′c,U)(x
′ + x)ψ(x)dµ(x)

=

∫
g

chcWs(x
′ + x)

µU(H′|V′c)
µ(H′|V′c)

c̃hcHom(V′c,V
′
s)(x

′ + x)chcHom(V′c,U)(x
′ + x)ψ(x)dµ(x)
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=

√
2

dimR Ws√
1
2

dimD V
dimR X′

∣∣∣∣ det(ad(x′)Hom(X′,Y′)∩g′)

∣∣∣∣−1

∫
G/(H′|X′×G(U))

∫
g(U)

∣∣det(ad(x′ + y)Hom(X′,U)+Hom(X′,Y′)∩g)
∣∣ µU(H′|V′c)
µ(H′|V′c)

c̃hcHom(V′c,V
′
s)(x

′+y)

chcWc(x
′ + y)ψ(g · (x′ + y)) dµ(y) dµ(g(H′|X′ ×G(U)))

=

√
2

dimR Ws+dimR Hom(V′c,V
′
s)√

1
2

dimD V
dimR X′

µU(H′|V′c)
µ(H′|V′c)

| det(ad(x′)Hom(X′,Y′)∩g′)|−1
∣∣det(ad(x′)Hom(X′,V′c))

∣∣−1∫
G/(H′|X′×G(U))

∫
g(U)

∣∣det(ad(x′ + y)Hom(X′,U)+Hom(X′,Y′)∩g)
∣∣ chcHom(V′c,U)(x

′ + y)

ψ(g · (x′ + y)) dµ(y) dµ(g(H′|X′ ×G(U)))

=

√
2

dimR Hom(V′s,V)+dimR Hom(V′c,V
′
s)√

1
2

dimD V
dimR X′

√
dimD U

dimD V

dimR(H′|V′c )

∣∣det(ad(x′)Hom(X′,Y′)∩g′)
∣∣−1 ∣∣det(ad(x′)Hom(X′,V′c))

∣∣−1∫
G/(H′|X′×G(U))

∫
g(U)

∣∣det(ad(x′ + y)Hom(X′,U)+Hom(X′,Y′)∩g)
∣∣ c̃hcHom(V′c,U)(x

′ + y)

ψ(g · (x′ + y)) dµ(y) dµ(g(H′|X′ ×G(U))).

Suppose h′ acts trivially on Wc . Then,∫
g

c̃hcW(x′ + x)ψ(x)dµ(x) =

∫
g

c̃hcWs(x
′ + x)c̃hcHom(V′c,V)(x

′ + x)ψ(x)dµ(x)

=

∫
g

c̃hcWs(x
′ + x)chcHom(V′c,V)(x)ψ(x)dµ(x)

Hence, we are applying the case V′c = 0 to the function chcHom(V′c,V)(x)ψ(x) and
continue the computation as follows, keeping in mind that the measures on G,
H′|X′ ⊆ G and G/(H′|X′) are different in these two cases. If U = 0 then∫

g

chcW(x′ + x)ψ(x)dµ(x)

=

√
dimD V′

dimD V′s

dimR H′√
2

dimR Hom(V′s,V)+dimR Hom(V′c,V)√
1
2

dimD V
dimR X′

∣∣det(ad(x′)Hom(X′,Y′)∩g′)
∣∣−1 ∣∣det(ad(x′)Hom(X′,V′c))

∣∣−1
∫

G/(H′|X′ )
ψ(g·(x′)) dµ(g(H′|X′)).

If U 6= 0 then the same argument applies.

This verifies Theorem 0.7 for our function ψ with the support contained
in G · Uε . Since G · Uε is a completely invariant neighborhood of an arbitrary
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semisimple point in the support of our distribution, the formula holds for any
function ψ ∈ S(g).

The proof of Corollary 0.8 is the same as the proof of Corollary 0.4.

5. The conjugacy classes in an ordinary classical Lie group

Let G be an ordinary classical Lie group, with the defining module V and the Lie
algebra g . An element g ∈ G, or rather the pair (g,V), is called decomposable if
and only if there are two non-zero subspaces V′,V′′ ⊆ V , (which are orthogonal if
G is of type I), preserved by g and such that V = V′ ⊕ V′′ . In this case we say
that (g,V) is the direct sum of the elements (g,V′) and (g,V′′). The element g ,
or (g,V), is called indecomposable if and only if (g,V) is not decomposable.

Let G′ be another ordinary classical Lie group with the defining module V′

and the Lie algebra g′ . Let g′ ∈ G′ and let g ∈ G. We shall say that the two
elements (g,V) and (g′,V′) are similar ((g,V) ≈ (g′,V′)) if and only if the two
groups G, G′ are of the same type and there is a linear bijection g0 : V→ V′ (an
isometry in the type I case) such that g′ = g0gg

−1
0 . In particular, if G = G′ , (and

therefore V = V′ ), then (g,V) is similar to (g′,V) if and only if g and g′ are in
the same G-orbit. For simplicity we shall use the following notation:

g.h = ghg−1 (g, h ∈ G),

G.S = {g.h | g ∈ G, h ∈ S} (S ⊆ G).

Let g ∈ G and let g = gsgn be the Jordan decomposition of g , [11, II, page 26].
Then gn = exp(xn), where xn ∈ g is nilpotent.

Let m = ht(xn,V) denote the height of xn . (This is the smallest non-
negative integer k such that xkn 6= 0, but xk+1

n = 0.). When convenient, by the
height of (g, V ) we shall understand the height of (xn,V). One says that (g,V) is
uniform if and only if ker(xmn ) = xn(V). In this case let V = V/ ker(xn) and for
v ∈ V , let v = v+ xn(V) ∈ V . With this notation set g(v) = g(v), and if G is the
isometry group of a non-degenerate form τ , let τ(u, v) = τ(u, xmn (v)); u, v ∈ V .
Then τ is a non-degenerate form on V , and g preserves this form. Furthermore,
the element (g,V) is semisimple. We shall refer to it as to the semisimple element
attached to (g,V).

Theorem 5.1. [2, Proposition 2 and 3] The similarity class of a uniform
element (g,V) is uniquely determined by ht(g,V) and by the similarity class of
(g,V). If (g,V) is indecomposable then it is uniform, and (g,V) is indecomposable.
Any element (g,V) is the direct sum of indecomposables.

The element (g,V) is said to be isotypic (or V is isotypic with respect to
g ) if (g,V) is the direct sum of mutually similar indecomposable elements. The
number of these elements is called the multiplicity of (g,V), and the similarity
class of any one of them, the type of (g, V ). We see from Theorem 5.1 that the
similarity class of an isotypic element is determined by its height, its multiplicity
and the type of the semisimple element attached to it.
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Corollary 5.2. [2] Let g, g′ ∈ G. Let

V = V1 ⊕ V2 ⊕ · · ·

be the decomposition of V into isotypic components with respect to g , and let

V = V′1 ⊕ V′2 ⊕ · · ·

be the decomposition of V into isotypic components with respect to g′ . Then g and
g′ are in the same G-orbit if and only if, up to a permutation of indecies, (g,Vj)
is similar to (g,V′j) for all j . In particular the G-orbit of g is determined by the
number of isotypic components of (g,V) together with the height, the multiplicity
and the type of the semisimple element attached to each of them.

Lemma 5.3. [2, Table A, p.360] The following is a complete list of semisimple,
indecomposable elements (g,V) for g in an ordinary classical Lie group of type I.

(i) D = R

(a) τ -symmetric; V = Rv ; ε−±1 ∈ R; g(v) = εv ; eig(g) = {ε}.

(b) τ -skew-symmetric; V = Ru⊕ Rv ; ε−±1 ∈ R; g(u) = εu, g(v) = εv ;
eig(g) = {ε}.

(c) V = Ru ⊕ Rv ; τ(u, u) = τ(v, v) = 0, τ(u, v) = 1; a ∈ R \ {0,± − 1};
g(u) = au, g(v) = a−1v ; eig(g) = {a, a−1}.

(d) V = Ru ⊕ Rv ; τ(u, v) = 0, τ(u, u) = τ(v, v) = ±1; ξ ∈ R \ πZ;
g(u) = cos(ξ)u− sin(ξ)v , g(v) = cos(ξ)u+ sin(ξ)v ; eig(g) = {e±iξ}.

(e) V = Ru1 ⊕ Ru2 ⊕ Rv1 ⊕ Rv2 ; τ(ui, uj) = τ(vi, vj) = 0, (i, j = 1, 2),
τ(u1, v1) = τ(u2, v2) = 1; ξ ∈ R \ πZ, a > 0; g(u1) = a cos(ξ)u1 −
a sin(ξ)u2 , g(v1) = a−1 cos(ξ)v1 − a−1 sin(ξ)v2 , g(u2) = a cos(ξ)u1 +
a sin(ξ)u2 , g(v2) = a−1 cos(ξ)v1 + a−1 sin(ξ)v2 ; eig(g) = {a±1e±iξ}.

(f) V = Ru ⊕ Rv ; τ(u, u) = τ(v, v) = 0, τ(u, v) = 1 = −τ(v, u);
ξ ∈ R \ πZ; g(u) = cos(ξ)u − sin(ξ)v , g(v) = cos(ξ)u + sin(ξ)v ,;
eig(g) = {e±iξ}.

(ii) D = C

(a) ι = 1; τ -symmetric; V = Cv ; ε−±1 ∈ R; g(v) = εv ; eig(g) = {ε}.

(b) ι = 1; τ -skew-symmetric; V = Cu ⊕ Cv ; ε − ±1 ∈ R; g(u) = εu,
g(v) = εv ; eig(g) = {ε}.

(c) ι 6= 1; τ -hermitian; V = Cv ; a ∈ C, |a| = 1; g(v) = av ; eig(g) = {a}.

(d) ι = 1; V = Cu ⊕ Cv ; τ(u, u) = τ(v, v) = 0, τ(u, v) = 1; a ∈
C \ {0,±1}; g(u) = au, g(v) = a−1v ; eig(g) = {a±1}.

(e) ι 6= 1; V = Cu ⊕ Cv ; τ(u, u) = τ(v, v) = 0, τ(u, v) = 1 = τ(v, u);
a ∈ C, |a| 6= 1; g(u) = au, g(v) = ι(a)−1v ; eig(g) = {a, ι(a)−1}.

(iii) D = H (here ι 6= 1 preserves C ⊆ H)
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(a) V = Hv ; ε−±1 ∈ R; g(v) = εv ; eig(g) = {ε}.

(b) V = Hv ; a ∈ C, |a| = 1, a 6= ±1; g(v) = av ; eig(g) = {a±1}.

(c) V = Hu ⊕ Hv ; τ(u, u) = τ(v, v) = 0, τ(u, v) = 1; a ∈ C, |a| 6= 1;
g(u) = au, g(v) = ι(a)−1v ; eig(g) = {a±1, ι(a)±1}.

Lemma 5.4. [2, Table A, p.360] The following is a complete list of semisimple,
indecomposable elements (g,V) for g in an ordinary classical Lie group of type II.

(i) D = R

(a) V = Rv ; ε−±1 ∈ R; g(v) = εv ; eig(g) = {ε}.

(b) V = Rv ; ε ∈ R \ {0,±1}; g(v) = εv ; eig(x) = {ε}.

(c) V = Ru ⊕ Rv ; ξ ∈ R \ πZ, a > 0;g(u) = a cos(ξ)u − a sin(ξ)v ,
g(v) = a cos(ξ)u+ a sin(ξ)v ; eig(g) = {ae±iξ}.

(ii) D = C

(a) V = Cv ; ε−±1 ∈ R; g(v) = εv ; eig(g) = {ε}.

(b) V = Cv ; a ∈ C \ {0,±1}; g(v) = av ; eig(g) = {a}.

(iii) D = H (here ι 6= 1 preserves C ⊆ H)

(a) V = Hv ; ε−±1 ∈ R; g(v) = εv ; eig(g) = {ε}.

(b) V = Hv ; a ∈ C \ {0,±− 1}; g(v) = av ; eig(g) = {a, ι(a)}.

By inspecting the lists of Lemmas 5.3 and 5.4, we deduce the following
corollary :

Corollary 5.5. Let G be an ordinary classical Lie group with the defining
module U. (If G is of type I, then G is the group of isometries of a form τ
on U.) Let g, g′ ∈ G, and let V,V′ ⊆ U be two subspaces such that the elements
(g,V) and (g′,V′) are indecomposable and semisimple.

If (g,V) and (g′,V′) are not similar, then either eig(g|V) ∩ eig(g′|V′) = ∅
or eig(g|V) = eig(g′|V′) and the group G is of type I, the form τ is hermitian and
the restrictions of τ to V and V′ are definite of opposite signatures.

In particular, if g preserves a non-zero isotropic subspaces of V , then (g,V)
and (g′,V′) are similar if and only if the sets eig(g|V), eig(g′|V′) have a non-empty
intersection:

(g,V) ≈ (g′,V′) if and only if eig(g|V) ∩ eig(g′|V′) 6= ∅.

A slice through a semisimple point of G.

Let G be an ordinary classical Lie group, with the Lie algebra g . Fix a
semisimple element g ∈ G. Let z ⊆ g denote the centralizer of g . Let Z ⊆ Gg be
the subgroup which acts trivially on the center of z . Let r ⊆ g be the range of
1− Ad(g). Set

Z′ = {z ∈ Z | det(1− Ad(g))r 6= 0}.
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This is a Gg -invariant subset of Z, closed under taking the inverse. Let ε > 0 and

zε = {y ∈ z | |λ| < ε for all eigenvalues λ of y}.

Define

Zε = g exp(zε), Gε = G.Zε, (ε > 0). (5.1)

Theorem 5.6. [11, II, p. 37] The sets Zε are Gg -stable. For all sufficiently
small ε > 0, we have the following:

(i) Zε is an open subset of Z′ , and the map zε 3 y → g exp(y) ∈ Zε is an
analytic diffeomorphism;

(ii) If h ∈ G and h.[Zε] ∩ Zε 6= ∅ then h ∈ Gg ;

(iii) If Z1 ⊆ Zε is Gg -invariant and closed in Z, then G.Z1 is closed in G;

(iv) If 0 < ε′ < ε, then Cl(Zε′) ⊆ Zε ;

(v) There is ε > 0 such that the family Gε′ , 0 < ε′ < ε, is a basis for the
completely invariant open neighborhoods of g in G.

Let G be an ordinary classical Lie group with the defining module V .
Suppose

V = V′ ⊕ U

is a direct sum decomposition, which is orthogonal in the type I case. The above
decomposition induces the obvious embeddings

G(V′)×G(U) ⊆ G(V) = G; g(V′)⊕ g(U) ⊆ g(V) = g.

Lemma 5.7. Let g ∈ G be a semisimple element which preserves V′ and U. If
G is of type I, assume that V′ has a complete polarization V′ = X′ ⊕ Y′ preserved
by g . Then, with the notation (5.1), there is ε > 0 such that for any ε′ ∈]0, ε[

(gG(U)) ∩ Gε′ = G(U)[(gG(U)) ∩ Zε′ ].

Proof. Obviously, for any ε′ > 0, the right hand side is contained in the left
hand side. We shall find ε > 0 such that the left hand side is contained in the
right hand side.

Let

V′ = V′1 ⊕ V′2 ⊕ · · ·

be the decomposition of V′ into isotypic components with respect to g . For j ≥ 1
let Uj ⊆ U be an isotypic component with respect to g , of the same type as V′j ,
if it exists. If not, set Uj = 0. Let U0 ⊆ U be the sum of all the other g− isotypic
components of U . Set Vj = V′j ⊕ Uj , j ≥ 1. Then

V = U0 ⊕ V1 ⊕ V2 ⊕ · · · (5.2)
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Let ε be the minimum of all the numbers

| ln(|λiλ−1
j |)| (λi ∈ eig(g|Vi), λj ∈ eig(g|Vj), i 6= j; i, j ≥ 1)

| ln(|λiλ−1
0 |)| (λi ∈ eig(g|Vi), λ0 ∈ eig(g|U0); i ≥ 1) (5.3)

where the ln stands for the natural logarithm.

An arbitrary element of the set (gG(U)) ∩ Gε′ looks as follows

gh = g0[gz], (5.4)

where h ∈ G(U), z ∈ exp(zε′) and g0 ∈ G. In particular, for each j ≥ 1,
V contains an gz -isotypic subspace Wj such that (gz,Wj) is similar to (g,V′j).
Since gz commutes with g we have

Wj =
⊕
i≥1

Wj ∩ Vi ⊕Wj ∩ U0.

Let Bε′ ⊆ C be the disc of radius ε′ , centered at zero. For i ≥ 1,

eig((gz)|Wj∩Vi) ⊆ eig((gz)|Vi) ⊆ eig(g|Vi) exp(Bε′) = eig(g|V′i) exp(Bε′).

Moreover,
eig((gz)|Wj∩Vi) ⊆ eig((gz)|Wj

) = eig(g|V′j).

Thus
eig((gz)|Wj∩Vi) ⊆ (eig(g|V′i) exp(Bε′)) ∩ eig(g|V′j). (5.5)

Similarly
eig((gz)|Wj∩U0) ⊆ (eig(g|U0) exp(Bε′)) ∩ eig(g|V′j). (5.6)

By (5.3), the set (5.6) is empty, and the set (5.5) is non-empty if and only if i = j .
Therefore, Wj ⊆ Vj for all j ≥ 1.

Thus, after conjugating gz by an element of G, which preserves the decom-
position (5.2), we may assume that gz preserves V′j and Uj , and that z|V ′j = 1,

j ≥ 1. Hence z ∈ G(U).

Let U(h) ⊆ U be an gh-isotypic component. Suppose (gh,U(h)) is of
different type than any of the (gh,V′j) = (g,V′j), j ≥ 1. Then by (5.4) there is an
(gz)− isotypic component U(z) ⊆ U such that (gh,U(h)) is similar to (gz,U(z)).
Suppose (gh,U(h)) is of the same type as (gh,V′j). Then, again by (5.4), there
is an gz -isotypic component U(z) ⊆ U such that (gh,V′j + U(h)) is similar to
(gz,V′j + U(z)). Then, by Corollary 5.2, (gh,U(h)) and (gz,U(z)) are similar.
Thus each gh− isotypic component of U is similar to some gz− isotypic component
of U . Since the roles of h and z may be reversed, we see that (gh)|U and (gz)|U
are in the same G(U)-orbit.
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6. Proof of Theorem 0.6

The distribution |Chc|.
Let X be a finite dimensional vector space over the division algebra D = R ,

C or H . Consider a direct sum decomposition

X = X′ ⊕ X′′,

where dimD(X′) = 1. Let Q ⊆ GL(X) be the parabolic subgroup preserving X′′ .
The Levi factor of Q is isomorphic to GL(X′) × GL(X′′). Let δ−1 ∈ D′(GL(X′))
be the Dirac delta at −1 ∈ GL(X′). Define the following distribution (generalized
function) on GL(X):

|Chc(g)| = Ind
GL(X′)
Q (δ−1 ⊗ 1)(g) (g ∈ GL(X)).

(See the Appendix A for the definition of an induced distribution.) This is a
positive Borel measure. In terms of Lemma 13.1 in [10], we have

|Chc(g)| = | det(g)|1/2 δ(det(g + 1)) (g ∈ GL(X)), (6.1)

if D = R or C . If D = H , then the distribution on the left hand side of (6.1) is the
restriction of the one on the right hand side via the embedding GL(X) ⊆ GL(X|C),
where X|C stands for X viewed as a vector space over C ⊆ H . Sometimes it will be
helpful to include the vector space X in our notation and write |ChcX| for |Chc| .

Let V,V′ be two finite dimensional vector spaces over D and let X =
Hom(V′,V). The groups G = GL(V) and G′ = GL(V′) act on X as follows

g(x) = gx, g′(x) = xg′−1, (g ∈ G, x ∈ X, g′ ∈ G′). (6.2)

Hence we have the embeddings G,G′ ↪→ GL(X). Let θ be a Cartan
involution on GL(X) which preserves both G and G′ . Let H′ = T′A′ ⊆ G′

be a standard Cartan subgroup, with the compact part T′ and the vector part A′ ,
as in [12]. Let

V′ = V′1 ⊕ V′2 ⊕ · · · (6.3)

be the decomposition into H′− isotypic components.

Definition 6.1. For h′ ∈ H′reg , set

|Chch′(g)| = |ChcX(h′g)|

=
∏
j≥1

| det(h′g)Hom(V′j ,V)|1/2 δ
(

det(h′g + 1)Hom(V′j ,V)

)
(g ∈ GL(X)).

By Proposition 1.8 in [10], the above product of distributions is well defined.
The formulas (6.2) and the preceding formula imply that

supp(|Chch′|) = {g ∈ G | eig(g) ∩ eig(−h′|V′j) 6= ∅ for all j ≥ 1}. (6.4)

This set is empty if dim(V′) > dim(V). Hence, from now we assume that dim(V′) ≤
dim(V). In particular V contains a subspace of the same dimension as V′ . We
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shall identify such a subspace with V′ . Let U ⊆ V be a complementary subspace,
so that

V = V′ ⊕ U. (6.5)

For h′ ∈ H′reg , let Ih′ ∈ D′(G′) denote the orbital integral

Ih′(Ψ) =

∫
G′/H′

Ψ(g.h′) dµ(gH′). (6.6)

Let Q be the parabolic subgroup of G preserving U .

Theorem 6.2. We have

|Chch′| = IndG
L (I−h′ ⊗ 1) (h′ ∈ H′reg).

Explicitly, for Ψ ∈ D(G) and h′ ∈ H′reg ,∫
G

|Chc(h′g)|Ψ(g) dµ(g) =

∫
G′/H′

∫
GL(U)

ΨL(h1.(−h′)h2) dµ(h2) dµ(h1GL(U)),

(6.7)
where −h′ is viewed as an element of G′ ⊆ Q preserving the decomposition (6.5)
and acting as the identity on U.

Proof. Consider an element g ∈ supp(|Chch′|). Let

V = · · · ⊕ V−1 ⊕ V0 ⊕ V1 ⊕ V2 ⊕ · · ·

be the decomposition V into isotypic components with respect to g , indexed in
such a way that (in terms of Theorem 5.1) (g,Vj) is of the same type as (−h′,V′j),
for each j ≥ 1. By Corollary 5.5 and by (6.4), this is possible.

Let g = gs exp(xn) be the Jordan decomposition of g . For each j ≥ 1 there
is a subspace Wj ⊆ Vj such that

Vj = Wj ⊕ xnWj ⊕ x2
nWj ⊕ · · ·

and (g,Vj) is similar to (gs,Wj). In particular dim(Wj) = dim(Vj). Let

U′ = · · ·+ V−1 + V0 +
∑
j≥1

(xnWj + x2
nWj + · · · ).

Then U′ is g -invariant and dim(V/U′) = dim(V′). In particular there is g0 ∈ G
such that U′ = g0U . Hence, g−1

0 gg0 preserves U and the resulting endomorphism
of V′ = V/U is conjugate to −h′ .

We recall that the parabolic subgroup Q is equal to MAN, with MA =
GL(V′)GL(U). We have just shown that

supp(|Chch′|) = G.[(−h′)GL(U)N] = KGL(V′).[−h′]GL(U)N], (6.8)

which, by Proposition A.5, coincides with the support of the distribution on the
right hand side of (6.7). Since both distributions are positive Borel measures, and
are G-invariant, this verifies the theorem 6.2 if V′ = V .
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By Harish-Chandra’s Method of Descent, it will suffice to consider the
distribution |Chch′(x)| = |Chc(h′x)| , x ∈ G in an arbitrary small completely
invariant open neighborhood of a point in the support of |Chch′ | . We shall need
some additional notation.

Let h′′ be the centralizer of h′ in sp(W). Clearly h′′ ⊂ a′′ .

From now on we assume that V′ is a proper subspace of V . Let Ψ ∈
Cc(G.L

′). Then Proposition A.7 implies∫
G

|Chc(h′g)|Ψ(g) dµ(g) =

∫
G′

∫
GL(U)

|Chc(h′h1h2)|| det(Ad(h1h2)− 1)n|

| det(Ad(h1h2)n)|−1/2ΨL(h1h2) dµ(h2) dµ(h1). (6.9)

Notice that for h1 ∈ GL(V′) and h2 ∈ GL(U), with det(Ad(h1h2)− 1)n 6= 0,

|Chc(h′h1h2)| (6.10)

= |ChcHom(V′,V)(h
′h1h2)|

=
∏
j≥1

| det(h′h1h2)Hom(V′j ,V)|1/2δ(det(h′h1h2 + 1)Hom(V′j ,V))

=
∏
j≥1

(
| det(h′h1)Hom(V′j ,V

′) det(h′h2)Hom(V′j ,U)|1/2

δ(det(h′h1 + 1)Hom(V′j ,V
′) det(h′h2 + 1)Hom(V′j ,U))

)
=

∏
j≥1

| det(h′h1)Hom(V′j ,V
′)|1/2δ(det(h′h1 + 1)Hom(V′j ,V

′))∏
j≥1

| det(h′h2)Hom(V′j ,U)|1/2| det(h′h2 + 1)Hom(V′j ,U)|−1

= |ChcHom(V′,V′)(h
′h1)|| det(h′h2)Hom(V′,U)|1/2| det(h′h2 + 1)Hom(V′,U)|−1

= |ChcHom(V′,V′)(h
′h1)|| det(Ad(h′h2)n|1/2| det(Ad(h′h2)− 1)n|−1,

where n = Hom(V′,U) is the Lie algebra of the group N, and the last equation
follows from our formula for the case V′ = V , considered previously. Clearly, (6.9)
and (6.10) imply Theorem 6.2.

We have shown so far (see Proposition A.5 and equality (6.8)) that the
two positive invariant Borel measures which occur in (6.7) agree on Greg . In
order to complete the proof it will suffice to show that these measures vanish on
G \Greg . Proposition A.8 implies that this is indeed the case for the distribution
IndG

L (I−h′ ⊗ 1). Hence we need to show that∫
G

|Chc(h′g)|Ψ(g) dµ(g) =

∫
Greg

|Chc(h′g)|Ψ(g) dµ(g),

for Ψ ∈ D(G). We shall use an argument parallel to the proof of [10, Lemma
7.10].

In order to complete the proof, we shall use an argument parallel to the
proof of [10, Lemma 7.10]. As in [10, Section 7],

GL(X)H′ = GL(Hom(V′1,V))H′ ×GL(Hom(V′2,V))H′ × · · ·
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The restriction of |Chc| from GL(X)A′ to GL(X)H′ exists and is given by

|Chc(g1g2, · · · )| =
∏
j≥1

| det(gj)|1/2δ(det(gj + 1)), (6.11)

where gj ∈ GL(Hom(V′j,V))H′ and δ(det · · · ) is as in [10, equality (5.10)] depend-
ing on the field h′|V′j . Furthermore, the distribution |Chch′| coincides with the

pull-back of the distribution (6.11) via the embedding

G 3 g → h′g ∈ GL(X)H′ . (6.12)

Thus the preceding formula holds with the determinant having values in the field
h′|V ′j . Let g0 ∈ G be a semisimple element in the support of |Chch′ | . Let

V = V1 ⊕ V2 ⊕ V3 ⊕ · · ·

be the decomposition of V into isotypic components with respect to g0 . Recall
the decomposition (6.3). Each Hom(V′j,Vk) is a vector space over the field h′|V′j .
As such it is either isotypic with respect to the action of g0 or is the direct sum
of two different isotypic components. The second possibility occurs if and only if
D 6= C and both fields h′|V′j and gg0 |Vk are isomorphic to C . In any case we shall
write

Hom(V′j,Vk) = Hom(V′j,Vk)1 ⊕ Hom(V′j,Vk)2

keeping in mind the possibility that the second summand might be zero. Further-
more

Gg0 = GL(V1)g0 ×GL(V2)g0 × · · ·
GL(X)H′∪{g0} =

∏
j,k,l

GL(Hom(V′j,Vk)l),

and the embedding (6.12) restricts to

Gg0 3 g → h′g ∈ GL(X)H′∪{g0}.

We may arrange the indecies so that

det(h′g0 + 1)Hom(V′j ,Vj)1
= 0 for all j, and

det(h′g0 + 1)Hom(V′j ,Vk)l 6= 0 for j 6= k, or j = k and l 6= 1. (6.13)

Let Zε be a completely invariant open neighborhood of g0 in the set of regular
elements of Gg0 , so small that the second condition in (6.13) holds with the g0

replaced by g ∈ Zε . Similarly, let Z ′ε′ be a completely invariant open neighborhood
of h′g0 in the set of regular elements of GL(X)H′∪{g0} , so small that for each g ∈ Z ′ε′
and for each j at most one of the determinants det(g)Hom(V′j ,Vk)l is zero. Then the
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restriction of the distribution (6.11) to Z ′ε′ may be written as

∏
j

(∏
k,l

| det(g)Hom(V′j ,Vk)l |
1/2 δ(

∏
k,l

det(g + 1)Hom(V′j ,Vk)l)

)

=
∏
j

(∑
k,l

| det(g)Hom(V′j ,Vk)l |
1/2 δ(det(g + 1)Hom(V′j ,Vk)l)

∏
(k′,l′)6=(k,l)

| det(g)Hom(V′j ,Vk′ )l′
|1/2| det(g + 1)Hom(V′j ,Vk′ )l′

|−1

 .

Hence, assuming Zε is small enough, we have for g ∈ Zε

|Chc(h′g)| =
∏
j

(∑
k,l

| det(h′g)Hom(V′j ,Vk)l |
1/2 δ(det(h′g + 1)Hom(V′j ,Vk)l)

∏
(k′,l′) 6=(k,l)

| det(h′g)Hom(V′j ,Vk′ )l′
|1/2| det(h′g + 1)Hom(V′j ,Vk′ )l′

|−1

 .

As we can get the same formula for the left hand side of (6.7), we deduce Theorem
6.2.

The Cauchy Harish-Chandra integral for a pair of type II, as an induced
distribution.

Let W be a symplectic space over the reals. Let S̃p(W) be the metaplectic

group. For any subgroup E ⊆ Sp(W) let Ẽ be the preimage of E under the

covering map S̃p(W) 3 g → g ∈ Sp(W). (see (0.2)).

Let W = X ⊕ Y be a complete polarization and let Z ⊆ Sp(W) be the
subgroup preserving both X and Y . Set

G̃L(X) = {(g, η) ∈ GL(X)× C× | η2 = det(g)}.

This is a double cover of GL(X) under the map (g, η) → g . Let ω denote the

oscillator representation of S̃p(W), with the distribution character Θ, as in [5] or
[10]. By considering the Schrödinger model of ω associated to the polarization
W = X⊕ Y , as in [5, Lemma 2.17], we deduce the following lemma:

Lemma 6.3. The restriction map

Z 3 g → g|X ∈ GL(X) (6.14)

lifts to a group isomorphism

Z̃ 3 g → (g|X, η) ∈ G̃L(X), (6.15)

where

η = η(g) =
Θ(g)

|Θ(g)|
| det(g|X)|1/2 if det(g − 1)W 6= 0.
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In terms of Lemma 6.3 define

ε(g) =
η(g)

|η(g)|
(g ∈ Z̃). (6.16)

Then ε is a character of Z̃, with values in the group {z ∈ C | z4 = 1} . Moreover

ε(g) =
Θ(g)

|Θ(g)|
(g ∈ Z̃, det(g − 1)W 6= 0). (6.17)

The function on the right hand side of (6.17) is well defined on S̃p
c
(W) ⊆ S̃p(W),

the domain of the Cayley transform c , and clearly does not depend on the polar-
ization W = X⊕Y . Notice also that this function does not extend to a continuous
function of the whole metaplectic group, because it is not constant.

We shall identify Z with GL(X) via (6.14), and Z̃ with G̃L(X) via (6.15).
In these terms, by [10, Lemma 13.1], the Cauchy Harish-Chandra integral for the

group G̃L(X) is given by the following formula

Chc(g) = ChcW(g) = ε(g)|ChcX(g)| (g ∈ G̃L(X)). (6.18)

Consider a dual pair of type II, (G,G′) ⊆ Sp(W). We may assume that the
groups G,G′ preserve X and Y . Thus G,G′ ⊆ Z. The restriction (6.14) maps
G,G′ isomorphically onto a dual pair in GL(X). Recall the Cartan subgroup
H′ = T′A′ ⊆ G′ . The formula (6.18) implies

ChcW(g) = ε(g)|ChcX(g)| (g ∈ Ã′′),

where A′′ ⊆ Z is the centralizer of A′ in the symplectic group Sp(W). Hence,

ChcW(h′g) = ε(h′g)|ChcX(h′g)| (h′ ∈ H̃′reg, g ∈ G̃). (6.19)

As we have seen in Section 6, the distribution (6.19) is zero if dim(V′) > dim(V).
Hence, from now on, we assume that dim(V′) ≤ dim(V) and use the notation of

Theorem 6.2. As in (A.3) we have for Ψ ∈ D(G̃), the Harish-Chandra transform

ΨL̃(l) = | det(Ad(h)n)|1/2ΨK
N0

(l)

with

ΨK
N0

(l) =

∫
K̃

∫
Ñ0

Ψ(k.[hn]) dµ(n) dµ(k) (l ∈ L̃),

where Ñ0 , the identity component of Ñ, is the unipotent radical of Q̃.

The Levi factor of the group Q̃ is equal to G̃′G̃L(U) = L̃. Furthermore,

G̃′ ∩ G̃L(U) = {1, 1̃} where 1̃ is the nontrivial element in the preimage of the
identity.

Lemma 6.4. We have for any Ψ ∈ D(G̃) and any h′ ∈ H̃′reg ,∫
G̃

|Chc(h′g)|Ψ(g) dµ(g) =

∫
G′/H′

∫
G̃L(U)

ΨL̃(h1.(dh
′)h2) dµ(h2) dµ(h1H′). (6.20)
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Proof. Let U an open set of G such that U and Ũ are canonically isomorphic
and Ψ ∈ D(G̃) such that supp(Ψ) ⊂ Ũ . We consider than the function Φ ∈ D(G)

such that Ψ(x) = Φ(x) for x ∈ Ũ and Φ(x) = 0 for x ∈ G\U . We have the
relations

ΨL̃(l) = 2ΦL(l) for l ∈ L̃

and ∫
K̃

∫
Ñ0

ΨL̃(k.(hn))dµ(k)dµ(n) =

∫
K

∫
N

ΦL(k.(hn))dµ(k)dµ(n) for h ∈ L̃

We deduce that the formula (6.20) is verified for Ψ and with partition of unity,
we deduce the formula for all functions.

By combining Lemma 6.4 with (6.19), we deduce the following theorem:

Theorem 6.5. We have the equality

Chch′ = ε(h′) IndG̃
L̃

(ε(dh′))I(dh′) ⊗ ε) (h′ ∈ H̃′reg).

Here Idh′ ∈ D′(G̃′) is the orbital integral defined as in (6.6). Explicitly, for

Ψ ∈ D(G̃) and h′ ∈ H̃′reg ,∫
G̃

Chc(h′g)Ψ(g) dµ(g) = ε(h′)

∫
G′/H′

∫
G̃L(U)

ε(dh′h2)ΨL̃(h1.(dh
′)h2) dµ(h2) dµ(h1H′).

7. Proof of Theorem 0.9

Consider a dual pair (G,G′) ⊆ Sp(W) of type I. We consider the notations of
Section 4. Let Q′ ⊆ G′ and Q ⊆ G be the parabolic subgroup with the Lie
algebras q′ and q . Then M′A′ = GL(X′)G(V′c) and MA = GL(X′)G(U). Let

X = Hom(X′,V)⊕ Hom(V′c,X
′),

Y = Hom(Y′,V)⊕ Hom(V′c,Y
′),

Ws = X⊕ Y, Wc = Hom(V′c,U).

Then the restrictions of the symplectic form to both Ws and Wc are non-degenerate
and X , Y are isotropic subspaces. Furthermore

W = Ws ⊕Wc (7.1)

is an orthogonal direct sum decomposition. We may and shall assume that the
Cartan involution θ is such that,

θn = Hom(V,X′)⊕ Hom(Y′,X′) ∩ g,

θn′ = Hom(V′c,X
′)⊕ Hom(Y′,X′) ∩ g′.

Any element g ∈ Sp(W), which preserves the decomposition (7.1), may be written
as

g = gsgc,
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where gs acts trivially on Wc and gc acts trivially on Ws . We identify gs
with its restriction to Ws and gc with its restriction to Wc . In these terms,
gs ∈ Sp(Ws) ⊆ Sp(W) and gc ∈ Sp(Wc) ⊆ Sp(W). Furthermore any element

g ∈ S̃p(W) may be decomposed as

g = gsgc, (7.2)

where gs ∈ S̃p(Ws) and gc ∈ S̃p(Wc). The decomposition (7.2) is unique up to
simultaneous multiplication by 1̃.

Since the groups L and H′ preserve Ws and Wc , we shall use the notation
(7.2) for the elements of L̃ and H̃′ . Recall the character ε of the stabilizer of X

and Y in S̃p(Ws) defined in (6.16). For h′ ∈ H̃′reg let h′s = h′|X′ . We view h′s as an
element of GL(X′) ⊆ Q preserving the decomposition (6.4) acting as the identity
on U . Set H′s = GL(X′) ∩ H′ . The generalized function

vh′(mu) = ε(h′smus)Idh′s(m)ChcWc(h
′
cuc) (m ∈ G̃L(X′), u ∈ G̃(U)) (7.3)

does not depend on the decomposition (7.2) of m and u .

Theorem 7.1. We have the equality

ChcW,h′ = | det(Ad(h′)n′)|−1/2| det(Ad(h′−1)− 1)n′)|−1 IndG̃
L̃

(vh′),

where h′ ∈ H̃′reg . Explicitly, for Ψ ∈ D(G̃),∫
G̃

ChcW(h′g)Ψ(g) dµ(g) = | det(Ad(h′)n′)|−1/2| det(Ad(h′−1)− 1)n′)|−1ε(h′s)∫
GL(X′)/H′s

∫
G̃(U)

ε((−h′s)us)ChcWc(h
′
cuc)Ψ

L̃(h.(−h′s)u) dµ(u) dµ(hH′s). (7.4)

Proof. Let L′ = {l ∈ L | det ((Ad(l)− 1)n) 6= 0} , as before. Consider first the
case

supp(Ψ) ⊆ G.L′. (7.5)

Then, by Proposition A.7,∫
G̃

ChcW(h′g)Ψ(g) dµ(g)=

∫
L̃′
ChcW(h′l)| det(Ad(l)−1)n)|| det(Ad(l)n)|−1/2ΨQ̃(l) dµ(l).

For l ∈ L̃, we have

ChcW(h′l) = ChcWs(h
′
sls)ChcWc(h

′
clc).

If h = mu , where m ∈ G̃L(X′) and u ∈ G̃(U), then ms = m and

ChcW(h′mu) = ChcWs(h
′
smus)ChcWc(h

′
cuc)

= ε(h′smus) |ChcX(h′smus)|ChcWc(hcuc)
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where us is the restriction of u to X′ . Hence, we need to show that

|ChcX(h′smus)| = C| det(Ad(h′)n′)|1/2| det(Ad(h′)− 1)n′)|−1

I(−h′s)(m)| det(Ad(mu)− 1)n)|−1 | det(Ad(mu)n)|1/2. (7.6)

But,

|ChcX(h′smus)| = |ChcHom(X′,V)(h
′mu)||ChcHom(V′c,X

′)(h
′m)|. (7.7)

Furthermore, in terms of the following decomposition

V′s = V′1 ⊕ V′2 ⊕ · · · ,

where V′i are the H′− irreducible modules of V′s , we get

|ChcHom(X′,V)(h
′mu)| =

∏
j≥1

(
| det(h′mu)Hom(X′j ,V )|1/2δ(det(h′mu+ 1)Hom(X′j ,V))

)
=
∏
j≥1

(
| det(h′mu)Hom(X′j ,X

′)|1/2| det(h′mu)Hom(X′j ,U)|1/2| det(h′mu)Hom(X′j ,Y
′)|1/2×

δ(det(h′mu+ 1)Hom(X′j ,X
′) det(h′mu+ 1)Hom(X′j ,U) det(h′mu+ 1)Hom(X′j ,Y

′))
)

=
∏
j≥1

(
| det(h′m)Hom(X′j ,X

′)|1/2δ(det(h′m+ 1)Hom(X′j ,X
′))
)
| det(h′)Hom(X′,U)|1/2×

| det(h′m)Hom(X′,Y′)|1/2| det(h′mu+ 1)Hom(X′,U)|−1| det(h′m+ 1)Hom(X′,Y′)|−1

= I−h′s(m)| det(h′)Hom(X′,U)|1/2| det(h′m)Hom(X′,Y′)|1/2×
| det(h′mu+ 1)Hom(X′,U)|−1| det(h′m+ 1)Hom(X′,Y′)|−1

= I−h′s(m)| det(Ad(mu))Hom(X′,U)|1/2| det(Ad(h′))Hom(X′,Y′)∩g′|1/2×
| det(Ad(m))Hom(X′,Y′)∩g|1/2| det(Ad(mu)− 1)Hom(X′,U)|−1×
| det(Ad(h′)− 1)Hom(X′,Y′)∩g′|−1| det(Ad(m)− 1)Hom(X′,Y′)∩g|−1, (7.8)

where the fourth equality follows from Theorem 6.2. Moreover, by Lemma 6 (c)
in [10],

|ChcHom(V′c,X
′)(h

′m)| = |Θ(d) Θ(dh′m)|
= 2dim(Hom(V′c,X

′)| det(h′m)Hom(V′c,X
′)|1/2| det(h′m+ 1)Hom(V′c,X

′)|−1.

Hence

I−h′s(m)|ChcHom(V′c,X
′)(h

′m)| = I−h′s(m)2dim(Hom(V′c,X
′))

| det(Ad(h′)Hom(V′c,X
′))|1/2| det(Ad(h′)− 1)Hom(V′c,X

′)|−1. (7.9)

Clearly, (7.7), (7.8) and (7.9) imply (7.6). Thus, the theorem holds for Ψ as in
(7.5). We have the decomposition

V = (X′ ⊕ X′′)⊕ U0 ⊕ (Y′ ⊕ Y′′).
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Let Q1 ⊆ G be the parabolic subgroup with the Lie algebra q1 . Then L1 =
GL(X′ + X′′)G(U0). Let L′1 = {l ∈ L1 | det(Ad(h)− 1) 6= 0} . Suppose

supp(Ψ) ⊆ L̃′1. (7.10)

Then, by Proposition A.7,∫
G̃

ChcW(h′g)Ψ(g) dµ(g) (7.11)

=

∫
L̃′1

ChcW(h′h)| det(Ad(h)− 1)n1|| det(Ad(h)n1)|−1/2ΨL̃(h) dµ(h)

Let

X1 = Hom(X′,V)⊕ Hom(V′c,X
′ + X′′),

Y1 = Hom(Y′,V)⊕ Hom(V′c,Y
′ + Y′′),

W1
s = X1 ⊕ Y1, W1

c = Hom(V′c,U0), (7.12)

and let ε1 be the character of the stabilizer of X1 and Y1 in S̃p(W1
s), defined in

(6.16). This is an extension of the character ε , which occurs in (7.3). Let h ∈ L̃′1 .
Then

ChcW(h′h) = ChcW1
s
(h′s1hs1)ChcW1

c
(h′c1hc1)

= ε1(h′s1hs1)|ChcX1(h′s1hs1)|ChcW1
c
(h′c1hc1), (7.13)

where h = hs1hc1 is the decomposition analogous to (7.2) for W = W1
s ⊕W1

c , and
similarly for h′ .

Let q2 = m2⊕ a2⊕ n2 ⊂ gl(X′+X′′) be the parabolic subalgebra preserving
X′′ . Then

m2 ⊕ a2 = gl(X′)⊕ gl(X′′) and
n2 = Hom(X′,X′′).

(7.14)

Let Q2 ⊆ GL(X′ + X′′) be the parabolic subgroup with the Lie algebra q2 defined
in (7.14). As in (7.7) we have

|ChcX1(h′s1hs1)| = |ChcHom(X′,V)(h
′
s1hs1)||ChcHom(V′c,X

′+X′′)(h
′
s1hs1)|. (7.15)

As in (7.8) we check that

|ChcHom(X′,V)(h
′
s1hs1)| = Ind

GL(X′+X′′)
Q2

(I−h′s ⊗ 1)(h|X′+X′′)

| det(h′h)Hom(X′,U0+Y′+Y′′)|1/2| det(h′h+ 1)Hom(X′,U0+Y′+Y′′)|−1. (7.16)

Furthermore,

|ChcHom(V′c,X
′+X′′)(h

′
s1hs1)| = C2| det(h′h)Hom(V′c,X

′+X′′)|1/2

| det′(h′h+ 1)Hom(V′c,X
′+X′′)|−1, (7.17)
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where C2 = 2dim(Hom(V′c,X
′+X′′)) . Hence,

|ChcHom(X′,V)(h
′
s1hs1)| |ChcHom(V′c,X

′+X′′)(h
′
s1hs1)|

= Ind
GL(X′+X′′)
Q2

(I−h′s ⊗ 1)(h|X′+X′′)

| det(h′h)Hom”(X′,U0+Y′+Y′′)|1/2| det(h′h+ 1)Hom(X′,U0+Y′+Y′′)|−1

|ChcHom(V′c,X
′+X′′)(h

′
s1hs1)|

= Ind
GL(X′+X′′)
Q2

(I−h′s ⊗ 1)(h|X′+X′′)

| det(h′h)Hom(X′,Y′+Y′′)|1/2| det(h′h+ 1)Hom(X′,Y′+Y′′)|−1|ChcHom(V′c,X
′+X′′)(h

′
s1hs1)|

| det(h′h)Hom(X′,U0)|1/2| det(h′h+ 1)Hom(X′,U0)|−1

= C2 Ind
GL(X′+X′′)
Q2

(I−h′s| det(h′)Hom(X′,Y′)⊕Hom(V′c,X
′)|1/2

| det(h′ + 1)Hom(X′,Y′)⊕Hom(V′c,X
′)|−1 ⊗ | det(h′)Hom(X′,Y′′)|1/2| det(h′ + 1)Hom(X′,Y′′)|−1

| det(h′)Hom(V′c,X
′′)|1/2| det(h′ + 1)Hom(V′c,X

′′)|−1)(h|X′+X′′)

| det(h′h)Hom(X′,U0)|1/2| det(h′h+ 1)Hom(X′,U0)|−1

= C2 | det(Ad(h′)n′)|1/2| det(Ad(h′)− 1)n′ |−1

Ind
GL(X′+X′′)
Q2

(I−h′s| det(h′)Hom(X′,Y′)∩g|1/2| det(h′ + 1)Hom(X′,Y ′)∩g|−1

⊗ | det(h′)Hom(X′,Y ′′)|1/2| det(h′ + 1)Hom(X′,Y′′)|−1

| det(h′)Hom(V′c,X
′′)|1/2| det(h′ + 1)Hom(V′c,X

′′)|−1)(h|X′+X′′)

| det(h′h)Hom(X′,U0)|1/2| det(h′h+ 1)Hom(X′,U0)|−1

= C2 | det(Ad(h′)n′)|1/2| det(Ad(h′)− 1)n′|−1

Ind
GL(X′+X′′)
Q2

(I−h′s ⊗ | det(h′ )Hom(V′c,X
′′)|1/2| det(h′ + 1)Hom(V′c,X

′′)|−1

| det(Ad( )Hom(X′′,U0)⊕Hom(X′′,Y ′′)∩g)|−1/2

| det(Ad( )− 1)Hom(X′′,U0)⊕Hom(X′′,Y′′)∩g|)(h|X′+X′′)

| det(Ad(h)n1 |1/2| det(Ad(h)− 1)n1|−1. (7.18)

Let n3 = Hom(X′′,U0)⊕ Hom(X′′,Y′′) ∩ g . Then by (7.13)-(7.18),

ChcW(h′h) = ε1(h′s1hs1)C2 | det(Ad(h′)n′)|1/2

| det(Ad(h′)− 1)n′ |−1| det(Ad(h)n1|1/2| det(Ad(h)− 1)n1|−1

Ind
GL(X′+X′′)
Q2

(
I−h′s ⊗ | det(h′)Hom(V′c,X

′′)|1/2| det(h′ + 1)Hom(V′c,X
′′)|−1

| det(Ad( )n3)|−1/2| det(Ad( )− 1)n3|
)

(h|X′+X′′)ChcW1
c
(h′c1hc1). (7.19)

The space n3 is the nilradical of the parabolic subalgebra q3 ⊆ g(U) preserving
Y′′ . Let Q3 ⊆ G(U) denote the corresponding parabolic subgroup. Then Q3 =
GL(X′′)G(U0)N3 , where N3 is the unipotent radical.



Bernon and Przebinda 659

By combining (7.11) and (7.19), we see that∫
G̃

ChcW(h′g)Ψ(g) dµ(g) = C2 | det(Ad(h′)n′)|1/2| det(Ad(h′)− 1)n′ |−1∫
G̃L(X′)

∫
G̃L(X′′)

∫
G̃(U0)

ε1(h′s1(mh2h0)s1)I−h′s(m)

| det(h′h2)Hom(V′c,X
′′)|1/2| det(h′h2 + 1)Hom(V′c,X

′′)|−1

| det(Ad(h2h0)n3)|−1/2| det(Ad(h2h0)− 1)n3|

ChcHom(V′c,U0)(h
′
c1h0)ΨQ̃1N3(mh2h0) dµ(h0) dµ(h2) dµ(m). (7.20)

Now we consider the right hand side of the formula (7.4) of Theorem 7.1 in
a neighborhood of a non-regular semisimple point g , which belongs to the support
of the distribution in question. We may, and shall, assume that g preserves the
decomposition

V = X′ ⊕ U⊕ Y′,

and that the restriction of g to X′s is equal to h′s .

Since g is not a regular element of L, det(Ad(g) − 1)n = 0. However, by
the regularity of h′ ,

det(Ad(g)− 1)Hom(X′,Y′)∩g = det(Ad(h′s)− 1)Hom(X′,Y′)∩g 6= 0.

Therefore, det(Ad(g) − 1)Hom(X′,U) = 0. Hence, U contains an g -indecomposable
subspace similar to some g -indecomposable subspace of V′s . Let V′′ ⊆ U be the
sum of all such subspaces, and let U0 = V′′⊥ . Also, there is a complete polarization
V′′ = X′′ ⊕ Y′′ preserved by g , as in (7.12)-(7.20).

Let ε > 0 be as in Lemma 5.7. For ε > ε′ > 0, let Zε′ ⊆ G̃g be an open
neighborhood of g , as in (5.1). Then

{u ∈ G(U) | there is n ∈ N such that h′sun ∈ G.Zε′}
⊆ {u ∈ G(U) |h′su ∈ Cl(G.Zε′)}
⊆ {u ∈ G(U) |h′su ∈ G.Zε}
= G(U).(G(U) ∩ Zε),

where the last equality follows from lemma 5.7.

Notice that, by the construction,

det(Ad(g)− 1)Hom(X′′,U0) 6= 0 and det(Ad(g)− 1)Hom(X′,U0) 6= 0.

By the regularity of h′s ,

det(Ad(g)− 1)Hom(X′′,Y′′)∩g 6= 0 and det(Ad(g)− 1)Hom(X′,Y′)∩g⊕Hom(X′,Y′′) 6= 0.

Hence,
det(Ad(g)− 1)n3 6= 0 and det(Ad(g)− 1)n1 6= 0,

and therefore, we may choose ε > 0 small enough, so that

det(Ad(u)− 1)n3 6= 0 for u ∈ G(U) ∩ Zε and

det(Ad(u)− 1)n1 6= 0 for u ∈ Zε. (7.21)



660 Bernon and Przebinda

Notice that, by Corollary 5.5, det(h′g+1)Hom(V′c,Y
′′) 6= 0. Since, G(U)∩Zε ⊆ G(U)g ,

every element u ∈ G(U) ∩ Zε preserves X′′ . Thus, again by Corollary 5.5,

det(h′u+ 1)Hom(V′c,V
′′) 6= 0 for u ∈ G(U) ∩ Zε.

Suppose our function Ψ ∈ D(G̃) is such that

supp Ψ ⊆ G̃.Z̃ε′ . (7.22)

Then, by (7.21),

{u ∈ G(U) |h′su ∈ supp(ΨL̃)} ⊆ G(U).(G(U) ∩ Zε).

Hence, (7.21) and Proposition A.7 applied to the preimage of Q3 = L3N3 ⊆ G(U)
imply that the integral on the right hand side of (7.4) is equal to∫

GL(X′)/H′s

∫
G̃(U)

ε(dh′sus)ChcWc(h
′
cuc)Ψ

Q̃(h.(dh′s)u) dµ(u) dµ(hH′s)

=

∫
GL(X′)/H′s

∫
L̃′3

ε(dh′sus)ChcWc(h
′
cuc)| det(Ad(u)− 1)n3|∫

K̃∩G̃(U)

∫
n3

ΨL̃(h.(dh′s)l.(u exp(z)))dµ(l) dµ(u) dµ(hH′s) =∫
GL(X′)/H′s

∫
L̃′3

ε(dhsus)ChcWc(h
′
cuc)| det(Ad(u)−1)n3|ΨL̃3(h.(dh′s)u) dµ(u) dµ(hH′s)

(7.23)

Furthermore, L3 = GL(X′′)G(U0), and for u = uc = h2h0 , with h2 ∈ GL(X′′) and
h0 ∈ G(U0),

ChcHom(V′c,U)(h
′
cu)

= ChcHom(V′c,V
′′)(h

′
ch2)ChcHom(V′c,U0)(h

′
ch0)

=
C2

C
| det(h′h2)Hom(V′c,X

′′)|1/2 | det(h′h2 + 1)Hom(V′c,X
′′)|−1ChcHom(V′c,U0)(h

′
ch0).

Since n + n3 = n1 + n2 , and since by (7.21) the condition (7.22) implies
(7.10), we see that as a consequence of (7.23), the right hand side of the equality
(b) in Theorem 7.1 coincides with the expression (7.20). Thus, the formula (7.4)
of the theorem holds for any test function Ψ which satisfies the condition (7.5) or

(7.22). Hence, by localization, it holds for any Ψ ∈ D(G̃).

8. Proof of Theorem 0.10

We recall some more notation from [1]. Let H′ be a compact Cartan subgroup
with the Lie algebra h′ of G′ , and let

V′ = V′0 ⊕
n′∑
j=1

V′j
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be the decomposition into H′− irreducibles over D . If G′ = O2p+1,2q then H′ acts
trivially on V′0 and dim(V′0) = 1 otherwise V′0 is zero. There is a complex structure
J ′ on V′ which belongs to h′ . More precisely, the restriction of J ′ to V′0 is zero

and the restriction of J ′ to
∑n′

j=1 V
′
j is a complex structure. Similarly, let H be a

compact Cartan subgroup with the Lie algebra h of G, and let

V = V0 ⊕
n∑
j=1

Vj

be the decomposition into H− irreducibles over D . In particular, we exclude the
case G = O2p+1,2q+1 . We are going to deal with this case at the end of this section.
Here V0 is trivial unless G = O2p+1,2q , in which case H acts trivially on V0 and
dim(V0) = 1. There is a complex structure J on V which belongs to h . More
precisely, the restriction of J to V0 is zero and the restriction of J to

∑n
j=1 Vj is

a complex structure. We assume and identify:

V′j = Vj, J
′
j = J ′|V′j = J |Vj = Jj (1 ≤ j ≤ n′),

and let Jj = J |Vj for all 1 ≤ j ≤ n .

Let W (HC) = NormalizerGC(HC)/HC . If D = C then W (HC) is identified
with the permutation group Σn by

σ ·
n∑
j=1

xjJj =
n∑
j=1

xjJσ(j) (σ ∈ Σn).

If D 6= C , then W (HC) is identified with the semidirect product of Σn and Zn2 ,
where Z2 = {0, 1} with the addition modulo 2,

ε ·
n∑
j=1

xjJj =
n∑
j=1

ε̂jxjJj (ε ∈ Zn2 ),

where ε̂j = (−1)εj . Thus, in any case, an element s ∈ W (HC) may be written
uniquely as s = σε .

For s ∈ W (HC) define ys ∈ h as in [1, Definition 3.4]. For a subset
A ⊆ Ψ ∪ (−Ψ) let

A = {j | there is α ∈ A such that α(Jj) 6= 0}.

Also, we shall write A(short) to indicate the subset of all the short roots in A ,
and A(long) for the long roots. Furthermore, πg′/h′ is the product of all the roots
in a system of positive roots Ψ′ for (g′C, h

′
C), and Ψ′ and Ψ are realized explicitly

as in Appendix B of [1]. Fix a strongly orthogonal set S ∈ Ψn
st and an element

s ∈ W (HC). Let

h′S,s =
∑

k/∈S,σ−1(k)≤n′
RJk + hS ∩

 ∑
k∈S\(sh′)⊥

CJk

 ,

h′′S,s =
∑

k/∈S,σ−1(k)>n′

RJk + hS ∩

 ∑
k∈S∩(sh′)⊥

CJk

 .
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Then
hS = h′S,s ⊕ h′′S,s.

Let
Γ′s,S =

∑
1≤j≤n′,σ(j)/∈S

(0,∞)J∗σ(j)(ys)Jσ(j).

This is the projection of Γs,S onto
∑

1≤j≤n′,σ(j)/∈S RJσ(j) . (See (7.6) in [1].) For
convenience, we shall write

l′S,s = lim
Γ′s,S3y→0

.

Let

R′S,s = {α ∈ Ψ̃S,R |α ⊆ {σ(1), · · · , σ(n′)}},
R′′S,s = {α ∈ Ψ̃S,R |α * {σ(1), · · · , σ(n′)}}.

In these terms, Theorem 7.3 in [1] says that for x′ ∈ h′reg ,

πg′/h′(x
′)c̃hc(ψ)(x′) =

∑
S,s

H′S,sψ(x′), (8.1)

where the summation is over all possible S and s ,

H′S,sψ(x′) = l′S,s

∫
h′S,s

mS(s)

det(x′ + x+ iy)sWh′
A(−R′S,s)(x)HS,sψ(x) dµ(x),

and for x ∈ h′S,s ,

HS,sψ(x) =

∫
h′′S,s

A(−R′′S,s)(x+ x′′)π̃z/h(s
−1 · (x+ x′′))HSψ(x+ x′′) dµ(x′′).

Lemma B.1, with V = hS , V ′ = h′S,s , V
′′ = h′′S,s , A = Ψn

S,iR , B = −R′′S,s and

φ(x+ x′′) = π̃z/h(s
−1 · (x+ x′′))HSψ(x+ x′′) (x ∈ h′S,s, x

′′ ∈ h′′S,s),

we see that HS,sψ is a Harish-Chandra Schwartz function on h′S,s , with respect to
Ψn
S,iR ∩ (h′′S,s)

⊥ :

HS,sψ ∈ HCS(h′S,s \ hΨnS,iR ∩ (h′′S,s)
⊥)). (8.2)

Lemma 8.1. Suppose one of the following conditions holds:

(i) there is α ∈ S \ (sh′)⊥ with α ∩ S \ α = ∅ and α * {σ(1), · · · , σ(n′)},

(ii) (G,G′) = (Up,q,U1,1) and S ∩ {σ(1), · · · , σ(n′)} = ∅,

(iii) (G,G′)=(O2p+1,2q, Sp2(R)), S ∩ {σ(1), · · ·, σ(n′)}=∅ and σ(1)/∈Ψn
S,iR(short),

(iv) (G,G′) = (O2p,2q, Sp2(R)), and S ∩ {σ(1), · · · , σ(n′)} = ∅.
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Then H′S,sψ extends to a continuous function on h′ .

Proof. Assume (i). Suppose the division algebra D 6= C . Then Γ′s,S = ∅ and
n′ = 1. Let α = {k, l} , with k = σ(1). Then

h′S,s = {x = zJk + zJl | z ∈ C}

and for x ∈ h′S,s , as above,

det(x′ + x)sWh′ = i(x′1 − z),

where x′ = x′1J
′
1 ∈ h′ . Hence, for any x′ ∈ h′ , the function

h′S,s 3 x→
1

det(x′ + x)sWh′
∈ C

is locally integrable, with the integral over any compact subset of h′S,s defining a
continuous function of x′ . Since, by (8.2), the function

h′S,s 3 x→ A(−R′S,s)(x)H′S,sψ(x) ∈ C

is bounded and absolutely integrable, the claim follows.

Suppose D = C . Then n′ = 2. Let α = {k, l} , with k ∈ {σ(1), σ(2)} and
l /∈ {σ(1), σ(2)} . Let {σ(1), σ(2)} = {j, k} . Then

h′S,s = {x = xjJj + zJk + zJl |xj ∈ R, z ∈ C}.

Moreover, there is ε = ±1 such that

Γ′s,S = ε(0,∞)Jj.

Assume σ(1) = j . The case σ(1) = k is analogous and we leave it to the reader.
Let y = yjJj with εyj > 0. Then

det(x′ + x+ y)sWh′ = i(x′1 − xj − iyj)i(x
′
2 − z),

where x′ = x′1J
′
1 − x′2J2 ∈ h′ . We see from (8.2) that HS,sψ ∈ S(h′S,s). In

particular, the function

C 3 z → lim
yj→0

∫
R

1

x′1 − xj − iyj
HS,sψ(xjJj + zJk + zJl) dxj ∈ C

is well defined for all x′1 ∈ R and belongs to the Schwartz space of C , viewed as
a vector space over R . Furthermore, this function depends continuously on x′1 .

The function

C 3 z → 1

x′2 − z
∈ C

is locally integrable, with the integral over any compact subset of h′S,s defining a
continuous function of x′2 ∈ R . Since, R′S,s = ∅ , we see that H′S,sψ extends to a
continuous function on h′ .
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Assume (ii). Then n′ = 2,

h′S,s = RJσ(1) + RJσ(2)

and R′S,s = ∅ . Let α ∈ Ψ be equal to plus or minus iJ∗σ(1)−iJ∗σ(2) . Suppose α /∈ Ψn .

Then HS,sψ ∈ S(h′S,s). Let us write x′ = x′1J
′
1−x′2J ′2 and x = xσ(1)Jσ(1)+xσ(2)Jσ(2) .

In these terms H′S,sψ is a constant multiple of

l′S,s

∫
R

∫
R

1

(x′1−xσ(1)−iyσ(1))(x′2−xσ(2)−iyσ(2))
HS,sψ(xσ(1)Jσ(1)+xσ(2)Jσ(2))dxσ(1)dxσ(2).

Since Γ′S,s is a proper open cone, it is easy to see that HS,sψ extends to a
continuous function on h′ .

Suppose α ∈ Ψn . Then HS,sψ ∈ HCS(h′S,s\hα , where hα = {x |α(x) = 0} .
Moreover, there is ε = ±1 such that Γ′s,S ⊇ ε(0,∞)(Jσ(1) + Jσ(2)). Hence, H′S,sψ
is a constant multiple of

lim
εy→0+

∫
R

∫
R

1

(x′1 − xσ(1) − iyσ(1))(x′2 − xσ(2) − iyσ(2))

HS,sψ(xσ(1)Jσ(1) + xσ(2)Jσ(2)) dxσ(1)dxσ(2)

= lim
εy→0+

∫
R

∫
R

1

(−xσ(1) − iyσ(1))(−xσ(2) − iyσ(2))

HS,sψ((x′1 + xσ(1))Jσ(1) + (x′2 + xσ(2))Jσ(2)) dxσ(1)dxσ(2),

and the conclusion follows.

Assume (iii). Then n′ = 1, h′S,s = RJσ(1) , R′S,s = ∅ and HS,sψ ∈ S(h′S,s).
Moreover, H′S,sψ is a constant multiple of

l′S,s

∫
R

1

x′1 − xσ(1) − iyσ(1)

HS,sψ(xσ(1)Jσ(1)) dxσ(1)

where Γ′s,S is a proper open convex cone. Hence it is easy to see that H′S,sψ
extends to a continuous function of x′ ∈ h′ .

The proof in the case (iv) is the same as in the case (iii).

Lemma 8.2. (a) Suppose (G,G′) = (Up,q,U1,1), ε = ±1 and α = ε(eσ(1) −
eσ(2)) ∈ S . Then

〈H′S,sψ +H′S,sαsψ〉J ′1−J ′2(u
′(J ′1 + J ′2))

= lim
y→0

i4π2κ̃(J1, J1)|mS(s)|
∫
h′′S,s

∏
β∈Ψ,β∩α=∅

|β(x)|2 ·
∏

β∈Ψ,β∩α 6=∅

|β(x)|

∫
G/H(S)

ψ(g · c(S)x) dµ(gH(S))dµ(x′′),

where x = u′(Jσ(1) + Jσ(2)) + iy(Jσ(1) − Jσ(2)) + x′′ .
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(b) Suppose (G,G′) = (Sp2n(R),O1,2) and σ(1) /∈ S . Let α = 2eσ(1) . Then

〈H′S,sψ +H′S,sαsψ〉J ′(0)

= lim
y→0

i2πκ̃(J1, J1)1/2|mS(s)|4−2n+2

∫
h′′S,s

chcHom(V ⊥
σ(1)

,V′0)(c(S)x)∏
β∈Ψ(long),β∩α=∅

|β(x)|2 · |α(yJσ(1))| ·
∏

β∈Ψ,β∩α=∅

|β(x)|2

∫
G/H(S∨α)

ψ(g · c(S)(yJσ(1) + x)) dµ(gH(S ∨ α))dµ(x),

(c) Suppose (G,G′) = (Sp2n(R),O1,2) and σ(1) ∈ S . Let α = 2eσ(1) . Then α ∈ S
and

〈H′S,sψ +H′S,sαsψ〉J ′(0)

= lim
y→0

i2πκ̃(J1, J1)1/2|2mS(s)|4−2n+2

∫
h′′S,s

chcHom(V⊥
σ(1)

,V′0)(c(S)x)∏
β∈Ψ(long),β∩α=∅

|β(x)|2 · |α(yJσ(1))| ·
∏

β∈Ψ,β∩α=∅

|β(x)|2

∫
G/H(S∨α)

ψ(g · c(S)(yJσ(1) + x)) dµ(gH(S ∨ α))dµ(x),

(d) Let (G,G′) = (O2p+1,2q, Sp2(R)) and let α = eσ(1) . Suppose σ(1) /∈ S and
α ∈ Ψn

S,iR . Then

〈H′S,sψ +H′S,sαsψ +
mS(s)

mS∨α(s)
(H′S∨α,sψ +H′S∨α,sαsψ)〉J ′(0) = lim

y→0

i4πκ̃(J1, J1)1/2|mS(s)|
∫
hS∨α∩hα

∏
β∈Ψ,β∩α=∅

|β(x)|2·
∏

β∈Ψ(short),β∩α=∅

|β(x)|2·|α(yJσ(1))|∫
G/H(S∨α)

ψ(g · c(S)(yiJσ(1) + x)) dµ(gH(S ∨ α))dµ(x).

(e) Let (G,G′) = (O2p,2q, Sp2(R)) and let α ∈ S . Suppose σ(1) ∈ α ⊆ S \ α. Let
w ∈ W (HS) be the reflection with respect to Jσ(1) . Then

〈H′S,sψ +H′S,wsψ〉J ′(0) = i4πκ̃(J1, J1)1/2|mS(s)|∫
hS∩h

J∗
σ(1)

∏
β∈Ψ,σ(1)/∈β

|β(x)|2 ·
∏

j 6=σ(1)

|ej(x)|2

∫
G/H(S)

ψ(g · c(S)x) dµ(gH(S))dµ(x).

Proof. Consider the case (a). Here R′S,s = {α} , R′′S,s = S \ α and Γ′S,s = ∅ .
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Hence, for x′ ∈ h′reg ,

H′S,sψ(x′) +H′S,sαsψ(x′) = mS(s)∫
h′S,s

(
1

det(x′ + x)sWh′
− 1

det(x′ + x)sαsWh′

)(
− α(x)

|α(x)|

)
HS,sψ(x) dµ(x). (8.3)

For v′ ∈ R \ 0 and z ∈ C \ {v′,−v′} let

fv′(z) =
1

2i

(
1

(z − v′)(z + v′)
− 1

(z + v′)(z − v′)

)
.

Let us write

x′ = u′(J ′1 + J ′2) + v′(J ′1 − J ′2),

x = u(Jσ(1) + Jσ(2)) + iv(Jσ(1) − Jσ(2)).

Then,

det(x′ + x)sWh′ = i(u′ + v′ − u− iv)i(u′ − v′ − u+ iv),

det(x′ + x)sαsWh′ = i(u′ + v′ − u+ iv)i(u′ − v′ − u− iv).

Hence,
1

det(x′ + x)sWh′
− 1

det(x′ + x)sαsWh′
= −2ifv′(u− u′ + iv).

Let

φ(u+ iv) = −2iεκ̃(J1, J1)mS(s)HS,sψ((u+ u′)(Jσ(1) + Jσ(2)) + iv(Jσ(1) − Jσ(2))).

Then φ is a Schwartz function on C , viewed as a vector space over R , and
φ(u− iv) = φ(u+ iv). Since α(x)

|α(x)| = ε v|v| , the function (8.3) coincides with

φ̃(v′) =

∫
R

∫
R
fv′(u+ iv)

v

|v|
φ(u+ iv) dudv.

Corollary A.4 in [1] shows that

〈φ̃〉(0) = −2π2φ(o) = i4π2κ̃(J1, J1)mS(s)HS,sψ(u′(Jσ(1) + Jσ(2))).

Let w = w(v′) = u′(Jσ(1) + Jσ(2)) + iv′(Jσ(1) − Jσ(2)). Then,

εmS(s)HS,sψ(u′(Jσ(1) + Jσ(2)))

= lim
v′→0

εmS(σ)

∫
h′′S,s

πz/h(σ
−1 · x′′)A(−(S \ α))(x′′)A(S \ α)(x′′)

α(w)

|α(w)|
∏
β∈Ψ

β(w + x′′)

∫
G/H(S)

ψ(g · c(S)(w + x′′)) dµ(gH(S))dµ(x′′).



Bernon and Przebinda 667

For a regular element x ∈ hS , we have

ε sgn(σ)πz/h(σ
−1 · x)A(−(S \ α))(x)A(S \ α)(x)

α(w)

|α(w)|
∏
β∈Ψ

β(x) (8.4)

=
∏

β∈Ψ,β∩{1,2}=∅

(−β(σ−1 · x)) · (−1)|S\α| · ε α(w)

|α(w)|
·
∏
β∈Ψ

β(σ−1 · x)

=
∏

β∈Ψ,β∩{1,2}=∅

(−β(σ−1 · x)2) · (−1)|S\α| · |α(x)|

∏
β∈Ψ\εσ−1α,β∩{1,2}6=∅,

σα∩S\α 6=∅

β(σ−1 · x)
∏

β∈Ψ\εσ−1α,β∩{1,2}6=∅,
σα∩S\α=∅

β(σ−1 · x).

Notice that σΨ|h′′S,s is a positive root system for the restriction of g to
∑

j /∈α Vj .

Also, there are numbers εβ = ±1 such that {εββ | β ∈ S \ α} is a strongly
orthogonal set of non-compact imaginary roots in σΨ|h′′S,s . Furthermore, h′′S,s is

the corresponding Cartan subalgebra. Therefore [1, (1.11)] implies that∏
β∈Ψ,β∩{1,2}=∅

(−β(σ−1 · x)2) · (−1)|S\α|

=
∏

β∈σΨ,β∩α=∅

(−β(x)) · (−1)|S\α| ·
∏

β∈σΨ,β∩α=∅

β(x)

=
∏

β∈σΨ,β∩α=∅

β(x) ·
∏

β∈σΨ,β∩α=∅

β(x) ≥ 0.

The roots β ∈ σΨ\ εα , with β ∩α 6= ∅ and β ∩S \ α 6= ∅ may be partitioned into
groups of four

eσ(1) − eσ(k), eσ(1) − eσ(l),

eσ(2) − eσ(k), eσ(2) − eσ(l),

so that eσ(2)(x) = −eσ(1)(x), eσ(l)(x) = −eσ(k)(x). Clearly the product of these
four roots evaluated at x is non-negative. Therefore∏

β∈σΨ\εα,β∩α 6=∅,
β∩S\α 6=∅

β(x) ≥ 0.

The roots β ∈ σΨ \ εα , with β ∩α 6= ∅ and β ∩S \ α 6= ∅ , may be combined into
n− |S| pairs

eσ(1) − eσ(k), eσ(2) − eσ(k)

with eσ(2)(x) = −eσ(1)(x) and eσ(k)(x) = −eσ(k)(x). Hence,∏
β∈σΨ\εα,β∩α 6=∅,

β∩S\α =∅

β(x) = (−1)n−|S|
∏

β∈σΨ\εα,β∩α 6=∅,
β∩S\α=∅

|β(x)|.
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Since |S| is even, (−1)n−|S| = (−1)n and therefore (8.4) coincides with

(−1)n
∏

β∈σΨ,β∩α=∅

|β(x)|2 ·
∏

β∈σΨ\εα,β∩α 6=∅

|β(x)| · |α(x)|.

Also, (see Appendix B in [1]), 2p+ = 2n and u′′ = (−1)2−2n , so that

u = (−1)p+u′′ = (−1)n.

Therefore,

〈φ̃〉(0) = i4π2κ̃(J1, J1)|mS(s)|
∫
h′′S,s

∏
β∈σΨ,β∩α=∅

|β(x)|2 ·
∏

β∈σΨ,β∩α 6=∅

|β(x)|

∫
G/H(S)

ψ(g · (u′(Jσ(1) + Jσ(2)) + x′′)) dµ(gH(S))dµ(x′′).

Consider the case (b). Here R′S,s = ∅ , R′′S,s = Ψ̃S,R and h′S,s = RJσ(1) .
Furthermore, consistently with (7.12) in [1],

〈J , 〉Hom(Vσ(1),,V
′
1) > 0

so that the restriction of ys,S to sWh′ is equal to −Jσ(1) . Moreover, by Lemma
B.1,

HS,sψ ∈ HCS(h′S,s \ 0).

Let us write x′ = x′1J
′
1 , x = xσ(1)Jσ(1) and let y0 > 0. Then,

det(x′ + x+ iy0ys,S)sWh′ = −iε̂1(−ε̂1x′1 + xσ(1) − iy0),

det(x′ + x+ iy0ysαs,S)sWh′ = iε̂1(ε̂1x
′
1 + xσ(1) − iy0),

mS(sαs) = mS(s),

and therefore,

H′S,sψ(x′) +H′S,sαsψ(x′) = lim
y0→0+

mS(s)

iε̂1
κ̃(Jσ(1), Jσ(1))

1/2∫
R

(
1

ε̂1x′1 + xσ(1) − iy0

− 1

−ε̂1x′1 + xσ(1) − iy0

)
HS,sψ(xσ(1)Jσ(1))) dxσ(1). (8.5)

By Lemma B.1, (8.5) is equal to a continuous function of x′1 ∈ R plus

mS(s)

ε̂1
κ̃(Jσ(1), Jσ(1))

1/2

∫ −1

0

(
1

ε̂1x′1 + iy
+

1

ε̂1x′1 − iy

)
〈(HS,sψ)N〉Jσ(1)(iyJσ(1)) dy.

Hence, by Lemma B.2,

〈H′S,sψ +H′S,sαsψ〉J ′(0) = mS(s)κ̃(Jσ(1), Jσ(1))
1/22π(−1)〈(HS,sψ)N〉Jσ(1)(0).

But

〈(HS,sψ)N〉Jσ(1)(0) = 〈HS,sψ〉Jσ(1)(0) (8.6)

=

∫
h′′S,s

π̃z/h(s
−1 · x′′)A(−Ψ̃S,R)(x′′)〈HS,sψ〉Jσ(1)(x

′′) dµ(x′′).
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By a theorem of Harish-Chandra (see Theorem 2.1 in [3])

〈HS,sψ〉Jσ(1)(x
′′) = 〈HS,sψ〉iHα(x′′) = ε(Ψ, S, α)id(α)HS∨αψ(x′′).

However, as we computed in (C.18) in [1],

A(−Ψ̃S,R)(x′′)ε(Ψ, S, α) = A(ΨS∨α,R(short))(x′′),

and by Lemma 1.9 in [1], d(α) = 1. Hence, (8.6) coincides with

i

∫
h′′S,s

π̃z/h(s
−1 · x′′)A(−ΨS∨α,R(short))(x′′)HS∨αψ(x′′) dµ(x′′)

= lim
xσ(1)→0

i

∫
h′′S,s

π̃z/h(s
−1 · (xσ(1)Jσ(1) + x′′))A(−Ψ̃S∨α,R(short))(xσ(1)Jσ(1) + x′′)

HS∨αψ(xσ(1)Jσ(1) + x′′) dµ(x′′). (8.7)

Let x ∈ hreg
S . Then,

sgn(short)(s)π̃z/h(s
−1 · x)A(−ΨS∨α,R(short))(x)HS∨αψ(x)

= π̃z/h(s
−1 · x)A(−ΨS∨α,R(short))(x)A(ΨS∨α,R)(x)∏

β∈Ψ(short)

β(s−1 · x) ·
∏

β∈Ψ(long)

β(x)

∫
G/H(S∨α)

ψ(g · x) dµ(gH(S ∨ α)). (8.8)

Furthermore,

π̃z/h(s
−1 · x)A(−ΨS∨α,R(short))(x)A(ΨS∨α,R)(x)

∏
β∈Ψ(short)

β(s−1 · x) ·
∏

β∈Ψ(long)

β(x)

=
∏

β∈Ψ(short),1/∈α

(−β(σ−1 · x))A(−ΨS∨α,R(short))(x)A(ΨS∨α,R)(x)

∏
β∈Ψ(short),1/∈α

β(σ−1 · x) ·
∏

β∈Ψ(short),1∈α

β(σ−1 · x) ·
∏

β∈Ψ(long)\α

β(x) · α(x). (8.9)

Also,

A(−ΨS∨α,R(short))(x)A(ΨS∨α,R)(x) = (−1)|S(short)|A(ΨS,R(long))(x)
α(x)

|α(x)|

= (−1)|S(short)|A(S(long))(x)
α(x)

|α(x)|
,

and ∏
β∈Ψ(short),1/∈α

(−β(σ−1 · x)) ·
∏

β∈Ψ(short),1/∈α

β(σ−1 · x) ·
∏

β∈Ψ(long)\α

β(x)

=
∏

β∈Ψ(short),1/∈α

(−β(σ−1 · x)2) ·
∏

β∈Ψ(long),1/∈α

β(σ−1 · x) (8.10)

=
∏

β∈Ψ,1/∈α

(−β(σ−1 · x)2) ·
∏

β∈Ψ(long),1/∈α

(−β(σ−1 · x)−1)

= (−1)|ΨS,R|
∏

β∈Ψ,1/∈α

|β(σ−1 · x)|2 ·
∏

β∈Ψ(long),1/∈α

(−β(σ−1 · x)−1),



670 Bernon and Przebinda

where the last equality follows from [1, (1.11)]. But, by [1, (7.17)],∏
β∈Ψ(long),1/∈α

(−β(σ−1 · x)−1) =
∏

β∈Ψ(long),β 6=α

(−β(x)−1)

= 4−n+1chcHom(V⊥
σ(1)

,V′0)A(−S(long))(x).

Hence, (8.10) is equal to

(−1)|ΨS,R|
∏

β∈Ψ,1/∈α

|β(σ−1 · x)|2 · 4−n+1chcHom(V⊥
σ(1)

,V′0)A(−S(long))(x).

Therefore, (8.9) coincides with

A(S(long))(x)
α(x)

|α(x)|
(−1)|ΨS,R|+|S(short)| ·

∏
β∈Ψ,1/∈α

|β(σ−1 · x)|2

4−n+1chcHom(V⊥
σ(1)

,V′0)A(−S(long))(x) ·
∏

β∈Ψ(short),1∈α

β(σ−1 · x) · α(x)

= |α(x)|
∏

β∈Ψ,1/∈α

|β(σ−1 · x)|2

4−n+1chcHom(V⊥
σ(1)

,V′0)(c(S) · x) ·
∏

β∈Ψ(short),1∈α

β(σ−1 · x) · (−1)|S(short)|.

Notice that if α(x) = 0, then

∏
β∈Ψ(short),1∈α

β(σ−1 · x) =
n∏
k=2

(e1(σ−1 · x)2 − ek(σ−1 · x)2) (8.11)

=
n∏
k=2

(eσ(1)(x)2 − eσ(k)(x)2) =
n∏
k=2

(−eσ(k)(x)2)

=
∏

β∈Ψ(long),β 6=α

(−1

4
β(x)2) =

1

4n−1
(−1)|S(short)|

∏
β∈Ψ(long),β 6=α

|β(x)|2,

because the set of numbers {β(x) | β ∈ Ψ(long), β 6= α} ⊆ C is the union of
|S(short)|−pairs of the form {z, z} and purely imaginary numbers. Hence, (8.7),
when multiplied by sgn(short)(s), is equal to

lim
xσ(1)→0

i4−2n+2

∫
h′′S,s

|α(xσ(1)Jσ(1) + x′′)|∏
β∈Ψ(short),1∈α

|β(σ−1 · x′′)|2 · chcHom(V⊥
σ(1)

,V′0)(c(S) · x′′) ·
∏

β∈Ψ(long),β 6=α

|β(x)|2∫
G/H(S∨α)

ψ(g · (xσ(1)Jσ(1) + x′′)) dµ(gH(S ∨ α))dµ(x′′). (8.12)

Furthermore, p+ = 2n and u′′ = (−1)1(1+1)/2 = −1. Thus

u = (−1)p+u′′ = −1. (8.13)
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By combining (8.6), (8.11) and (8.12), we see that (b) follows.

Consider the case (c). Here R′S,s = ∅ , R′′S,s = Ψ̃S,R , Γ′S,s = ∅ , h′S,s = RJσ(1)

and, by Lemma B.1,

HS,sψ ∈ S(h′S,s).

Let us write x = iyσ(1)Jσ(1) . Then

det(x′ + x)sWh′ = i(x′1 − iε̂1yσ(1)),

det(x′ + x)sαsWh′ = i(x′1 + iε̂1yσ(1)),

mS(sαs) = mS(s).

Hence,

H′S,sψ(x′) +H′S,sαsψ(x′) = −imS(s)κ̃(Jσ(1), Jσ(1))
1/2∫

R

(
1

x′1 − iε̂1yσ(1)

+
1

x′1 + iε̂1yσ(1)

)
HS,sψ(iyσ(1)Jσ(1))) dyσ(1).

The above, Lemma B.2 and (8.13) imply

〈H′S,sψ +H′S,sαsψ〉J ′(0) = i|mS(s)|κ̃(Jσ(1), Jσ(1))
1/22 · 2π sgn(short)(s)HS,sψ(0).

But sgn(short)(s)HS,sψ(0) coincides with (8.8) if the S ∨ α is replaced by S and
xσ(1) = 0. Thus, the formula follows as in the previous case.

Consider the case (d). Here R′S,s = ∅ , R′′S,s = ΨS,R , h′S,s = RJσ(1) and
HS,sψ ∈ HCS(h′S,s \ 0). Suppose α ∈ Ψn . Then

〈J ′ , 〉Hom(Vσ(1),V′) > 0 and 〈J ′ , 〉Hom(V0,V′) < 0. (8.14)

Therefore, ys,S |sWh′ = −J∗σ(1)(ys)Jσ(1) = −ε̂1Jσ(1) . Thus,

H′S,sψ(x′) = lim
y0→0+

∫
h′S,s

mS(s)

det(x′ + x− iy0ε̂1Jσ(1))sWh′
HS,sψ(x) dµ(x). (8.15)

Since det(x′ + x− iy0ε̂1Jσ(1))sWh′ = i(x′1 − xσ(1) + iy0ε̂1) = −i(−x′1 + xσ(1) − iy0ε̂1),
Lemma B.2 implies that (8.15) is equal to

i

∫ −ε̂1
0

mS(s)

det(x′ + iyJσ(1))sWh′
〈(HS,sψ)N〉(iyJσ(1)) dµ(yJσ(1)) (8.16)

plus a continuous function of x′ ∈ h′ . If we replace s by sαs , then (8.16) transforms
to

−i
∫ ε̂1

0

mS(s)

det(x′ + iyJσ(1))sαsWh′
〈(HS,sψ)N〉(iyJσ(1)) dµ(yJσ(1)).

Since the sum

H′S,sψ +H′S,sαsψ (8.17)
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does not depend on the transposition s→ sαs , we may assume that ε̂1 = 1. Then
(8.17) is equal to

imS(s)

(∫ −1

0

1

det(x′ + iyJσ(1))sWh′
〈(HS,sψ)N〉Jσ(1)(iyJσ(1)) dµ(yJσ(1))

−
∫ 1

0

1

det(x′ + iyJσ(1))sαsWh′
〈(HS,sψ)N〉Jσ(1)(iyJσ(1)) dµ(yJσ(1))

)
(8.18)

plus a continuous function of x′ ∈ h′ .

Notice that

〈(HS,sψ)N〉Jσ(1)(iyJσ(1)) = 〈(HS,sψ)N〉iHα(iyJσ(1)) (8.19)

=

∫
h′′S,s

π̃z/h(s
−1 · x′′)A(−ΨS,R)(x′′)ε(Ψ,S, α)id(α)

N∑
p=0

∂(iyJσ(1))
p

p!
HS∨αψ(x′′) dµ(x′′)

=

∫
h′′S,s

π̃z/h(s
−1 · x′′)A(−(ΨS,R \ α))(x′′)i2

N∑
p=0

∂(iyJσ(1))
p

p!
HS∨αψ(x′′) dµ(x′′).

Furthermore, (8.19) is equal to∫
h′′S,s

π̃z/h(s
−1 · x′′)A(−(ΨS,R \ α))(x′′)i2HS∨αψ(iyJσ(1) + x′′) dµ(x′′)(8.20)

plus a function which vanishes at y = 0 like yN+1 .

Notice that R′S∨α,s = {α} , R′′S∨α,s = ΨS∨α \ α , h′S∨α,s = RiJσ(1) and
HS∨αψ ∈ S(h′S∨α,s). In particular, (8.20) coincides with

i2HS∨αψ(iyJσ(1)).

Thus, if we replace (8.19) by (8.20) in (8.18), we obtain the following function

mS(s)

(∫ −1

0

−2

det(x′ + iyJσ(1))sWh′
HS∨α,sψ(iyJσ(1)) dµ(yJσ(1))

+

∫ 1

0

2

det(x′ + iyJσ(1))sαsWh′
HS∨α,sψ(iyJσ(1)) dµ(yJσ(1))

)
(8.21)

plus a continuous function of x′ ∈ h′ . Clearly, (8.21) coincides with

mS(s)

∫ 1

−1

(
2

det(x′ + iyJσ(1))sWh′
I[−1,0](y)

+
2

det(x′ + iyJσ(1))sαsWh′
I[0,1](y)

)
HS∨α,sψ(iyJσ(1)) dµ(yJσ(1)), (8.22)

where I[a,b] is the indicator function of the interval [a, b] .

On the other hand

H′S∨α,sψ(x′) +H′S∨α,sαsψ(x′) = mS∨α(s)∫
h′S∨α,s

(
1

det(x′ + x)sWh′
− 1

det(x′ + x)sαsWh′

)(
− α(x)

|α(x)|

)
HS∨αψ(x) dµ(x).

(8.23)
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Let x = iyJσ(1) . Then

− α(x)

|α(x)|
= −

iJ∗σ(1)(iyJσ(1))

|iJ∗σ(1)(iyJσ(1))|
=

y

|y|
.

Hence, (8.23) coincides with

mS∨α(s)

∫ 1

−1

(
1

det(x′ + iyJσ(1))sWh′
− 1

det(x′ + iyJσ(1))sαsWh′

)
y

|y|
HS∨α,sψ(iyJσ(1)) dµ(iyJσ(1)). (8.24)

plus a continuous function of x′ ∈ h′ . Clearly (8.24) is equal to

mS∨α(s)

∫ 1

−1

(
1

det(x′ + iyJσ(1))sWh′
I[0.1](y)− 1

det(x′ + iyJσ(1))sαsWh′
I[0.1](y)

− 1

det(x′ + iyJσ(1))sWh′
I[−1,0](y) +

1

det(x′ + iyJσ(1))sαsWh′
I[−1,0](y)

)
HS∨α,sψ(iyJσ(1)) dµ(yJσ(1)). (8.25)

Now we multiply (8.25) by mS(s)
mS∨α(s)

, add to (8.22) and obtain

mS(s)

∫ 1

−1

(
1

det(x′ + iyJσ(1))sWh′
+

1

det(x′ + iyJσ(1))sαsWh′

)
HS∨α,sψ(iyJσ(1)) dµ(yJσ(1)).

Hence, Lemma B.2 implies

〈H′S,sψ +H′S,sαsψ +
mS(s)

mS∨α(s)
(H′S∨α,sψ +H′S∨α,sαsψ)〉J ′(0)

= −imS(s)κ̃(Jσ(1), Jσ(1))
1/24πHS∨α,sψ(0). (8.26)

Also, p+ = 2q and u′′ = −1, so that

u = (−1)p+u′′ = −1. (8.27)

Furthermore,

sgn(s)HS∨α,sψ(0)

=

∫
h′′S∨α,s

π̃z/h(s
−1 · x′′)A(−(ΨS∨α,R \ α))(x′′) sgn(s)HS∨αψ(x′′) dµ(x′′)

= lim
y→0

∫
h′′S∨α,s

π̃z/h(s
−1 · (iyJσ(1) + x′′))A(−(ΨS∨α,R \ α))(iyJσ(1) + x′′)

sgn(s)HS∨αψ(iyJσ(1) + x′′) dµ(x′′). (8.28)
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For x ∈ hreg
S∨α ,

π̃z/h(s
−1 · x)A(−(ΨS∨α,R \ α))(x) sgn(s)HS∨αψ(x)

=
∏

β∈Ψ,1/∈β

(−β(s−1 · x))A(−(ΨS∨α,R \ α))(x)

∏
β∈Ψ

β(s−1 · x)

∫
G/H(S∨α)

ψ(g · x) dµ(gH(S ∨ α)). (8.29)

Notice that {sβ | β ∈ Ψ(long), 1 /∈ β} is a positive root system for O2p,2q and that
ΨS,R(long) is the corresponding system of real roots for the Cartan subalgebra
h′′S,s . Thus ([1, (1.11)] implies∏

β∈Ψ(long),1/∈β

(−β(s−1 · x)2) · (−1)|ΨS,R(long)| =
∏

β∈Ψ(long),1/∈β

|β(s−1 · x)|2.

Furthermore,

A(−(ΨS∨α,R \ α))(x)A(ΨS∨α,R)(x)α(x) = (−1)|ΨS∨α,R\α||α(x)|.

Notice that if α(x) = 0, then∏
β∈Ψ\e1,1∈β

β(σ−1 · x) =
n∏
k=2

(e1(s−1 · x)2 − ek(s−1 · x)2)

=
n∏
k=2

(eσ(1)(x)2 − eσ(k)(x)2) =
n∏
k=2

(−eσ(k)(x)2)

=
∏

β∈Ψ(short),1/∈β

(−β(x)2).

Hence, for such x∏
β∈Ψ(short),1/∈β

(−β(s−1 · x)) ·
∏

β∈Ψ(short),1/∈β

β(s−1 · x)
∏

β∈Ψ\e1,1∈β

β(s−1 · x)

=
∏

β∈Ψ(short),1/∈β

β(s−1 · x)4 =
∏

β∈Ψ(short)\α

β(s−1 · x)4 =
∏

β∈Ψ(short)\α

|β(s−1 · x)|4,

where the last equality follows from the fact that the set {β(x) | β ∈ Ψ(short)\α} ⊆
C may be partitioned into pairs {z,−z} , single real numbers and single imaginary
numbers. Furthermore,

|ΨS∨α,R \ α| − |ΨS,R(long)| = |ΨS∨α,R \ (α ∪ΨS,R(long))|
= |(ΨS∨α,R(long) ∪ΨS∨α,R(short)) \ (α ∪ΨS,R(long))|
= |{β ∈ ΨS∨α,R(long) | β ⊇ α} ∪ΨS,R(short)|
= |{β ∈ ΨS∨α,R(long) | β ⊇ α}|+ |ΨS,R(short)| = 2|ΨS,R(short)|,

so that

(−1)|ΨS∨α,R\α|(−1)|ΨS,R(long)| = 1.
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Therefore, (8.29) is equal to∏
β∈Ψ,β∩α=∅

|β(x)|2 ·
∏

β∈Ψ(short)\α

|β(x)|2 · |α(x)| (8.30)

∫
G/H(S∨α)

ψ(g · x) dµ(gH(S ∨ α)).

By combining (8.26), (8.27), (8.28) and (8.30), we see that (c) holds for α ∈ Ψn .

Suppose α ∈ Ψc . Then there is a unique non-compact short root ν ∈ S .
Moreover, (8.14) implies that

〈J ′ , 〉Hom(Vσ(1),V′) < 0.

Therefore, ys,S |sWh′ = ε̂1Jσ(1) . Thus H′S,sψ(x′) is equal to

i

∫ ε̂1

0

mS(s)

det(x′ + iyJσ(1))sWh′
〈(HS,sψ)N〉(iyJσ(1)) dµ(yJσ(1))

plus a continuous function of x′ ∈ h′ . Hence, as before, assuming that ε̂1 = 1,
H′S,sψ +H′S,sαsψ is equal to

mS(s)

(∫ 1

0

−2

det(x′ + iyJσ(1))sWh′
HS∨α,sψ(iyJσ(1)) dµ(yJσ(1))

+

∫ −1

0

2

det(x′ + iyJσ(1))sαsWh′
HS∨α,sψ(iyJσ(1)) dµ(yJσ(1))

)
plus a continuous function of x′ ∈ h′ . On the other hand, H′S∨α,sψ +H′S∨α,sαsψ is
equal to

mS∨α(s)

∫ 1

−1

(
1

det(x′ + iyJσ(1))sWh′
− 1

det(x′ + iyJσ(1))sαsWh′

)
y

|y|
HS∨α,sψ(iyJσ(1)) dµ(yJσ(1)), (8.31)

plus a continuous function of x′ ∈ h′ . By symmetry, (8.31) is equal to

mS∨α(s)

∫ 1

0

(
2

det(x′ + iyJσ(1))sWh′
− 2

det(x′ + iyJσ(1))sαsWh′

)
HS∨α,sψ(iyJσ(1)) dµ(yJσ(1)). (8.32)

If we multiply (8.32) by mS(s)
mS∨α(s)

, we get

mS(s)

(∫ −1

0

2

det(x′ + iyJσ(1))sαsWh′
HS∨α,sψ(iyJσ(1)) dµ(yJσ(1))

−
∫ 1

0

2

det(x′ + iyJσ(1))sαsWh′
HS∨α,sψ(iyJσ(1)) dµ(yJσ(1))

)
= −mS(s)

∫ 1

0

(
2

det(x′ + iyJσ(1))sWh′
+

2

det(x′ + iyJσ(1))sαsWh′

)
HS∨α,sψ(iyJσ(1)) dµ(yJσ(1)).



676 Bernon and Przebinda

Hence, Lemma B.2 and (8.29) show that

〈H′S,sψ +H′S,sαsψ +
mS(s)

mS∨α(s)
(H′S∨α,sψ +H′S∨α,sαsψ)〉J ′(0)

= −i4πκ̃(J1, J1)1/2|mS(s)| sgn(s)HS∨α,sψ(0). (8.33)

As before,

sgn(s)HS∨α,sψ(0) = lim
y→0

sgn(s)HS∨α,sψ(yJσ(1))

= lim
y→0

∫
h′′S∨α,s

π̃z/h(s
−1 · (iyJσ(1) + x′′))A(−(ΨS∨α,R \ α))(iyJσ(1) + x′′)

sgn(s)HS∨αψ(iyJσ(1) + x′′) dµ(x′′). (8.34)

Also, for x ∈ hreg
S∨α ,

π̃z/h(s
−1 · (x))A(−(ΨS∨α,R \ α))(x) sgn(s)HS∨αψ(x)

=
∏

β∈Ψ,1/∈β

(−β(s−1 · x))A(−(ΨS∨α,R \ α))(x)A(ΨS∨α,R)(x) ·
∏
β∈Ψ

β(s−1 · x)

∫
G/H(S∨α)

ψ(g · x) dµ(gH(S ∨ α)). (8.35)

Notice that,∏
β∈Ψ,1/∈β

(−β(s−1 · x))A(−(ΨS∨α,R \ α))(x)A(ΨS∨α,R \ α)(x)
α(x)

|α(x)|
∏
β∈Ψ

β(s−1 · x)

=
∏

β∈Ψ,1/∈β

(−β(s−1 · x)2)
∏

β∈Ψ\e1,1∈β

β(s−1 · x) · |α(x)|(−1)|ΨS∨α,R\α|. (8.36)

If we divide (8.36) by |α(x)| and take x with α(x) = 0, we obtain∏
β∈Ψ,1/∈β

(−β(s−1 · x)2) ·
∏

β∈Ψ\e1,1∈β

β(s−1 · x) · (−1)|ΨS∨α,R\α|

=
∏

β∈Ψ(long),1/∈β

(−β(s−1 · x)2) ·

 ∏
β∈Ψ(short)\α

(−β(x)2)

2

· (−1)|ΨS∨α,R\α|

=
∏

β∈Ψ(long),1/∈β

|β(x)|2 ·
∏

β∈Ψ(short)\α

|β(x)|4 · (−1)|ΨS∨α,R\α|−|ΨS\α,R(long)|

= −
∏

β∈Ψ(long),β∩α=∅

|β(x)|2 ·
∏

β∈Ψ(short)\α

|β(x)|4 · (−1)|ΨS∨α,R\ΨS\ν,R(long)|

(8.37)

Notice that

|ΨS∨α,R \ΨS\ν,R(long)| = |Ψ(α∨ν)∪(S\ν),R \ΨS\ν,R(long)| (8.38)

= |ΨS∨α,R(short)|+ |Ψ(α∨ν)∪(S\ν),R(long) \ΨS\ν,R(long)|,
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where both summands are even numbers. Therefore, (8.38) is equal to

−
∏

β∈Ψ(long),β∩α=∅

|β(x)|2 ·
∏

β∈Ψ(short)\α

|β(x)|4. (8.39)

We combine (8.33)-(8.39) and deduce (d).

Consider the case (e). Let α = {k, l} and let σ(1) = k . Then h′S,s =
RiJk + RiJl . Moreover, Γ′s,S = ∅ , R′S,s = ∅ , R′′S,s = ΨS,R and HS,sψ ∈ S(h′S,s).
Furthermore, since mS(ws) = mS(s),

H′S,sψ(x′) +H′S,wsψ(x′) = mS(s)

∫
R

(
1

i(x′1 ± xki)
+

1

i(x′1 ∓ xki)

)
∫
R
HS,sψ(xkiJk + xliJl) dµ(xkiJk) dµ(xliJl).

Therefore, Lemma B.2 implies that

〈H′S,sψ +H′S,wsψ〉J ′(0) = −i4πmS(s)κ̃(J1, J1)1/2

∫
R
HS,sψ(xliJl) dµ(xliJl).

Also, p+ = 2q and u′′ = 1, so that

u = (−1)p+u′′ = 1.

Notice that

sgn(s)

∫
R
HS,sψ(xliJl) dµ(xliJl)

=

∫
hS∩h

J∗
k

πz/h(s
−1.x)A(−ΨS,R)(x)A(ΨS,R)(x)

∏
β∈Ψ

β(s−1.x)∫
G/H(S)

ψ(g.c(S)x) dµ(gH(S)) dµ(x).

Furthermore, for x ∈ hS ∩ hJ
∗
k ,

πz/h(s
−1.x)A(−ΨS,R)(x)A(ΨS,R)(x)

∏
β∈Ψ

β(s−1.x) (8.40)

=
∏

β∈Ψ,1/∈β

(−β(s−1.x)2) · (−1)|ΨS,R| ·
∏

β∈Ψ,1∈β

β(s−1.x)

=
∏

β∈Ψ,1/∈β

(−β(s−1.x)2) · (−1)|{β∈ΨS,R |σ(1)/∈β}| ·
∏

β∈Ψ,1∈β

β(s−1.x),

because |{β ∈ ΨS,R |σ(1) ∈ β}| is even. By [1, (1.11)],∏
β∈Ψ,1/∈β

(−β(s−1.x)2) · (−1)|{β∈ΨS,R; σ(1)/∈β}| =
∏

β∈Ψ,1/∈β

|β(s−1.x)|2 =
∏

β∈Ψ,σ(1)/∈β

|β(x)|2.
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Let S ′ = {β ∈ S | β ⊆ S} . Then |S ′| is even and therefore,∏
β∈Ψ,1/∈β

β(s−1.x) =
n∏
j=2

(−ej(x)2) =
∏

j∈S′\σ(1)

(−ej(x)2)·
∏

j∈S\S′
(−ej(x)2)·

∏
j /∈S

(−ej(x)2)

=
∏

j∈S′\σ(1)

(−ej(x)2) ·
∏

j∈S\S′
|ej(x)|2 ·

∏
j /∈S

|ej(x)|2

= (−1)|S
′\σ(1)|

∏
j∈S′\σ(1)

|ej(x)|2 ·
∏

j∈S\S′
|ej(x)|2 ·

∏
j /∈S

|ej(x)|2

= −
∏

j 6=σ(1)

|ej(x)|2.

Thus (8.40) is equal to

−
∏

β∈Ψ,σ(1)/∈β

|β(x)|2 ·
∏

j 6=σ(1)

|ej(x)|2,

and (e) follows.

Lemma 8.3. Fix α ∈ Ψn . If (G,G′) = (Up,q,U1,1) then

〈πg′/h′ c̃hc(ψ)〉J ′1−J ′2(u
′(J ′1 + J ′2))

=
∑
α∈S

lim
y→0

i4π2κ̃(J1, J1)mS
√

2
dimR W

|Ψn|
∫
hS∩hej ; j∈α

∏
β∈Ψ,β∩α=∅

|β(x)|2

∏
β∈Ψ,β∩α 6=∅

|β(x)|
∫

G/H(S)

ψ(g · c(S)x) dµ(gH(S))dµ(x′′), (8.41)

where x = yHα + u′
∑

j∈α Jj + x′′ .

If (G,G′) = (Sp2n(R),O1,2), assume that α is long. Then,

〈πg′/h′ c̃hc(ψ)〉J ′(0)

=
∑

α∈ΨS,R

lim
y→0

i4πκ̃(J1, J1)1/22
mS
21−n

√
2

dimR W
8−n+1|Ψn(long)|∫

hS∩hα
chcHom(V⊥α ,V

′
0)(c(S)x′′) ·

∏
β∈Ψ,β∩α=∅

|β(x)|2

∏
β∈Ψ(long),β∩α=∅

|β(x)|2 · |α(x)|
∫

G/H(S)

ψ(g · c(S)x) dµ(gH(S))dµ(x′′), (8.42)

where x = yHα + x′′ .

If (G,G′) = (O2p+1,2q, Sp2(R)), assume that α is short. Then,

〈πg′/h′ c̃hc(ψ)〉J ′(0) =
∑

α∈ΨS,R

lim
y→0

i4πκ̃(J1, J1)1/2mS
√

2
dimR W

|Ψn(short)|∫
hS∩hα

∏
β∈Ψ,β∩α=∅

|β(x)|2
∏

β∈Ψ(short),β∩α=∅

|β(x)|2 · |α(x)|
∫

G/H(S)

ψ(g · c(S)x) dµ(gH(S))dµ(x′′),

(8.43)
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where x = yHα + x′′ .

If (G,G′) = (O2p,2q, Sp2(R)), then

〈πg′/h′ c̃hc(ψ)〉J ′(0)

=
∑

α∈S,k∈α⊆S\α

i2πκ̃(J1, J1)1/2mS
√

2
dimR W

|Ψn|

∫
hS∩h

J∗
k

∏
β∈Ψ,k /∈β

|β(x)|2 ·
∏
j 6=k

|ej(x)|2
∫

G/H(S)

ψ(g · c(S)x) dµ(gH(S))dµ(x). (8.44)

Proof. By Lemmas 8.1 and 8.2, the left hand side of (8.41) is equal to

∑
S,s; ζ=eσ(1)−eσ(2)∈S

〈πg′/h′ c̃hc(ψ)〉J ′1−J ′2(u
′(J ′1 + J ′2))

=
∑

S,s; ζ=eσ(1)−eσ(2)∈S

lim
y→0

i4π2κ̃(J1, J1)|mS(s)|
∫
hS∩h

eσ(1),eσ(2)

∏
β∈Ψ,β∩ζ=∅

|β(x)|2

∏
β∈Ψ,β∩ζ 6=∅

|β(x)|
∫

G/H(S)

ψ(g · c(S)x) dµ(gH(S))dµ(x′′)

=
∑
α∈S

lim
y→0

i4π2κ̃(J1, J1)|mS(s)||W (HC,ZC))||Ψn|
∫
hS∩h{ej ;j∈α}

∏
β∈Ψ,β∩α=∅

|β(x)|2

∏
β∈Ψ,β∩α 6=∅

|β(x)|
∫

G/H(S)

ψ(g · c(S)x) dµ(gH(S))dµ(x′′),

which coincides with the right hand side because |mS(s)||W (HC,ZC))| = mS
√

2
dimR W

.

By Lemmas 8.1 and 8.2, the left hand side of (8.42) is equal to

∑
S,s;σ(1)/∈S,ε̂1=1

lim
y→0

i4πκ̃(J1, J1)1/2|mS(s)|8−n+1

∫
hS∩h

eσ(1)

chcHom(V⊥
σ(1)

,V′0)(c(S)x′′) ·
∏

β∈Ψ,β 6=2eσ(1)

|β(yH2eσ(1) + x′′)|2

∏
β∈Ψ(long),β 6=2eσ(1)

|β(yH2eσ(1) + x′′)|2 · |α(yH2eσ(1) + x′′)|

∫
G/H(S∨2eσ(1))

ψ(g · c(S)(yH2eσ(1) + x′′)) dµ(gH(S ∨ 2eσ(1)))dµ(x′′)
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=
∑

S,s;σ(1)/∈S,ε̂1=1

lim
y→0

i4πκ̃(J1, J1)1/22|mS∨2eσ(1)(s)|8
−n+1n∫

hS∩he1
chcHom(V ⊥1 ,V′0)(c(S)x′′) ·

∏
β∈Ψ,β 6=2e1

|β(yH2e1 + x′′)|2∏
β∈Ψ(long),β 6=2e1

|β(yH2e1 + x′′)|2 · |α(yH2e1 + x′′)|∫
G/H(S∨2e1)

ψ(g · c(S)(yH2e1 + x′′)) dµ(gH(S ∨ 2e1))dµ(x′′)

=
∑

2e1∈S

lim
y→0

i4πκ̃(J1, J1)1/22|mS(s)||W (HC,ZC)|8−n+1n∫
hS∩he1

chcHom(V⊥1 ,V
′
0)(c(S)x′′) ·

∏
β∈Ψ,β 6=2e1

|β(yH2e1 + x′′)|2∏
β∈Ψ(long),β 6=2e1

|β(yH2e1 + x′′)|2 · |α(yH2e1 + x′′)|∫
G/H(S)

ψ(g · c(S)(yH2e1 + x′′)) dµ(gH(S))dµ(x′′),

which coincides with the right hand side (see [1, (7.11)]).

We need to verify (8.43). Notice that if Γ′s,S = ∅ and if w ∈ W (∆S,R), then

H′S,wsψ(x′)=

∫
hS

mS(ws)

det(x′ + x)wsWh′
πz/h(s

−1w−1 · x)A(−ΨS,R)(x)HSψ(x) dµ(x)

=

∫
hS

mS(s)

det(x′ + x)sWh′
πz/h(s

−1 · x) sgn(w)A(−ΨS,R)(w · x)HSψ(x) dµ(x)

=

∫
hS

mS(s)

det(x′ + x)sWh′
πz/h(s

−1 · x)A(−ΨS,R)(x)HSψ(x) dµ(x).

Let ζ ∈ Ψn
S,iR , ζ∩S = ∅ . Suppose ζ ∈ Ψn . There are wi ∈ W (∆S∨ζ,R), 1 ≤ i ≤ m

(with w1 = 1) such that

ΨS∨ζ,R(short) = {w1ζ, w2ζ, · · · , wmζ}.

Moreover, by [1, (8.3)],
|mS(s)|
|mS∨ζ(s)|

= m.

Hence,

|mS(s)|
|mS∨ζ(s)|

H′S∨ζ,sψ(x′) =
m∑
i=1

H′S∨ζ,wisψ(x′).

Suppose ζ ∈ Ψc . Then there is a unique element ν ∈ S ∩ Ψn(short). Moreover,
ζ − ν ∈ S ∨ ζ . Let w1 = 1 and let w2 = sζ . Then w1, w2 ∈ W (∆S∨ζ,R) and, by
[1, (8.3)],

|mS(s)|
|mS∨ζ(s)|

= 2.
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Hence,

|mS(s)|
|mS∨ζ(s)|

H′S∨ζ,sψ(x′) =
2∑
i=1

H′S∨ζ,wisψ(x′).

For two functions, f, g : h′\0→ C we shall write f =jump g if f−g extends
to a continuous function on h′ .

Lemma 8.1 implies

πz/hc̃hc(ψ) =jump

∑
S,s;ζ∈ΨnS,iR,ζ∩S=∅,ζ={σ(1)}

H′S,sψ +
∑

S,s;σ(1)∈ΨS,R

H′S,sψ

=
∑

S,s;ζ∈Ψn(short),ζ∩S=∅,
σ(1)∈ζ

H′S,sψ +
∑

S,s;ζ∈Ψc(short),ζ∩S=∅,
σ(1)∈ζ

H′S,sψ

+
∑

S,s;ζ∈Ψn(short),ζ∩S=∅,
σ(1)∈ΨS∨ζ,R(short)

H′S∨ζ,sψ +
∑

S,s;ζ∈Ψc(short),ζ∩S=∅,
σ(1)∈ζ∪ν

H′S∨ζ,sψ

=
∑

S,s;ζ∈Ψn(short)∩ΨnS,iR,

σ(1)∈ζ

(
H′S,sψ +mH′S∨ζ,sψ

)
+

∑
S,s;ζ∈Ψc(short)∩ΨnS,iR,

σ(1)∈ζ

(
H′S,sψ + 2H′S∨ζ,sψ

)

=
∑

S,s;ζ∈ΨnS,iR,σ(1)∈ζ

(
H′S,sψ +

|mS(s)|
|mS∨ζ(s)|

H′S∨ζ,sψ
)
.

Hence, Lemma 8.2 implies that the left hand side of (8.43) is equal to

∑
S,s;ζ∈ΨnS,iR(short),

σ(1)∈ζ,ε̂1=1

lim
y→0

i4πκ̃(J1, J1)1/2|mS(s)|

∫
hS∨ζ∩hζ

∏
β∈Ψ,β∩ζ=∅

|β(x′′)|2
∏

β∈Ψ(short),β∩ζ=∅

|β(x′′)|2 · |α(yHζ + x′′)|

∫
G/H(S∨ζ)

ψ(g · c(S)(yHζ + x′′)) dµ(gH(S ∨ ζ))dµ(x′′)

=
∑

S;ζ∈ΨnS,iR(short)

lim
y→0

i4πκ̃(J1, J1)1/2|W (HC,ZC)||mS(s)|

∫
hS∨ζ∩hζ

∏
β∈Ψ,β∩ζ=∅

|β(x′′)|2
∏

β∈Ψ(short),β∩ζ=∅

|β(x′′)|2 · |α(yHζ + x′′)|

∫
G/H(S∨ζ)

ψ(g · c(S)(yHζ + x′′)) dµ(gH(S ∨ ζ))dµ(x′′)
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=
∑

S;ζ∈S(short)

lim
y→0

i4πκ̃(J1, J1)1/2|ΨS,R(short)|mS
√

2
dimR W

∫
hS∩hζ

∏
β∈Ψ,β∩ζ=∅

|β(x′′)|2
∏

β∈Ψ(short),β∩ζ=∅

|β(x′′)|2 · |α(yHζ + x′′)|

∫
G/H(S)

ψ(g · c(S)(yHζ + x′′)) dµ(gH(S))dµ(x′′)

+
∑

S=S(long);ζ∈Ψc∩ΨS,R(short)

lim
y→0

i4πκ̃(J1, J1)1/22mS
√

2
dimR W

∫
hS∩hζ

∏
β∈Ψ,β∩ζ=∅

|β(x′′)|2
∏

β∈Ψ(short),β∩ζ=∅

|β(x′′)|2 · |α(yHζ + x′′)|

∫
G/H(S)

ψ(g · c(S)(yHζ + x′′)) dµ(gH(S))dµ(x′′)

=
∑

S;ζ∈ΨS,R(short)

lim
y→0

i4πκ̃(J1, J1)1/2mS
√

2
dimR W

∫
hS∩hζ

∏
β∈Ψ,β∩ζ=∅

|β(x′′)|2
∏

β∈Ψ(short),β∩ζ=∅

|β(x′′)|2 · |α(yHζ + x′′)|

∫
G/H(S)

ψ(g · c(S)(yHζ + x′′)) dµ(gH(S))dµ(x′′),

which coincides with the right hand side.

By Lemmas 8.1 and 8.2, the left hand side of (8.44) is equal to

〈
∑
S,s

HS,sψ〉J ′(0) =
∑

S,s; α∈S,σ(1)∈α⊆S\α,
ε̂σ(1)=1

〈HS,sψ +HS,wsψ〉J ′(0) · |Ψ
n|

2

=
∑

S,s; α∈S,σ(1)∈α⊆S\α,
ε̂σ(1)=1

i4πκ̃(J1, J1)1/2|mS(s)| |Ψ
n|

2

∫
hS∩h

J∗
σ(1)

∏
β∈Ψ,σ(1)/∈β

|β(x)|2 ·
∏

j 6=σ(1)

|ej(x)|2
∫

G/H(S)

ψ(g · c(S)x) dµ(gH(S)) dµ(x)

=
∑

S; α∈S,k∈α⊆S\α

i4πκ̃(J1, J1)1/2|mS(s)||W (HC,ZC))| |Ψ
n|

2∫
hS∩h

J∗
k

∏
β∈Ψ,k /∈β

|β(x)|2 ·
∏
j 6=k

|ej(x)|2
∫

G/H(S)

ψ(g · c(S)x) dµ(gH(S)) dµ(x),

which coincides with the right hand side.
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Lemma 8.4. With the notations of Corollary 0.8, we have

〈πg′/h′ c̃hc(ψ)〉J ′1−J ′2(u
′(J ′1 + J ′2)) (8.45)

=
i2π2κ̃(J1, J1)

√
2

dimR W

η(V,V′,X′)

∫
g(U)

ψKn (u′
∑
j∈α

Jj + x) dµ(x),

if (G,G′) = (Up,q,U1,1);

〈πg′/h′ c̃hc(ψ)〉J ′(0) (8.46)

=



i4πκ̃(J1, J1)1/2
√

2
dimR W

2−n+1

η(V,V′,X′)

∫
g(U)

chcHom(U,V′0)(x)ψKn (x) dµ(x)

if (G,G′) = (Sp2n(R),O1,2)

i2πκ̃(J1, J1)1/2
√

2
dimR W

η(V,V′,X′)

∫
g(U)

ψKn (x) dµ(x)

if G = O2p+1,2q or O2p,2q and G′ = Sp2(R)).

Proof. Consider the case (G,G′) = (Up,q,U1,1). We may assume that α =
e1 − ep+1 . Then, the identification (0.5) is

V′ = V′s = V1 + Vp+1.

For β ∈ S let

c̃(β) = exp(−iπ
4

(Xβ +X−β)) ∈ End(V),

and let

c̃(S) =
∏
β∈S

c̃(β).

Then the Cayley transform c(S) coincides with the conjugation by c̃(S). Thus if
x ∈ hS , then c(S)x acts on c̃(S)Vj via the multiplication by ej(x). Let

X = c̃(S)V1, Y = c̃(S)Vp+1, U =
∑
j /∈α

Vj.

Then Hα = −i(J1 − Jp+1) acts via the multiplication by 1 on X and −1 on Y .
Hence,

V1 + Vp+1 = X⊕ Y

is a complete polarization. Moreover,

V = (X⊕ Y)⊕ U,
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and U = c̃(S)U . Hence, for x ∈ hS ,

| det(ad(c(S)x))n| =
∏
j /∈α

|e1(x)− ej(x)|2 · |e1(x)− ep+1(x)|,

| det(ad(c(S)x))g(U)| =
∏

j<k;j,k/∈α

|ej(x)− ek(x)|2,

∏
β∈Ψ,β∩α 6=∅

|β(x)| =
∏
j /∈α

(|e1(x)− ej(x)||ep+1(x)− ej(x)|) · |e1(x)− ep+1(x)|,

∏
β∈Ψ,β∩α=∅

|β(x)|2 =
∏

j<k;j,k/∈α

|ej(x)− ek(x)|2.

Therefore,∏
β∈Ψ,β∩α=∅

|β(x)|2 ·
∏

β∈Ψ,β∩α 6=∅

|β(x)|

=
∏
j /∈α

|e1(x)− ej(x)||ep+1(x)− ej(x)|
|e1(x)− ej(x)|2

| det(ad(c(S)x))n| · | det(ad(c(S)x))g(U)|,

(8.47)

and

lim
α(x)→0

∏
j /∈α

|e1(x)− ej(x)||ep+1(x)− ej(x)|
|e1(x)− ej(x)|2

= 1. (8.48)

In terms of Lemma 8.3, hS ∩ h{ej ,j∈α} = hS ∩ g(U)C . Moreover, the set of all
S \ α , where S ∈ Ψn

st , coincides with the set of all the sets of strongly orthogonal
non-compact imaginary roots for g(U). Furthermore,

mS = 2−|S|
1

p!q!

so that

mS =
1

2q
m

g(U)
S\α .

Thus, by (8.47), the Weyl integration formula for g(U) and Corollary A.3,

∑
α∈S

mS

∫
hS∩h{ej ,j∈α}

∏
β∈Ψ,β∩α=∅

|β(x)|2 ·
∏

β∈Ψ,β∩α 6=∅

|β(x)|

∫
G/H(S)

ψ(g · c(S)x) dµ(gH(S))dµ(x′′)

=
∑
α∈S

1

2q
m

g(U)
S\α

∫
hS∩g(U)C

∏
β∈Ψ,β∩α=∅

|β(x)|2 ·
∏

β∈Ψ,β∩α 6=∅

|β(x)| 1

η(V,V′,X′)

1

det(ad(c(S)x))n

∫
G(U)/H(U)(S\α)

ψKn (g · c(S)x) dµ(gH(U)(S \ α))dµ(x′′)

=
1

pqη(V,V′,X′)

∫
g(U)

∏
j /∈α

|e1(x)− ej(x)||ep+1(x)− ej(x)|
|e1(x)− ej(x)|2

ψKn (c(S)x) dµ(x′′),

(8.49)
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where x = y + u′
∑

j∈α Jj + x′′ . Clearly (8.45) follows from (8.48) and (8.49).

Consider the case (G,G′) = (Sp2n(R),O1,2). We may assume that α = 2e1 ,
so that iHα = J1 . Let U =

∑
j /∈α Vj . Define c̃(S) ∈ End(VC) as in the previous

case. Then c̃(S) preserves V1,C and UC , and c̃(S)|V1,C = c̃(α).

Let V1,C,Hα=±1 ⊆ V1,C be the subspace on which Hα acts via the multipli-
cation by ±1. Let

X = (c̃(S)V1,C,Hα=1) ∩ V1, Y = (c̃(S)V1,C,Hα=−1) ∩ V1.

Then

V1 = X⊕ Y

is a complete polarization, and we identify with V′s = X ⊕ Y . It is easy to check
that for each 1 ≤ j ≤ n

c̃(S)Vj,C = (c̃(S)Vj,C)ej◦c(S)−1 ⊕ (c̃(S)Vj,C)−ej◦c(S)−1 ,

where the subscript indicates the weight by which h(S)C acts on the indicated
space. Hence, for x ∈ hS ,

| det(ad(c(S)x))nC| =
∏
j /∈α

|e1(x)2 − ej(x)2| · |2e1(x)|,

| det(ad(c(S)x))g(U)C| =
∏

j<k;j,k/∈α

|e1(x)2 − ej(x)2|2 ·
∏
j /∈α

|2ej(x)|2,

∏
β∈Ψ(long),β∩α=∅

|β(x)|2 · |α(x)| =
∏
j /∈α

|2ej(x)|2 · |2e1(x)|,

∏
β∈Ψ,β∩α=∅

|β(x)|2 =
∏

j<k;j,k/∈α

|ej(x)2 − ek(x)2|2 ·
∏
j /∈α

|2ej(x)|2.

Therefore,∏
β∈Ψ,β∩α=∅

|β(x)|2 ·
∏

β∈Ψ(long),β∩α 6=∅

|β(x)|2 · |α(x)|

=
∏
j /∈α

|2ej(x)|2

|e1(x)2 − ej(x)2|
· | det(ad(c(S)x))nC| · | det(ad(c(S)x))g(U)C |, (8.50)

and

lim
α(x)→0

∏
j /∈α

|2ej(x)|2

|e1(x)2 − ej(x)2|
= 4n−1. (8.51)

In this case,

mS =
1

2|S|n!

so that

mS =
1

2n
m

g(U)
S\α .
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Thus, as before,

∑
α∈S

mS

∫
hS∩hα

chcHom(V⊥α ,V
′
0)(c(S)x)

∏
β∈Ψ,β∩α=∅

|β(yHα + x)|2

∏
β∈Ψ(long),β∩α 6=∅

|β(yHα + x)|2 · |α(yHα + x)|

∫
G/H(S)

ψ(g · c(S)(yHα + x)) dµ(gH(S))dµ(x)

=
∑
α∈S

1

2n
m

g(U)
S\α

∫
hS∩g(U)C

chcHom(V⊥α ,V
′
0)(c(S)x)

∏
β∈Ψ,β∩α=∅

|β(yHα + x)|2

∏
β∈Ψ(long),β∩α 6=∅

|β(yHα + x)|2 · |α(yHα + x)| 1

η(V,V′,X′)

1

det(ad(c(S)x))n

∫
G(U)/H(U)(S\α)

ψKn (g · c(S)(yHα + x)) dµ(gH(U)(S \ α))dµ(x)=

1

2nη(V,V′,X′)

∫
g(U)

chcHom(V⊥α ,V
′
0)(c(S)x)

∏
j /∈α

|2ej(x)|2

|e1(x)2−ej(x)2|
·ψKn (c(S)(yHα+x)) dµ(x),

and thus (8.46) follows from (8.51) and (8.42).

Consider the case (G,G′) = (O2p+1,2q, Sp2(R)). Suppose that α ∈ S(short)
We may assume that α = ep+1 , so that iHα = 2Jp+1 .
Define c̃(α) ∈ End((V0 + Vp+1)C) as before. Let

X = (V0 + Vp+1) ∩ c̃(α)Vp+1,C,Hα=2,

Y = (V0 + Vp+1) ∩ c̃(α)Vp+1,C,Hα=−2,

V(c) = (X + Y)⊥ ∩ (V0 + Vp+1),

U = V(c) +
∑

1≤j,j /∈α

Vj.

Then

V0 + Vp+1 = X⊕ Y ⊕ U,

the spaces X , Y are isotropic and the space V(c) is anisotropic. Moreover,

V = X⊕ Y ⊕ U,

and we identify with V′s = X ⊕ Y . Define c̃(S) ∈ End(VC) as before. Then c̃(S)
preserves (V0 + Vp+1)C , UC , and the restriction of c̃(S) to (V0 + Vp+1)C is equal
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to c̃(α). Furthermore, Hom(X,Y) ∩ g = 0. Hence, for x ∈ hS ,

| det(ad(c(S)x))nC | =
∏

1≤j,j /∈α

|ep+1(x)2 − ej(x)2| · |ep+1(x)|,

| det(ad(c(S)x))g(U)C | =
∏

1≤j<k;j,k/∈α

|e1(x)2 − ej(x)2|2 ·
∏

1≤j /∈α

|ej(x)|2,

∏
β∈Ψ(short),β∩α=∅

|β(x)|2 · |α(x)| =
∏

1≤j /∈α

|ej(x)|2 · |ep+1(x)|,

∏
β∈Ψ,β∩α=∅

|β(x)|2 =
∏

1≤j<k;j,k/∈α

|ej(x)2 − ek(x)2|2 ·
∏

1≤j /∈α

|ej(x)|2.

Hence, ∏
β∈Ψ(short),β∩α=∅

|β(x)|2 ·
∏

β∈Ψ,β∩α=∅

|β(x)|2 · |α(x)|

=
∏

1≤j /∈α

|ej(x)|2

|ep+1(x)2 − ej(x)2|
· | det(ad(c(S)x))nC | · | det(ad(c(S)x))g(U)C|,

and

lim
α(x)→0

∏
1≤j /∈α

|ej(x)|2

|ep+1(x)2 − ej(x)2|
= 1.

Suppose S = S(long). We may assume that α = e1 , so that iHα = 2J1 . Also, we
may assume that e1 ± ep+1 ∈ S . Define c̃(S) ∈ End(VC) as before. Let

X = (V1 + Vp+1) ∩ c̃(S)Vp+1,C,Hα=2,

Y = (V1 + Vp+1) ∩ c̃(S)Vp+1,C,Hα=−2,

U = (V1 + Vp+1) ∩ (X + Y)⊥ +
∑

0≤j 6=p+1,j 6=1

Vj.

The spaces X , Y are isotropic,

V = X⊕ Y ⊕ U,

and we identify V′ = X⊕ Y . Let x ∈ hS . Then,

| det(ad(c(S)x))nC | =
∏

1≤j 6=p+1

|e1(x)2 − ej(x)2| · |e1(x)|,

| det(ad(c(S)x))g(U)C | =
∏

2≤j<k

|e1(x)2 − ej(x)2|2 ·
∏
2≤j

|ej(x)|2,∏
β∈Ψ(short),β∩α=∅

|β(x)|2 · |α(x)| =
∏
2≤j

|ej(x)|2 · |e1(x)|,

∏
β∈Ψ,β∩α=∅

|β(x)|2 =
∏

2≤j<k

|ej(x)2 − ek(x)2|2 ·
∏
2≤j

|ej(x)|2.
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Hence, ∏
β∈Ψ(short),β∩α=∅

|β(x)|2 ·
∏

β∈Ψ,β∩α=∅

|β(x)|2 · |α(x)|

=
∏
2≤j

|ej(x)|2

|e1(x)2 − ej(x)2|
· | det(ad(c(S)x))nC | · | det(ad(c(S)x))g(U)C|,

and

lim
α(x)→0

∏
2≤j

|ej(x)|2

|e1(x)2 − ej(x)2|
= 1.

Let

a(S) = |{β ∈ S(long) | β ⊆ S \ β}|,
b(S) = |{β ∈ S(long) | β ∩ S \ β = ∅}|.

Then

mS =
1

2a(S)/2 · 2b(S) · 1 · 3 · 5 · · · (a(S) + 2|S(short)| − 1)
· 1

2pp!2qq!
.

In particular, if ν ∈ S is short, then

mS =
1

a(S) + 1
· 1

2q
·mg(U)
S\ν .

Let S = S(long). Let ζ ∈ Ψc(short), ν ∈ Ψn(short), ζ ∨ ν ∪ S ′′ = S . Then,

mS =
1

2q
·mg(U)
S′′∨ν .

Furthermore, a(S) + 1 = |ΨS,R(short)| . Thus, with x = yHα + x′′ , we have

∑
α∈ΨS,R

mS

∫
hS∩hα

∏
β∈Ψ(short),β∩α=∅

|β(x)|2 ·
∏

β∈Ψ,β∩α=∅

|β(x)|2 · |α(x)|

∫
G/H(S)

ψ(g · c(S)(x)) dµ(gH(S))dµ(x′′)

=
∑

α∈S(short)

(a(S) + 1)mS

∫
hS∩hα

∏
β∈Ψ(short),β∩α=∅

|β(x)|2 ·
∏

β∈Ψ,β∩α=∅

|β(x)|2 · |α(x)|

∫
G/H(S)

ψ(g · c(S)(x)) dµ(gH(S))dµ(x′′)

+
∑

S=S(long),α∈Ψc∩ΨS,R(short)

2mS

∫
hS∩hα

∏
β∈Ψ(short),β∩α=∅

|β(x)|2

∏
β∈Ψ,β∩α=∅

|β(x)|2 · |α(x)|
∫

G/H(S)

ψ(g · c(S)(x)) dµ(gH(S))dµ(x′′)
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=
∑

α∈S(short)

1

2q
m

g(U)
S\α

∫
hS∩hα

∏
β∈Ψ(short),β∩α=∅

|β(x)|2 ·
∏

β∈Ψ,β∩α=∅

|β(x)|2 · |α(x)|

∫
G/H(S)

ψ(g · c(S)(x)) dµ(gH(S))dµ(x′′)

+
∑

S=S(long),α∈Ψc∩ΨS,R(short)

1

2q
m

g(U)
S′′∨ν

∫
hS∩hα

∏
β∈Ψ(short),β∩α=∅

|β(x)|2

∏
β∈Ψ,β∩α=∅

|β(x)|2 · |α(x)|
∫

G/H(S)

ψ(g · c(S)(x)) dµ(gH(S))dµ(x′′)

=
1

2qη(V,V′,X′)

∫
g(U)

∏
2≤j

|ej(x)|2

|e1(x)2 − ej(x)2|
· ψKn (c(S)(x)) dµ(x′′),

Now we take the limit if y → 0 and deduce (8.46).

Consider the pair (G,G′) = (O2p,2q, Sp2(R)). In terms of (8.44) let us fix
an element k ∈ α . Then

〈πg′/h′ c̃hc(ψ)〉J ′(0) = 2
∑

α∈S,α⊆S\α

i2πκ̃(J1, J1)1/2mS
√

2
dimR W

|Ψn|

∫
hS∩h

J∗
k

∏
β∈Ψ,k /∈β

|β(x)|2 ·
∏
j 6=k

|ej(x)|2.
∫

G/H(S)

ψ(g · c(S)x) dµ(gH(S))dµ(x). (8.52)

Let α = {k, l} and let

X = (Vk + Vl) ∩ c̃(S)Vk,C,iJk=1,

Y = (Vk + Vl) ∩ c̃(S)Vk,C,iJk=−1,

U = (Vk + Vl) ∩ (X + Y)⊥ + U′′,

where U′′ =
∑

j /∈α Vj . Then,

V = X⊕ Y ⊕ U,

and for x ∈ hS ∩ hJ
∗
k ,

| det(ad(c(S)x))nC| =
∏
j 6=k

|ej(x)|2,

| det(ad(c(S)x))g(U)C| =
∏

β∈Ψ,k /∈β

|β(x)|2.

Moreover, we see from the formula (7.9) in [1] that if we denote by αc the unique
element of S such that αc 6= α and α = αc , then

mS =
1

2(|S′′|/2)2|S′| · 1 · 3 · 5 · · · (|S ′′| − 1)

1

2pp!2qq!

=
1

(|S ′′| − 1)8pq
m

g(U′′)
S

=
2(|S ′′ \ {α, αc}|+ 1)

(|S ′′| − 1)8pq
m

g(U)
S =

1

4pq
m

g(U)
S\{α,αc},
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Thus (8.52) may be rewritten as∑
α∈S,α⊆S\α

i4πκ̃(J1, J1)1/2 1

4pq
m

g(U)
S\{α,αc}

√
2

dimR W
|Ψn|

∫
hS∩h

J∗
k

| det(ad(c(S)x))nC|| det(ad(c(S)x))g(U)C|
∫

G/H(S)

ψ(g·c(S)x) dµ(gH(S))dµ(x),

which coincides with the right hand side of (8.46).

It is clear from Theorem 7.4 in [1] that, in order to verify Theorem 0.10, we
may assume that the differential operator ∂(w) = 1. In view of Corollary 0.8 and
Lemma 8.4, we shall be done as soon as we show that

2π2κ̃(J1, J1)
√

2
dimR W

µ(H ′)η(V,V′,X′)
· η(V,V′,X′)

γ(V,V′,X′)
= 1, if (G,G′) = (Up,q,U1,1) ,(8.53)

4πκ̃(J1, J1)1/2
√

2
dimR W

2−n+1

µ(H ′)η(V,V′,X′)
· η(V,V′,X′)

γ(V,V′,X′)
= 2, if (G,G′) = (Sp2n(R),O1,2) ,(8.54)

2πκ̃(J1, J1)1/2
√

2
dimR W

µ(H ′)η(V,V′,X′)
· η(V,V′,X′)

γ(V,V′,X′)
= 1, if (G,G′) = (O2p+1,2q, Sp2(R)) ,(8.55)

2πκ̃(J1, J1)1/2
√

2
dimR W

µ(H ′)η(V,V′,X′)
· η(V,V′,X′)

γ(V,V′,X′)
= 1, if (G,G′) = (O2p,2q, Sp2(R)) .(8.56)

The left hand side of (8.53) is equal to

2π2 · 8 ·
√

2
2·2·n

8nπ2 · η(V,V′,X′)
· η(V,V′,X′)

22n+1 · n−1
= 1.

The left hand side of (8.54) is equal to

4π ·
√

6 ·
√

2
2n·3

2−n+1

4
√
nπ · η(V,V′,X′)

· η(V,V′,X′)

22n+1 ·
√

3
2n

= 2.

The left hand side of (8.55) is equal to

2π · 2 ·
√

2
2(2n+1)

2
√

4n+ 2 π · η(V,V′,X′)
· η(V,V′,X′)

22n+1+1
2√

2n+1

= 1.

The left hand side of (8.56) is equal to

2π · 2 ·
√

2
2·2n

4π
√
n · η(V,V′,X′)

· η(V,V′,X′)
√

2
(2·2n+1)

√
2n

= 1.

Consider the pair (G,G′) = (O2p+1,2q+1, Sp2(R)). In this case the defining module
V for G has the following orthogonal direct sum decomposition

V = V1 ⊕ V′′, (8.57)
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where G(V1) is isomorphic to O1,1 and G(V′′) is isomorphic to O2p,2q . Let h′′ be
an elliptic Cartan subalgebra of g(V′′). Let h = g(V1)⊕h′′ . This is a fundamental
Cartan subalgebra of g .

Every Cartan subalgebra of g is conjugate to one which preserves the
decomposition (8.57), and two such are G−conjugate if and only if they are
G(V′′)−conjugate.

Let Ψ(V′′) be a system of positive roots of h′′ in g(V′′)C , Ψn(V′′) ⊆ Ψ(V′′)
be the subset of the non-compact roots and Ψn

st(V
′′) be the set of the strongly

orthogonal subsets of Ψn(V′′). Let Ψ be a system of positive roots of h in gC such
that, if we extends each root in Ψ(V′′) by zero to g(V1), then Ψ(V′′) ⊆ Ψ. In
order to simplify the notation we shall write Ψn for Ψn(V′′) and Ψn

st for Ψn
st(V

′′).

For S ∈ Ψn
st there is an element c̃(S) ∈ GL(gC) such that

c̃(S)V1,C = V1,C, c̃(S)V′′C = V′′C,

g(V1) = Rc̃(S)iJ1c̃(S)−1,

Ad(c̃(S)|g(V′′)C) is the Cayley transform for S and g(V′′),

Let c(S) = Ad(c̃(S)) ∈ GL(gC) and let h(S) = g(V1)⊕ h′′(S). Define

hS = c(S)−1(h(S)C) ∩ g.

Then
hS = RiJ1 ⊕ h′′S

and, as we have seen in [1, (11.2)],

mS =
1

2(|S ′′|+ 1)
m

g(V′′)
S (8.58)

where S ′′ = {α ∈ S |α ⊆ S \ α} and S ′ = S \ S ′′ .
For S ∈ Ψn

st and s ∈ W (HC) let

h′S,s =
∑

k/∈S,k≥2,σ−1(k)=1

RJk +
∑

k=1,σ(k)=1

RiJ1 + hS ∩

 ∑
k∈S\(sh′)⊥,k≥2

CJk

 ,

h′′S,s =
∑

k/∈S,σ−1(k)6=1

RJk +
∑

k=1,σ(k) 6=1

RiJ1 + hS ∩

 ∑
k∈S∩(sh′)⊥,k≥2

CJk

 .

Γ′s,S =
∑
σ(1)/∈S

(0,∞)J∗1 (ys)J1,

where ys is defined as in [1, Definition 3.4]. Then, the formula (8.1) holds.
Furthermore, the following statements are true, with the proofs almost identical
to the proofs of the corresponding statements in the (O2p,2q, Sp2(R)) case.

Lemma 8.5. Suppose there is α ∈ S \ (sh′)⊥ with α ∩ S \ α = ∅ and σ(1) /∈
S ∪ {1}. Then H′S,sψ extends to a continuous function on h′ .
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Lemma 8.6. Suppose α ∈ S , σ(1) ∈ α ⊆ S \ α or σ(1) = 1. Let w ∈ W (HS)
be the reflection with respect to Jσ(1) . Then

〈H′S,sψ+H′S,wsψ〉J ′(0)=i4πκ̃(J1, J1)1/2|mS(s)|
∫
hS∩h

J∗
σ(1)

∏
β∈Ψ,σ(1)/∈β

|β(x)|2·
∏

j 6=σ(1)

|ej(x)|2

∫
G/H(S)

ψ(g · c(S)x) dµ(gH(S))dµ(x).

Hence, 〈πg′/h′ c̃hc(ψ)〉J ′(0) = 〈
∑
S,s

HS,sψ〉J ′(0)

=
∑

S,s; α∈S′′,σ(1)∈α,ε̂σ(1)=1

〈HS,sψ +HS,wsψ〉J ′(0) +
∑

S,s; σ(1)=1,ε̂σ(1)=1

〈HS,sψ +HS,wsψ〉J ′(0)

=
∑

S,s; α∈S′′,σ(1)∈α,ε̂σ(1)=1

i4πκ̃(J1, J1)1/2|mS(s)|

∫
hS∩h

J∗
σ(1)

∏
β∈Ψ,σ(1)/∈β

|β(x)|2 ·
∏

j 6=σ(1)

|ej(x)|2
∫

G/H(S)

ψ(g · c(S)x) dµ(gH(S)) dµ(x)

+
∑

S,s; σ(1)=1,ε̂σ(1)=1

i4πκ̃(J1, J1)1/2|mS(s)|

∫
hS∩hJ

∗
1

∏
β∈Ψ,1/∈β

|β(x)|2 ·
∏
j 6=1

|ej(x)|2
∫

G/H(S)

ψ(g · c(S)x) dµ(gH(S)) dµ(x)

=
∑

S; α∈S′′,k∈α

i4πκ̃(J1, J1)1/2
√

2
dimR W

mS∫
hS∩h

J∗
k

∏
β∈Ψ,k /∈β

|β(x)|2 ·
∏
j 6=k

|ej(x)|2
∫

G/H(S)

ψ(g · c(S)x) dµ(gH(S)) dµ(x)

+
∑
S

i4πκ̃(J1, J1)1/2
√

2
dimR W

mS∫
hS∩hJ

∗
1

∏
β∈Ψ,1/∈β

|β(x)|2 ·
∏
j 6=1

|ej(x)|2
∫

G/H(S)

ψ(g · c(S)x) dµ(gH(S)) dµ(x)

=
∑
S; S′′ 6=∅

i4πκ̃(J1, J1)1/2
√

2
dimR W

|S ′′|mS∫
hS∩hJ

∗
1

∏
β∈Ψ,1/∈β

|β(x)|2 ·
∏
j 6=1

|ej(x)|2
∫

G/H(S)

ψ(g · c(S)x) dµ(gH(S)) dµ(x)

+
∑
S

i4πκ̃(J1, J1)1/2
√

2
dimR W

mS∫
hS∩hJ

∗
1

∏
β∈Ψ,1/∈β

|β(x)|2 ·
∏
j 6=1

|ej(x)|2
∫

G/H(S)

ψ(g · c(S)x) dµ(gH(S)) dµ(x)
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=
∑
S

i4πκ̃(J1, J1)1/2
√

2
dimR W

(|S ′′|+ 1)mS∫
hS∩hJ

∗
1

∏
β∈Ψ,1/∈β

|β(x)|2 ·
∏
j 6=1

|ej(x)|2
∫

G/H(S)

ψ(g · c(S)x) dµ(gH(S)) dµ(x)

=
∑
S

i4πκ̃(J1, J1)1/2
√

2
dimR W

(|S ′′|+ 1)
1

2(|S ′′|+ 1)
m

g(V′′)
S∫

hS∩hJ
∗
1

∏
β∈Ψ,1/∈β

|β(x)|2 ·
∏
j 6=1

|ej(x)|2
∫

G/H(S)

ψ(g · c(S)x) dµ(gH(S)) dµ(x)

=
i2πκ̃(J1, J1)1/2

√
2

dimR W

η(V,V′,X′)

∫
g(U)

ψKn (x) dµ(x),

where the sixth equation follows from (8.58). Furthermore

2πκ̃(J1, J1)1/2
√

2
dimR W

µ(H′)η(V,V′,X′)
· η(V,V′,X′)

γ(V,V′,X′)

=
2π · 2 ·

√
2

2·2(n+1)

4π
√
n+ 1 · η(V,V′,X′)

· η(V,V′,X′)
√

2
(2·2(n+1)+1)

√
2(n+1)

= 1.

This completes the proof of Theorem 0.10.

Appendix A.

Let G be a reductive Lie group (Lie(G) = g) and θ a Cartan involution on g .
Consider the Cartan decomposition g = k ⊕ p associated to θ and an invariant
non degenerate bilinear form κ such that the form

g2 −→ R
(x, y) 7−→ −κ(θ(x), y)

is positive definite. We denote this form κ̃ . Let V be a subspace of g . As the
restriction of κ̃ to V is non-degenerate this induces a volume form and a measure
on V . We denote the volume form λV and the measure µV . Let s an abelian
subalgebra of g included in p and m the centralizer of s in g . Denote by Q the
parabolic Lie subgroup of G such that Lie(Q) = m ⊕ n and let K the maximal
compact subgroup of G such that Lie(K) = k . Let H be a subgroup of G. Consider
the volume form λH on H defined by λH,g(x) = λLie(H)

(g−1 · x) for x ∈ Tg(H),
the tangent space of H for g ∈ G. We denote the Haar measure induced by λH ,
by µH .

Proposition A.1. We have the following equality

µ(K ∩Q)
√

2
dim(n)

∫
G

φ(g)dµG(g) =

∫
Q

∫
K

φ(kq)dµK(k)dµQ(q)

for all φ ∈ L1(G).
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Proof. Consider the map

ψ : K×Q −→ G
(k, q) 7−→ kq.

This map is a surjective submersion. For (k, q) ∈ K×Q, let ψk,q be the derivative
of ψ in the point (k, q). Let g = kq with k ∈ K and q ∈ Q Then the fiber
ψ−1(g) = {(ku, u−1q) |u ∈ K∩Q} . In particular, we see that this set is a compact
smooth manifold. We may define a natural measure on this set. The tangent space
of ψ−1(g) is:

T(ku,u−1q)ψ
−1(g) = {(ku · v,−v · u−1q) | v ∈ k ∩ q}.

Define a volume form on ψ−1(g):

λψ−1(g),(ku,u−1q)(x1, · · · , xn) =
λK,ku × λQ,u−1q(x1, · · · , xn, y1, · · · , yq)
λG,g(ψku,u−1p(y1), · · · , ψku,u−1p(yq))

, (A.1)

where (x1, . . ., xn) (resp., (x1, . . ., xn, y1, . . ., yq)) denote a basis of T(ku,u−1q)ψ
−1(g)

(resp. T(ku,u−1q)(K × Q)). It’s immediate that λψ−1(g),(ku,u−1q)(x1, · · · , xn) is well
defined and λψ−1(g) is a volume form on ψ−1(g). We denote the measure attached
to this form by dψ−1(g) . We have the integration formula∫

Q

∫
K

ψ(k, q)dµK(k)dµQ(q) =

∫
G

∫
ψ−1(g)

ψ(k, q)dµψ−1(g)dµG(g)

for φ ∈ L1(K×Q). We want now to simplify the expression (A.1). Let pp (resp pk )
the orthogonal projection on p (resp. k). We observe that we have the following
equalities :

g = m⊕ n⊕ θ(n) = m
⊥
⊕ pk(n)

⊥
⊕ pp(n)

Let k′ = {x+ θ(x) |x ∈ n} . Then k′ is a subspace of k and

k = k′
⊥
⊕ (m⊕ n) ∩ k.

Since the following is an isomorphism

m⊕ n⊕ θ(n)
'−→ m⊕ k′ ⊕ n,

(xm, xn, x
′
n) 7−→ (xm, xn′ + θ(xn′), xn − θ(xn′)),

we see that

λg = λm ⊗ λpk(n) ⊗ λpp(n),

λk ⊗ λq = λk∩m ⊗ λk′ ⊗ λm ⊗ λn.

Let w = (w1, · · · , wl), x = (x1, · · · , xm), y = (y1, · · · , yn) and z = (z1, · · · , zp) be
the basis of k ∩m , k′ , m and q respectively. Then

λk ⊗ λq(w + x, y + z) = λk∩m(w)× λk′(x)× λm(y)× λn(z),

λg(x+ y + z) = λm(y)× λn⊕θ(n)(x+ z)
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and
λn⊕θ(n)(x+ z) = λk′(x)× λpq(n)(pq(z)) =

√
2
− dim(n)

λk′(x)× λn(z).

We deduce
λk ⊗ λq(w + x, y + z)

λg(x+ y + z)
=
√

2
dim(n)

λk∩m(w).

The equality (A.1) is equivalent to

λψ−1(g),(ku,u−1q) =
√

2
dim(n)

λK∩M,u.

Let φ ∈ L1(G). We consider the function η defined on K×Q by η(k, q) = φ(kq).
This function belongs to L1(K×Q) and is constant on all fibers of ψ thus we get∫

Q

∫
K

φ(kq)dµK(k)dµQ(q) = µ(K ∩Q)
√

2
dim(n)

∫
G

φ(g)dµG(g).

Let M the Levi factor of Q such that Lie(M) = m . We denote by Car(G)
(resp. Car(M)) the set of Cartan subgroups of G (resp. M). We have the
inclusion Car(M) ⊂ Car(G).

Corollary A.2. Let H ∈ Car(M) and φ ∈ L1(G/H). Then

µ(K ∩Q)
√

2
dim(n)

∫
G/H

φ(gH)dµG/H(gH) =

∫
K×Q/H

φ(kqH)dµKdµQ/H(mH).

Let ψ ∈ Cc(g). We denote by N the unipotent radical of Q. Consider the
function

ψK
n (y) =

∫
K×n

φ(k.(y + n))dµ(k)dµ(n) (y ∈ m).

Recall the Weyl denominators:

DG(x) = | det (ad(x))g/gx |
1/2 for x ∈ greg, (A.2)

DM(x) = | det (ad(x))m/mx |
1/2 for x ∈ mreg.

We have K ∩Q = K ∩M.

Corollary A.3. Let H ∈ Car(M), x ∈ hreg and ψ ∈ Cc(g). Then

µ(K ∩M)
√

2
dim(n)

∫
G/H

ψ(g.x)dµG/H(gH) =
DM(x)

DG(x)

∫
M/H

ψK
n (m.x)dµM/H(mH).

Let ψ ∈ Cc(G). We note N the nilpotent radical of Q. We consider the
function

ψK
N(y) =

∫
K×N

φ(k.(yn))dµ(k)dµ(n) (y ∈ M)

Consider the Weyl denominators:

DG(x) = | det
(
1− Ad(x−1)

)
g/gx
|1/2 for x ∈ Greg,

DM(x) = | det
(
1− Ad(x−1)

)
m/mx
|1/2 for x ∈ Mreg.
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Corollary A.4. Let H ∈ Car(M), x ∈ Hreg and ψ ∈ Cc(G). Then

µ(K ∩M)
√

2
dim(n)

∫
G/H

ψ(g.x)dµG/H(gH) =
DM(x)

DG(x)

∫
M/H

ψK
N(m.x)dµM/H(mH).

Induced distributions.

Let L = MA a Levi factor of G. For any function Ψ ∈ D(G) define

ΨK(g) =

∫
K

Ψ(k.g) dµ(k), (A.3)

ΨK
N(g) =

∫
N

ΨK(gn) dµ(n) =

∫
n

ΨK(g exp(z)) dµ(z),

ΨL(ma) = | det(Ad(ma)n)|1/2ΨK
N(ma) (g ∈ G, m ∈ M, a ∈ A).

Clearly
D(G) 3 Ψ→ ΨL|L ∈ D(L)

is a well defined continuous linear map. For a distribution u ∈ D′(MA) define a
distribution IndG

L (u) ∈ D′(G) by

IndG
L (u)(Ψ) = u(ΨL) (Ψ ∈ D(G)).

Proposition A.5. If u ∈ D′(L)L , then IndG
L (u) ∈ D′(G)G does not depend

on θ . Furthermore, supp
(
IndG

L (u)
)

= K. (supp(u) N), and the set of semisimple

elements in the support of IndG
L (u) is equal to the union of all the G-orbits passing

through the semisimple points of supp(u).

Proof. The invariance is well known, see [11, part II, Proposition 31]. Since all
Cartan involutions are conjugated to each other, the independence of θ is clear.
The last statement is obvious.

Let
Lreg = {l ∈ L | det(Ad(l)− 1)n 6= 0}

denote the set of regular elements in L.

Restriction of a distribution.

Let V be a completely invariant open set of m and U = G.V . For Y ∈ V ,
we consider

νg/m(Y ) = | det(adY )g/m|1/2.
Let

π∗ : D(G× V) −→ D(U),

π∗(φ)(g.X) = νg/m(X)−1

∫
M

φ(gm−1,m.X)dµ(m);

p∗ : D(G× V) −→ D(V),

p∗(φ)(X) =

∫
G

φ(g,X)dµ(g).

According to Harish-Chandra’s descent, we have a bijective map Res : Θ 7→ θ
from D′(U)G onto D′(V)M such that Θ ◦ π∗ = θ ◦ p∗ .
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Proposition A.6. Let u ∈ D′(g)G and φ ∈ D(U) then we have

u(φ) =
1

√
2

dim(n)
µ(K ∩M)

Res(u)(φK
n ).

Proof. Let x ∈ greg and H the Cartan subgroup of G such that Lie(H) = h
and x ∈ h .

Jg,x(φ) = | det
(
ad(x)g/h

)
|1/2
∫

G/H

φ(g.x)dµ(gH)

we consider also Jm,x(φ). Recall that we have the equality

Vreg = V ∩ greg.

According to the lemma 5.1.3 of [3], we have for x ∈ Vreg Res(Jg,x) = Jm,x .
According to the Corollary A.3, we have

Jg,x(φ) =
1

√
2

dim(n)
µ(K ∩M)

Jm,x(φ
K
n )

for φ ∈ D(g) and x ∈ Vreg . Thus for x ∈ Vreg and φ ∈ D(U), we have

Jg,x(φ) =
1

√
2

dim(n)
µ(K ∩M)

Res(Jg,x)(φ
K
n )

As the space Vect{Jg,x |x ∈ Vreg} is weakly dense in D′(U)G according to the
Corollary 4.1.3 of [3] and the map φ 7→ φK

n is continuous, we deduce that result.

We consider now a completely invariant open set V of M and let U = G.V .
For φ ∈ D(U), we consider the function φK

N ∈ D(V) such that

φK
N(m) =

∫
N

∫
K

φ(k.(mn))dµ(k)dµ(n).

For a Cartan subgroup H ⊆ G and x ∈ Hreg , the orbital integral of φ at x ∈ Hreg

is

JG,x(φ) = DM(x)

∫
G/H

φ(g.x) dµ(gH).

We consider also JM,x for x ∈ Hreg and H a Cartan subgroup of M. According to
the Harish-Chandra’s descent, there is a map

Res : D′(U)G '−→ D′(V)M.

Moreover, we know that
Res(JG,x) = JM,x,

for any x ∈ Vreg . Notice that Vreg = V ∩ Greg . We deduce from the lemma A.4,
that for φ ∈ D(U) and x ∈ Vreg :

JG,x(φ) =
1

√
2

dim(n)
µ(K ∩M)

DM(x)

DG(x)
JM,x(φ

K
N).

As the space Vect{Jx,G} is weakly dense in D′(U)G (Corollary 3.3.2 of [4]), we
deduce the following proposition :
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Proposition A.7. Let u ∈ D′(G)G and φ ∈ D(U). Then

u(φ) =
1

√
2

dim(n)
µ(K ∩M)

Res(u)(φK
N).

Proposition A.8. Suppose u ∈ D′(L) is an L−invariant Borel measure con-
centrated on M ∩ Greg . Then the induced distribution IndG

L (u) is a G−invariant
Borel measure concentrated on Greg .

Proof. Notice that L ∩Greg ⊆ Lreg . Hence, for Ψ ∈ Cc(G),

IndG
L (u)(Ψ) = u(ΨL) = u(ΨL|L∩Greg)

=

∫
L′
u(l)ΨL(l) dl =

∫
L′
u(l)| det(Ad(l)n)|1/2

∫
N

ΨK(ln) dµ(n) dµ(l)

=

∫
L′
u(h)| det(Ad(h−1 − 1)n)|| det(Ad(l)n)|1/2

∫
N

ΨK(nln−1) dµ(n) dµ(l)

=

∫
L∩Greg

u(l)| det(Ad(l−1 − 1)n)|| det(Ad(l)n)|1/2
∫

N

ΨK(nln−1) dµ(n) dµ(l)

=

∫
L∩Greg

u(l)| det(Ad(l−1 − 1)n)|| det(Ad(l)n)|1/2
∫

N

ΨK|Greg(nln−1) dµ(n) dµ(l)

=

∫
L′
u(l)(Ψ|Greg)L(h) dµ(l)

= IndG
L (u)(Ψ|Greg).

Appendix B.

Let V be a finite dimensional vector space over R and let A ⊆ V ∗ be a finite set
such that no two elements of A are proportional. Let

V A = {x ∈ V | there exists α ∈ A such that α(x) = 0} .
We shall say that a function φ ∈ C∞(V \ V A) is a Harish-Chandra Schwartz
function with respect to A if and only if for every constant coefficient differential
operator D on V and for every polynomial function P on V ,

sup
x∈V \V A

|P (x)Dφ(x)| <∞, (B.1)

and for every connected component C ⊆ V \ V A the restriction of Dφ to C
extends to a continuous function on C , the closure of C in V . (If V is a Cartan
subalgebra in a real semisimple Lie algebra and C is a connected component of
the set of the regular semisimple elements, then as shown in [6, sections 7 and
12], (B.1) implies the existence of the extension.) Notice that this extension is a
rapidly decreasing function on C . We shall denote by HCS(V \ V A) the space of
all the Harish-Chandra Schwartz functions with respect to A and equip this space
with the topology induced by the seminorms (B.1). Our definition is motivated
by a theorem of Harish-Chandra concerning his orbital integrals, see Theorem 23
on page 23 and the proof of Proposition 10 in the Appendix of part I of [11] or
section 14 in [7].
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Suppose we have a direct sum decomposition

V = V ′ ⊕ V ′′.

Let A′ = {α ∈ A |α(V ′′) = 0} . Let B ⊆ V ∗ be a finite set such that

V α 6= V β (α ∈ A, β ∈ B).

Fix a Lebesgue measure µ on V ′′ .

Lemma B.1. The formula

φ′(x) =

∫
V ′′

∏
β∈B

β(x+ x′′)

|β(x+ x′′)|
·φ(x+x′′) dµ(x′′) (φ ∈ HCS(V \V A), x ∈ V ′\V ′,A′)

defines a continuous map

HCS(V \ V A) 3 φ→ φ′ ∈ HCS(V ′ \ V ′,A′).

Proof. Since φ is rapidly decreasing, φ′ is well defined and is also rapidly
decreasing. Let A′′ = {α ∈ A |α(V ′′) 6= 0} ∪B . Then

dim(V ′′ ∩ (V A − x)) < dim V ′′ (x ∈ V ). (B.2)

Indeed, if not then there is an element α ∈ A′′ such that

dim(V ′′ ∩ (V α − x)) = dim V ′′ (x ∈ V ). (B.3)

Since

(V ′′ ∩ (V α − x))− (V ′′ ∩ (V α − x)) ⊆ V (α),

(B.3) implies that V α contains an non-empty open subset of V ′′ . Therefore
V ′′ ⊆ V α , a contradiction.

Let C ′(V ′) ⊆ V ′ \ V ′,A′ be a connected component, with the closure
C ′(V ′) ⊆ V ′ . Let x ∈ C ′(V ′) and let xn ∈ C ′(V ′) be a sequence with lim

n→∞
xn = x .

Let C ′ = C ′(V ′) + V ′′ . This is a connected component of V \ V ′,A′ . We see from
(B.2) that

V ′′ \ (V ′′A
′′ − x) ⊆ V ′′

is an open dense subset. Let x′′ ∈ V ′′ \ (V ′′A
′′ − x). Then x+ x′′ ∈ V \ V A′′ . Let

C ′′ ⊆ V \V A′′ be the connected component containing x+x′′ . Then C = C ′ ∩C ′′
is a connected component of V \ V A∪B and

x+ x′′ ∈ C ′ ∩ C ′′ ⊆ C.

Since C ′ is invariant under translations by the elements of V ′′ , xn+x′′ ∈ C ′ for all
n . Since C ′′ is open, there is N such that xn +x′′ ∈ C ′′ for all n ≥ N . Therefore,

xn + x′′ ∈ C (n ≥ N).
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Since the restriction of φ to C is continuous,

lim
n→∞

φ(xn + x′′) = φ(x+ x′′).

Thus by Lebesgue’s Dominated Convergence Theorem,

lim
n→∞

∫
V ′′
φ(xn + x′′)dµ(x′′) =

∫
V ′′
φ(x+ x′′)dµ(x′′).

Therefore φ′ extends to a continuous function on C ′(V ′).

Since the above argument applies to any derivative of φ , we see that
φ′ ∈ HCS(V ′ \ V ′A′). The proof of the continuity of the map φ → φ′ is easy
and we leave it to the reader.

For a function φ : R→ C let

〈φ〉(0) = lim
x→0+

φ(x)− lim
x→0+

φ(−x),

whenever the indicated limits exist. Also, for a non-negative integer N , let

φN(x+ iy) =
N∑
p=0

(iy)p

p!
φ(p)(x) (x ∈ R \ 0, y ∈ R).

Lemma B.2. Let φ ∈ HCS(R \ 0) and let ε = ±1. Then, for N ≥ 1,

lim
y→0+

∫
R\0

1

x′ + x+ iεy
φ(x) dx =

∫ ε

0

1

x′ + iy
〈φN〉(iy) d(iy) + φ̃(x′) (x′ ∈ R),

where φ̃ extends to a continuous function on R.

Proof. Suppose ε = −1. (The case ε = 1 is entirely analogous.) Let z = x+ iy
and let f(z) = 1

x′+z
.

Fix δ > 0 and let

C−δ = {z |x < −δ, −1 < y < 0},
C+
δ = {z |x > δ, −1 < y < 0},

with the boundaries oriented counter-clockwise. Then Stokes’ Theorem implies
that for any y0 > 0.∫

C+δ

d(f(z − iy0)φN(z)dz) =

∫ δ

∞
f(x− iy0)φ(x) dx

+

∫ −1

0

f(δ + iy − iy0)φN(δ + iy) d(iy) +

∫ ∞
δ

f(x− i− iy0)φN(x− i) dx

and ∫
C−δ

d(f(z − iy0)φN(z)dz) =

∫ −∞
−δ

f(x− iy0)φ(x) dx

+

∫ 0

−1

f(δ + iy − iy0)φN(δ + iy) d(iy) +

∫ −δ
−∞

f(x− i− iy0)φN(x− i) dx.
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Hence, (∫ −δ
−∞

+

∫ ∞
δ

)
f(x− i− iy0)φN(x− i) dx (B.4)

=

∫ −1

0

(f(δ + iy − iy0)φN(δ + iy)− f(−δ + iy − iy0)φN(−δ + iy)) d(iy)

+

(∫ −δ
−∞

+

∫ ∞
δ

)
f(x− i− iy0)φN(x− i) dx−

∫
C−δ ∪C

+
δ

d(f(z − iy0)φN(z)dz).

Since, it is well known and easy to check,

d(f(z − iy0)φN(z)dz) = f(x+ iy − iy0)
(yi)N

N !
φ(N+1)(x) dx idy,

we may take the limit as δ goes to zero of both sides of (B.4) and obtain the
following equality∫

R\0
f(x− iy0)φ(x) dx =

∫ −1

0

f(iy − iy0)〈φN〉(iy) d(iy)

+

∫
R\0

f(x− i− iy0)φN(x− i) dx−
∫ 0

−1

∫
R\0

f(x+ iy− iy0)
(yi)N

N !
φ(N+1)(x) dx d(iy).

(B.5)

Now we take the limit of both sides of (B.5) as y0 goes to zero and deduce the
equation of our Lemma, with

φ̃(x′) =

∫
R\0

1

x′ + x− i
φN(x− i) dx−

∫ 0

−1

∫
R\0

1

x′ + x+ iy

(yi)N

N !
φ(N+1)(x) dx d(iy).

Since N ≥ 1 and since φ(N+1) is absolutely integrable, φ̃ extends to a continuous
function on R .

Lemma B.3. Let φ : [−1, 1] → C be a continuous function and let ε = ±1.
For x′ ∈ R \ 0 define

φ̃(x′) =

∫ ε

0

(
1

x′ + iy
+

1

x′ − iy

)
φ(y) dy.

Then
〈φ〉(0) = 2πεφ(0).

Proof. Since

φ̃(x′) =

∫ ε

0

2x′

x′2 + y2
φ(y) dy,

is an odd function, 〈φ〉(0) = 2 lim
x′→0+

φ̃(x′) =

2 lim
x′→0+

∫ ε/x′

0

2

1 + y2
φ(x′y) dy = 2ε

∫ ∞
0

2

1 + y2
dy φ(0) = 2επφ(0).
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