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based.
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1. INTRODUCTION

The Weil representation is a magnificent structure which keeps appearing in a variety
of places throughout Mathematics and Physics. This is evident from a simple google
or mathscinet search for “oscillator representation”, “Weil representation”, “Howe corre-
spondence” or “local theta correspondence”. The last two terms refer to a correspondence
of irreducible representation for certain pairs of groups, conjectured to exist in [17], proven
to exist over the reals in [21], over p-adic fields (p odd) in [48] and essentially proven not
to exist over finite fields in [1]. A concise description of the Weil representation may be
found in [45]. Anyone interested in a short and complete presentation should read that
paper and stop right there. That work is really hard to improve upon. In this article we
take the opposite approach. We dissect the Weil representation into small pieces, study
how they work, and put them back together, in effect checking that the formulas of [45,
Theorem C] are correct, thus reversing Thomas’ proofs and skipping most of the literature
on which it is based. Hence the title of this article. The methods we use are elementary,
i.e. contained in a graduate curriculum of an average university in the USA. In contrast,
a reader well versed in Algebraic Geometry will certainly enjoy [6], [7] or [8]. In the real
case one should also mentions some classics, such as [26] or [4].
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The Weil representation concerns a symplectic group defined over a field or over the
adeles (or, more recently, over a ring [2], [9], [23], or a finite abelian group [37]). The field
could be finite or local. We always assume that the characteristic is not 2, skip the case
of the complex numbers as not interesting, and the adeles, the rings and the finite abelian
groups as very interesting but requiring more energy, which we have just exhausted. Here
is a brief description of what we do.

Let F be a finite field of odd characteristic and let W be a finite dimensional vector
space over I equipped with a non-degenerate symplectic form ( , ). The symplectic form
induces a twisted convolution f on the space L?(W), making it into an associative algebra
with identity over C. One may think of it as of “the essential part” of the group algebra of
the Heisenberg group attached to (W, (, )). For any subspace X C W, define a measure

ux on W by
[ vl dix(a) == X172 Y v
X rzeX
where |X| is the cardinality of X and ¢: X — C is a function. Fix a non-trivial character y
of the additive group F. Then the twisted convolution (with respect to x) of two functions
¢,1: W — C is defined as

/ o — (5 ) () (w € W), )

The algebra H.S.(L?(X)) of the Hilbert-Schmidt operators on L*(X) may be identified
with L#(X x X) by as&gnmg the integral kernel K € L?(X x X) to each operator Op(K) €
H.S.(L3(X)) by setting

0= [ Kaayole) diela).

Suppose that X is a part of a complete polarization W = X@®Y. Let £: L2(W) — L*(XxX)
be the corresponding the Weyl transform:

K@)a.a') = [ ole =o'+ (3

Then we have the following sequence of algebra isomorphisms:
L2(W) 5 L2(X x X) & H.S.(L2(X)). (2)

Let Sp(W) denote the symplectic group, that is the isometry group of the form ( , ). The
main result of [45, Theorem C] gives an explicit formula for a map T': Sp(W) — L2(W)
such that the resulting composition

y,x+a')) dpy (y)

w: Sp(W) 5 L2W) 5 LA(X x X) & H.S.(LX(X)), (3)

is an injective group homomorphism of the symplectic group into the group U(L?(X)) of
the unitary operators on L?(X),

w : Sp(W) — U(LA(X)), (4)
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which has the following “conjugation property”

(w(g)OpoK(9)wlg™)) (w) =d(g~'w) (g € Sp(W), ¢ € L*(W)). (5)
A less explicit formula for T'(g) occurred already in [16, Theorem 2.9]. The missing
ingredient was the description of the trace tr(w(g)), which was done in [44] and led to [45,
Theorem C]. A proof of the existence of w satisfying (4) and (5) is also available in [5,
Theorem 2.4]. In chapter 3 we check, via a straightforward but non-trivial computation,
that the w given in [45, Theorem C] is indeed a group homomorphism.

Our approach is the following. For any g € Sp(W), the left and right radicals of the
bilinear form (w, w') — ((g—1)w,w’) coinciding with Ker(g—1), we get a non-degenerate
bilinear form B, on the quotient W /Ker(g — 1). Let dis(B,) denote its discriminant. We
set

O(g) 1= [Ker(g — 1)[2 (1) 6-DW dig(B,), (6)
where

WD=AXW@WM@

Then we define T'(g) by
T(Q) = @<g) Xel(g) ]I(g—l)Wu
where for v € (g — 1)W

Xeto (1) = X( {elg)us ), ™)

c(9): (9 — )W — W/Ker(g — 1) denoting the Cayley transform, and I,_pw is the
indicator function of (¢ — 1)W.
Our first main result (Theorem 31) asserts that

T(91)8T(g2) = T(g192),  for any g1, g2 € Sp(W). (8)

Let w := Opo K oT. Our second main result (Theorem 33) asserts that w is an injective
group homomorphism from Sp(W) to U(L?(X)), that the function © coincides with the
character of the resulting representation, and that Eqn. (5) holds true.

In the case F = R, the reals, one has to deal with the “smog overspreading the infinite
field” [16, page 2]. In particular the first two Hilbert spaces which occur in (2) have to
be replaced by the spaces of tempered distributions. Hence, the algebra structure breaks
down, but enough of it survives to make sense out of the formulas like

T(91)8T(g2) = T(g192), (9)
where g1, §o € §1§(W), a double cover of Sp(W) (see below). The resulting representation
w of Sp(W) appeared first in [43], as a natural development in Quantum Mechanics, [47].

—~

Explicit formulas for w(g), § € Sp(W), may be found in [39, Theorem 5.3] and for T'(g)
in [28]. Furthermore, if one thinks of w(g) as of a pseudo-differential operator, then its
Weyl symbol, see [15], is T'(g).

Our approach consists of defining first, for g € Sp(W),

©%(g) = y(1)*1™ @IV (det(g — 1: W/Ker(g — 1) = (g — HW)) ™", (10)
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setting next

Sp(W) == {(g,€); g € SP(W), € € C*, € = ©*(g)},
and finally

0(7) ==& for j=(g,€) € Sp(W),
Let x(r) = exp(2mir) for r € R. Define x.) as in (7). Then we set

T(.&) = @(g) Xe(g) H(g—1)W s

where fy,_1yw is an appropriately normalized Haar measure on (g — 1)W, and prove that
the formula (9) is satisfied.

Similar difficulties as for the reals occur when F is a p-adic field, with some new ones,
see chapter 6 for details. The representation w was constructed in [51] and the explicit
formulas for w(g), § € Sp(W), may be found in [36]. Our construction in the p-adic case
occurs to be a mixed version of the finite and the reals cases, as shows the definition of
O(g)? (see Definition 122).

Checking the equality (8) (or (9)) requires some effort. First we compute the twisted
convolution of the unnormalized Gaussians X.(g) Lg—1yw (0T Xe(g) fi(g—1yw) and obtain a
cocycle C(g1, g2). This is straightforward, but not easy in the sense that one has to keep
track of various determinants, which are explained in section 2. Then we “guess” the
normalization factor ©(g) (or ©(g)) and verify (8) (or (9)). This second step is more
difficult. “Guessing” the normalizing factor, which happens to be the distribution char-
acter of the Weil representation, was done for us by Teruji Thomas in the finite case and
others in the remaining two cases. We show that the normalized Gaussians form a group
by a direct computation involving the cocycle. The point is that this computation is the
same in all three cases (finite, real and p-adic) and avoids the holomorphic continuation
to the oscillator semigroup studied in [20], [29] or [34]. In a sense, we replace analytic
difficulties by some convoluted linear algebra of section 2. Our methods are equivalent,
but not equal, to those used in [26, sec. 1.4-1.7] where the authors describe the cocy-
cle C(g1,92)/|C(g1,92)| and give a formula for the Weil representation acting in some
Schrodinger model. Proving that C(g1,92)/|C (g1, g2)| is a cocycle relies on Kashiwara’s
description of Maslov index associated to three maximal isotropic subspaces of W. We
deduce this fact from the associativity of the twisted convolution of the Gaussians. Thus
our “convoluted linear algebra” replaces the beautiful theory of Maslov index. (Another
justification for the title of our article.)

Weil’s construction covers the cases of all locally compact non-discrete fields (including
the reals) and adeles and gives applications to the theory of automorphic forms. Hence
the name “Weil representation”, taking away some of the credit from David Shale - a
student of Erza Segal. Possibly in an attempt to find a middle ground Roger Howe pro-
posed the name “the oscillator representation”, [16, page 1]. The names “Segal-Shale-Weil
representation”, [24], “metaplectic representation”, [35], and “spin representation of the
symplectic group”, [25] have also been used. Since, as the reader will see, understanding
the Fourier transform of a Gaussian is the only prerequisite to follow our reverse engi-
neering process, a name like “Gauss-Fourier-Segal-Shale-Weil representation” is another
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option. (In fact many researchers have been (and most likely will be) fascinated by the
Gaussians and wrote volumes about them, see for example [30].) We chose to use the
name “Weil representation”, because it is the shortest one.

We would like to thank Angela Pasquale and Allan Merino for their careful reading of
this article, some corrections and suggestions. Also, we express our gratitude to the two
referees for their time and guidance through some related literature.
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2. LINEAR ALGEBRA PRELIMINARIES

The first aim of this section is to collect various results, valid for arbitrary commutative
fields of characteristic not equal to 2, that we will use in each of the three next sections.
It is the object of the subsections 2.1 to 2.4. The two other subsections are devoted
to determinants over the reals, and over a p-adic field, respectively; the main result
is Lemma 11 (resp. Lemma 23), which will be used in the proof of Lemma 50 (resp.
Lemma 123).

2.1. General results on quadratic forms. Let F be a commutative field of character-
istic not equal to 2. Let U be a finite dimensional vector space over F. Suppose ¢ is a
non-degenerate symmetric bilinear form on U. Then the formula

O (u)(v) = q(u,v) (u,v € V) (11)

defines a linear isomorphism ®: U — U*, where U* is the vector space dual to U. The
form ¢* dual to ¢ is given by

¢ (u*,v*) = v (@ (u)  (uf,v* e U).

Let @ be the matrix obtained from any basis uq, us, ..., u, of U by

Qij=q(uiuy)  (1<i,j<n) (12)
Lemma 1. If Q) is the matrixz corresponding to q and a basis uy, us, ..., u, of U, as above,
then Q=1 corresponds to ¢* and the dual basis ui, us, ..., u’ of U*.

Proof. Suppose ®(u) = u*. Then for any v € U,

n

u*(v) = q(u,v) = Z uf(u)q(ul,uj)u;‘(v)

ij=1
Thus
j=1 \i=1

Therefore

u*(uy) = Zuf(U)Q(Uuug) (1<j<n).
i=1
In matrix form the above equations may be written as

(u*(u1)7 u*(UQ)’ s 7u*(un)) = (UT(U)v u;(u)v s 7u2(u))Q
Hence,

(" (), u (), - (1)) Q7 = (ui(w), w3 (w), - .y, (w)).

u= Z wiwyu; = Y wt(w)(Q iy

=1 i=1

Thus
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Therefore,
g (uru) =Y Y () (@i gut (w).
j=1 i=1
In other words,
g (u, uf) = (Q V)i
OJ

2.2. Symplectic spaces. Let W be a finite dimensional vector space over F with a non-
degenerate symplectic form ( , ) and let U C W be a subspace. We shall identify W with
the dual W* by

w*(w) = (w, w") (w,w* € W). (13)
Then

U* = W/U* and (U/V)* = V*+/U+, (14)
where the orthogonal complements are taken in W, with respect to the symplectic form

(s

Lemma 2. Let Vi,Vo C W be two subspaces and let w € W be such that V1N (Vo+w) # ().
Then for any v € V1 N (Vo + w),

Vin (Vo +w)=ViNVy+o.
Proof. There are vectors v; € V; and vy € V5 such that
V=11 = Uy + W.
Then
Vin(Vo+w)—v=ViN(Vo+w)—v; CV; —v; =V,
and
Vin(Vo4+w)—v=ViN(Vo+w)— (vy+w) C (Vo +w)— (vg + w) = Vs.
Hence,
Vin(Vo4+w)—ov CViNVs.
Conversely, let V; 3 v; = v} € Vo. Then
vi+v=0v+v; €Vyand vy +v=10v)+ vy +w € Vy + w.

Therefore
VlﬂVQ—i-vQVlﬂ(Vg—l—w)

Let Sp(W) denote the isometry group of ( , ):
Sp(W) = {g € GL(W) : (gw, gw') = (w,w’) Yw,w' € W}.
Let dim(W) = 2n. Then there is a group isomorphism
Sp(W) = Spy, (F) := {A € GLyy(F) : AJ'A = J'}, (15)
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where A' means the transpose of A, and

The Lie algebra of Sp,,(F) is equal to
spy,(F) = {X € gl (F) : X'J' +JX =0}

Matrices which belong to Sp,,(IF) are called symplectic matrices. 1t clearly follows from
(15) that the square of the determinant of any symplectic matrix is 1. In fact, the
determinant itself is always 1. Indeed, the determinant of any antisymmetric matrix can
be expressed as the square of a polynomial in the entries of the matrix. This polynomial
Pf is called the Pfaffian. The following identity holds true: Pf(A'J'A) = det(A) Pf(J').
Since A'J'A = J', we get det(A) = 1.

2.3. The Cayley transform. For g € Sp(W), we set

gti=g+1, (16)
and define the Cayley transform by
c(g): g Wa g w— grw+Ker(g™) € W/Ker(g7). (17)
Then the bilinear form
(e(g)u,u"y = (gt g~ w") (W =gw, v =gw, w,weWw) (18)

on the space g~ W is well defined and symmetric.
Lemma 3. For any g € Sp(W) the map
gt : Ker(g™) — Ker(g™)
15 bijective.
Also, for any u = g-w, with w € W, the preimage of ¢(g)u € W /Ker(g~) under the
quotient map W — W /Ker(g~) is equal to gtw + Ker(g™).

Proof. Since g commutes with g=, g* preserves Ker(¢g~). Suppose w € Ker(g~) and
gtw = 0. Then

g w=0and ¢gtw =0,
which implies w = 0. The second statement is obvious. (]

Notation 4. For g1, go € Sp(W), let
U1 = g;W, U2 = g;W and U12 = (glgg)*W,

Ky :=Kerg;, Ks:=Kerg, and Kis:=Ker(g192)".
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Lemma 5. Let g1,92 € Sp(W) and let w,v € W be such that
v e U N (Ug 4+ w).
Then for any v’ € Uy NUy
(e(g0) (' + v), 1 +0) + {elge) (1w — ' — v),w — /' — v) +2(a/ + v, w)
= ((clgr) + c(g2))u’,u') — 2, c(g1)v — c(g2)(w — v) — w)
+ {elgr)v,v) + (e(g2) (w — v), w = v) + 2(v, w).
Proof. Notice that all the terms in the above expression make sense. Also,
(c(gr)(u' +v), v’ +v) = {c(g)u’,u') + 2(c(g)v’, v) + (c(g1)v, v)
and
(c(g2)(w — ' —v),w—u —v) = (c(g2) (W = v), w — v) = 2(c(g2) (w — ), u') + (c(g2)t, ).
Hence
(c(gr) (v +v),u' +v) + (c(g2)(w —u' —v),w —u' —v)
((clgr) + clg2)v/, ) + (c(g1)v,v) + {c(g2)(w — v),w — v)
+ 2(c(g)u’,v) = 2{e(g2) (w — v),u').

Furthermore
(clgu’,v) = (e(g2)(w — v), o)
= =, c(gr)v) + (v c(ge)(w = v)) = =(W, c(gr)v — e(g2)(w — v))
and the desired equality follows. 0

Notation 6. For two elements g1, g2 € Sp(W), let U :=U; NUq, and let q4, 4, denote the
following symmetric form on U:

Ggr.00 (U ") = % ({clgn)u’, u”) + (c(g2)u’, u")) (W, u” € U). (19)

Let V C U be the radical of qq, 4, and let Gg, 4, be the corresponding non-degenerate form
on the quotient U/V.

Lemma 7. Let g1, g2, U and V be as in Notation 6. Then
(a) dim(K; N Ky) +dim V = dim Ky,
(b) dim W — dim U — dim V = dim K; + dim K3 — dim Kjs;
(¢) dim U; 4+ dim Uy — dim Uj = dim U + dim V;
(d) V=g, K12 = (97" = 1)K1a.
Proof. 1t is easy to check that the kernel of the following map
Weae W s (w,w) = (a,b,c) e W& Wa W

where
a=gyw; — gywa, b=gyw +gywy and ¢ = g wy + g5 wo,
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is equal to

{(w,—w); we KyN Ky} (20)
and that the set of the pairs (wy,ws) such that a = 0 and ¢ = 0 is equal to

{(=g2wa, w2); w € Kia}. (21)

Let v € U. Then there are wy,ws € W such that u = g; wy; = g5, wy. In particular the
element “a” is zero. The condition that u € V means that

gFwy + gFw, € UL, (22)
Since U+ = K; + K, there are elements z; € K; and x5 € K, such that
g wy + g3 we = 21 + 9.
Lemma 3 shows that there are unique elements y; € K; and y, € K5 such that gf Yy = —I1
and g5 y; = —xo. Let w] = wy + y; and w) = wy + 3. Then
giw) + gywy, =0 and u = gy w| = g, wj.

Therefore V is equal to the projection on the “b component” of the set (21).

Hence, dim V is equal to the dimension of the set (21) minus the dimension of the
kernel (20):

This verifies (a).
Since
dim Ut = dim(K, + K5) = dim K, + dim K, — dim(K; N K>)

and since dim Ut = dim W — dim U, (b) follows from (a).
We have

dim U; 4+ dim Uy — dim U;s = (dim W —dim K;) + (dim W — dim K5) — (dim W — dim K;5)
= dim W+ dim K5 — dim K; — dim Ky = dim U + dim V,

because of (b). It proves (c).
As we already noticed,

Vo= {g1 (—g2ws) + gy wa; w2 € K12} = {g7 (—g7 'w2) + gy ws; wy € Kio}
= {(g1' — Dwa + gy wa; wy € Ko} = {295 wa; wy € Kz}
= {grwa; wy € Kio} = {(g7" — Dwa; wy € Ko}
This verifies (d). O
Lemma 8. Let g € Sp(W). Then there is a direct sum decomposition
W=XeWipY W,
such that the subspaces X and Y are isotropic,
X+Y) T =Wo+ W, XBWoaY =Wy,
X@& Wy =1Im(g7), X& W, =Ker(g7), and X = Ker(g~) N Ker(g7)*,
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where Im(g~) = g~ W. Furthermore, there are unique elements
go € Sp(Wy), T € Hom(Wy, X), S € Hom(Y, X)
such that for v € X, wg € Wy, y € Y and w; € Wy
9(x +wo +y +wi) = (¥ + Twoy + Sy) + (gowo — goT"y) +y + wi,
where T* € Hom(Y, Wy) is the conjugate of T with respect to the pairing ( , ), and the
map
WodY > Wo + Yy — (Tw0+Sy) + ((g(] — 1)UJ0 —gOT*y) e XP W,
15 1nvertible.
In particular if g1 € End(W) is defined by
g1(z +wo +y 4+ wy) = —x — gy lwo — y — w,
then g1 € Sp(W) and Ker(g1g — 1) = Ker(ggy — 1) = 0.
Proof. Clearly X = Ker(g~) N Ker(g~)* is an isotropic subspace. Let Y € W be another
isotropic subspace such that the restriction of the symplectic form to the sum X @Y is
non-degenerate. Define W' = (X +Y)+. Then we have W =X @& W @ V.
Also,
X@ W =X+ =Ker(g™) + Ker(g™)* D Ker(g™).
Set Wy = Ker(g~) N W’. Then the above inclusion implies that Ker(¢g~) = X & W;. Let
Wo = Wi NW'. Then
W =Wy®&W, and Im(g7)=Ker(g-)" =X W,.
Since g acts as the identity on Wy, g preserves Wi. Then g\wf acts as the identity on
X. Also, the stabilizer of X in Sp(W) is a parabolic subgroup. Hence the formula for g
follows from the well known structure of these subgroups.
Clearly the element g; belongs to Sp(W). Let w = & + wo + y + w; as in the lemma.
Suppose g1gw = w. Then
r=—x—Twy — Sy, wo=—wy+ g5 'T*y, y = —y and w; = —w.
Since the characteristic of the field F is not 2, we see that w = 0.
Suppose ggiw = w. Then
v =—x—Tgy 'wy — Sy, wo = —wo +T*y, y = —y and w; = —w.
Again, since the characteristic of the field [ is not 2, we see that w = 0. 0

2.4. More lemmas. Assume from now on till the end of this subsection that K; =
Kerg; = {0}.
In this case U = g, W. Then

K2 ﬂK12 == K1 HKQ - {O}
Hence there is a subspace Wy C W such that
W = K& W, & Ks. (23)
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Pick a subspace U C W such that
W=UaqU.

Then U = K3 and dim U’ = dim K,. Fix a basis wyy1, Wyya, . .. of Ky and let w)_;, w}_,,
... be the dual basis of U’ in the sense that

(wi,wi) =6y (b<i,j).
Define an element h € GL(W) by
hlxpew, = (91 = 1) 7lgy, hwi = (g7 = 1)7'wj, b <i. (24)

Let us extend the basis w; of K5 to a basis of W so that w; € K5 if i < ¢ and w; € Wy
if a <7 <b. Then

hw; = w; (1 <a). (25)
Lemma 9. The following equalities hold:
det({(9192)" wi, hw;)a<i ;) (26)
= det({5(elor) + c(92)g5 01,05 105 )act )

= det(((9192) Wi, wj)a<iz) det(h).

Moreover, we have
det((wi, (97" = Dhw;)iz) = (1) Y det({g5 ws, ws)s j<b)- (27)
Proof. Notice that both ¢(g1) and ¢(g2) are well defined on the space U and

1 1 _ _ _ _ _
91 5(clgr) +clg2))g> = 5(9?92 +9195) + 91 K2 = (9192)” + g1 Ko. (28)
Suppose a < i,7 < b. Then (28) shows that
((g192) wi, hw;) = {(g192) wi, (97" — 1) g5 wy) (29)

= {(97) " (9192) " wi, g5 w;)

= (o) a1 (el + el92))gz wi, g5 03)

1 _ _
= <§(C(91) + ¢(92)) 95 wi, g3 wy).
Suppose j < b < i. Then (g192)”w; = g; w;. Hence,

grwi, (g7 — 1) gy wy) (30)
(95" — Dwi, wy)

{
= (—95 9o wi,wy)
{

—~

((9192) " wi, hw;)

—~
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If b < i, 4, then
((9192) " wi, hw;) = (g1 wi, hw;). (31)
Notice that
det((g; wi, hw;)peiy) = det((wi, (97" — Dhw;)peiy) = det((wy, wh)peij) = 1. (32)
The first equality in (26) follows from relations (29), (30), (31) and (32).
Since h preserves the subspace K7, it makes sense to define h € GL(W/K33) b
h(w + K1) = hw (w e W).
Then -
det(((g192)" wi, hw;)a<i ;) = det({(g192) wi, wj)a<i;) det(h).
But (25) implies det(h) = det(h). Hence the second equality in (26) follows.
Also, if j < b < i, then
(wi, (97" — Dhw;) = (wi, g w;) =0
because K5 1 U. Hence,
det((w;, (97" — Vhw;)iy) = det({w;, (97" — 1)hw;)j<p) det((wi, (g7 — 1Dhw;)p<i ;)
= det({w;, (97 — Dhw;)i;<s)
= det({wi, g3 w))ij<b)
= (1)t Fetdm W det((gy ws, w;)s <)
= (=1)" Ydet({gy wi, ws)s j<v),
This verifies (27). O

Corollary 10. With the above notation we have

det((%(c(gl) + ¢(92)) 9 Wi, Go Wj)a<ij<b)

(—1)dim U det({(g192) " wi, w;)a<i,j)
det((gy wi, w;)i;) det({gy wi, wj)i <) !
2.5. Determinants over the reals. Consider two vector spaces U, U” over R of the
same dimension equipped with positive definite bilinear symmetric forms B’, B” respec-
tively. Let u}, uj, ..., u,, be a B’-orthonormal basis of U and let uf, v}, ..., u! be a

B"-orthonormal basis of U” Suppose L: U — U” is a linear bijection. Denote by M the
matrix of L with respect to the two ordered basis:

L :ZMi,ju;/ (1=1,2,...,n).
i=1

Then (det(M))? does not depend on the choice of the orthonormal basis. (Indeed, if we
change the orthonormal bases in the two spaces, we get two matrices P = (P!)~! and Q =
(@)Y, so that the new matrix is M’ = PMQ. Thus det(M’) = det(P) det(M) det(Q).
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Since (det(P))? = (det(Q))* = 1, we see that (det(M’))? = (det(M))?.) Thus we may
define (det(L))? := (det(M))2.

We shall also need a notion of a determinant for a linear map between two vector
spaces (under some additional assumptions of course). For that reason we fix an element
J € Sp(W) and the corresponding positive definite symmetric bilinear form B, that is,

B(w,w') = (J(w),w') (w,w" € W). (33)

Then every subspace of W has a B-orthonormal basis.
For a subset S C W let S22 C W be the B-orthogonal complement of S. It is easy to
see that

Ste = Jtet = jst. (34)
For an element h € End(W) define h* € End(W) by
(hw,w') = (w, h¥w') (w,w" € W). (35)

Then (Ker h#)+ = hW.

Consider an element A € End(W) such that Kerh = Kerh#. (In our applications
h will be equal to g, where g € Sp(W). Then g#* = g! —1 = —g !¢~ has the
same kernel as g~.) Let L = J7'h. Denote by L* the adjoint to L with respect to
B, (B(Lw,w') = B(w,L*w’)). Then L* = Jh¥. Hence Ker L = Ker L*. Since B is
anisotropic, L maps (Ker L)1# = LW bijectively onto itself. Thus it makes sense to talk
about det(L|ow), the determinant of the restriction of L to LW. If wy, ws, ..., wy, is a
B-orthonormal basis of (Ker L)12, then

det(B(Lwi, wj)lgi,jgm)

det(B(wi, w))1<ij<m)
= det((hwi, wj)1<ij<m)-

Under the condition Kerh = Kerh?#, we define det(h : W/Kerh — hW) to be the

quantity (36).
Suppose U C W is a subspace and # € Hom(U, W) is a linear map such that the formula

det(L’Lw) =

= det(B(Lw;, wj)1<ij<m) (36)

(xu,u') (u,u’ € U)

defines a symmetric bilinear form on U with the radical V C U. The form B induces a
positive definite form on the quotient U/V. Pick a B-orthonormal basis u1+V, ..., up+V €
U/V and set

det((z , Juyv) = det({zu, uj)1<ij<)- (37)
It is easy to see that the quantity (37) does not depend on the choice of the B-orthonormal
basis.

Lemma 11. Fiz two elements g1, g2 € Sp(W) and assume that Ky = {0}. Then
det((g192)": W/Kj2 = Uya)
det(g; : W — W) det(gy : W/ Ky — U)

= (1P det((%(f/‘(gl) +c(g2)) . Juyv) (det(gy + Kin — V)™

(38)
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Proof. Let Wy C W be the B-orthogonal complement of K5 + K5. Then (23) holds,
because B is anisotropic. Let wy, ws, ... be a basis of W such that wy, wo, ..., w, is a

B-orthonormal basis of Kis, Wai1, Weya, ..., Wy is a B-orthonormal basis of Wy and wy, 1,
Wht2, - .. 18 a B-orthonormal basis of K. Let @ € GL(W) be such that

Quw1, Quo, . . .is a B-orthonormal basis of W,
Qwi J—B K12 +W2 if b <.

Define the matrix elements @);; by

Qu; = Z Qjiw;.

Then
Q=06 ifi<b.
Hence,
det(Q) = det((Qji)1<j.0) = det((Qja)v<ji) = det((Qji)a<yii)
and
1 = det(J ") = det(B(J 'Qu;, Qu;)1<i ;) = det((Qui, Qu;)i<i ;)
= (det(Q)) det((wi, w;)1<i;).

Therefore

det((Qi)a<ji)? det((wi, wj)1<i;) = 1. (39)
Let uq, us, ..., up be B-orthogonal basis of U such that wuy, us, ..., u, span V. Define the

matrix elements (g5 )x; by

b

grwi =Y (g hawe (1 <i<b).
k=1

Since g, K12 =V, we see that
(92 )k =01if i <a <k.

Hence
det(((92 )ri)1<ki<s) = det(((93 )ri)1<ki<a) det(((92 )ri)a<h,i<s)- (40)

Also,
(det(gy : Kiz = V))* = (det(((g5 )ri)1<ki<a))’ and (41)
(det(gy : Wy — U/V))? = (det(((92 )ri)a<ri<s))*.

Define h € GL(W) as in (24). Then (26) shows that

det(((g192)” wi, wj)a<ij) det(h) = det((%(c(gl) + ¢(92)) 92 Wi, Gy Wj)a<ij<b)- (42)
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Furthermore, by (27),

Also,
1 _ _
det((g(c(gl) + ¢(92)) 95 Wi, G5 Wj)a<ij<b)

= det((%(c(m) + c(g2))uks W)a<ri<p) det(((95 )ri)ahics)’:
By (36),
det((g192)” : W/ K1z = Uz) = det({(g192) " Qui, Qwj)a<i;)
= det((Qij)a<iy)’ det({(g192)” Wi, w))aciy)-
Define an element ¢ € GL(W) by

quw; = J tu,; if i < b,
quw; = w; if b < 1.

Then quw,, qws, ..., quy is a B-orthonormal basis of J~'U = KQLB so that
det(gy : W/ Ky = U) = det({g, qu;, qu;)i j<b)-
Define the coefficients ¢; ; by
qw; = Z qj,iWs -
j

Then
g = 0j; if b <1
so that
det(q) = det((gji)1<i;) = det((gs)1<ii<b)-
Also,
Gy qwi =Y _Gigyw; = > gigyw; (i <b).
j j<b
Therefore,

det((g5 qus, qu;)i <) = det(q)” det({gy wi, w;)ij<b)-
Define the coefficients ¢; jl of the inverse map ¢~! by

wi = q (qwi) =Y ¢} quj.
J

Since, the qw; form an orthonormal basis of W,

4} = Bla~ qui, quy) = Blwy, quy) = Blguy, w),

17

(43)

(44)
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so that
(uj,wi> lfj S b,
qZ_JIZ B(w],wz) 1fj>b,
B(wj,wi) = (57;,]' if l,j > b.
In particular, q;jl =0if j <b < i so that

det(q)~" = det(q™") = det((g; )ij<p) = det((u;,w;)s j<s).
Thus
det({gy wi, ;)i <p) det(gy : W/Ky — U) = (det((g5 wi, w;)s j<p))” det(q)? (46)

= (det(() (g5 natte w;)ij<n))® det(q)® = (det((g5 ri)ki<o) det((ux, wi)j<p))” det(q)’

k=1
= (det((g2 )ri)ri<s))® = (det(gy : K1 — V))* (det(gy : Wa — U/V))?,
where the last equality follows from (40) and (41). The formula (38) follows from (39) -
(46) via a straightforward computation:
det((gng)_ : W/K12 — U12)
det(g; : W — W) det(gy : W/ Ky — U)
det((Qij)a<iy)” det(((g192)” wi, Wi)a<i)
det(g; : W — W) det(g, : W/ Ky — U)
det((Qij)a<ij)? det(<§( c(gr) + c(g2))uk, W) acki<o) det((927 )ki)a<h,i<b)?
det(h) det g; det(gy : W/ Ky — U)
(—1)dim v det((@i,j)a<i,j)2 det(<%(0(91) + c(g2))ur, r)a<ki<v) det(((92 )k.i)a<k, z<b)
det(gy" — 1)=" det({gq wi, w;)ij<p) det((wi, wy)i<i,)~" det gy det(gy = W/Kp — U)
(—1)tm Y det(<2( c(g1) + c(92))u, ur)a<hi<s) det(((92 )ki)a<h,i<s)’
det((g; wi, w;)ij<p) det(gy : W/Kz = U)
(=14 Y det({5(c(gr) + c(g2))  Jupv) (det(gy : Wa — U/V))?
det({gy wi, w;)i j<p) det(gy : W/ Ky — U)
(=)™ Y det((5(c(g1) +c(g2)) » Jupv) (det(gy : Wa — U/V))?
(det(gy : K12 = V))? (det(gy : W2 — U/V))?
(=)%Y det((5(c(g1) + c(g2)) » Jupv)
(det(gy = Kig — V))?
(Here the second equality follows from (42) and (44), and the third one from (43).) O

2.6. Determinants over p-fields. Let F be a commutative p-field in the terminology of
[52, Def 2, page 12], that is, IF is a local non Archimedean field with finite residue field.
Hence F is a finite extension of either the p-adic field Q, or of F,((¢)) (the fraction field
of the ring IF,[[t]] of formal power series in one indeterminate ¢ with coefficient in F)).
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Denote by | |r the module on F, as in [52, page 4]. Then op = {a € F : |a|p < 1} is
the ring of integers of I, and we have oy = {a € F : |a|p = 1} as in [52, page 12].

Being locally compact, ' has a real-valued Haar measure: the unique translation in-
variant measure pup with the properties

du(az) = lalpdp(z) (z €F, a € F¥),

wmwz/ dyu() = 1.
|z|p<1
Let » € Z. One has
jix(wh 0) = / djs(a) = ¢ (47)

|z|p<q"

Then Eqn. (47) gives

/Imhaqr dur(r) = /mgqr dppe() = /|x e dps(z) = q"(1—q 7). (48)

More generally, let r, R € Z with r < R. One gets

/ dyis(r) = / dyus(z) — / die(@) = " — . (49)
g <|z|p<ql |zlp<qR |z|p<qg”

Let r = (rq,7r9,...,1,) € Z" and R = (Ry, Ry, ..., R,) € Z" where r; < R; for every
ie{l,...,n}. We set

B(r,R) := {x = (21, T9,...,2,) EF" 1 ¢ < |wylp < ¢ for i = 1,...,n}.
It follows from (49) that

pen(B(r,R)) = [ [ (¢ - a). (50)
i=1
The following Lemma relates the volume of the linear image of the set in F" to the
volume of the set itself.

Lemma 12. Let L: F" — F™ be an invertible linear transformation then
prn (L(B)) = |det(L)|g ppn(B),  for all B € B(F"). (51)

Proof. Call B(r,R)" := {x' : x € B(r,R)} a cell in F". (Here x' means the transpose
of x.) We will first check that the relation (51) for every cell B(r,R)". The matrix
representing L can be written as a product of elementary matrices, and since determinant
preserves products, it is sufficient to show that the relation (51) holds for elementary
matrices.

Let i € {1,...,n}, let y € F* and let E;(y) be the elementary matrix obtained by
multiplying by y the i-th row of the identity n x n matrix. We have det(E;(y)) = y and

Ei(y) - B(r, R)' = {(21,. - @i, Y2, Tivts -, @0)" 2 % < agle < ¢ for k=1,... n}
— {(x]_)-.-,l'n) : qu §|$k|F§qu fOI'k’#Z., |y ]?;}’

F, < |zile < ly
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since |yz;|r = |y|r - |z;|r. Hence

n

pan (Ei(y) - Br, R)) = [yl - [ [ (6" — ¢") = [ det(Ei(y))lr - pn (B(x, R)").

k=1

Let i,7 € {1,...,n}. Let E;; be the elementary matrix corresponding to the inter-
change of row ¢ with row j. We have det(E; ;) = —1 and

¢ < zple < g™ for k#i,j
Ei,j . B(I‘, R)t = (ZEh P ,ZL‘n) . qri S ’.x]l[p S qRi
¢ < |zilp < g™
Hence |det(E; ;)|r = 1 and ppe(E; ; - B(r,R)") = up- (B(r, R)").

Let Fj; be the elementary matrix obtained by replacing row 7 by the sum of row ¢ and
row j. By multiplying by the matrix E;; if necessary, we may assume that ¢ = 1. We
have Ey;(z1, ..., 20)" = (21 + x5, 22. .., 2,)". Hence det(Ey;) = 1. We can view F" as
the Cartesian product F x F*~1. For every x' = (z3,...,2,)! € F*7 1, let

B(r,R)l :={z€F : (z,22,...,2,)" € B(r,R)"}
and similarly
(Bwj-Br,R) ) ={2+2; €F : (z+zj,22,...,3,)" € Eyy; - B(r,R)'}.
We have
(Ew;-B(r,R)" ) = {2 €F : (2,29,...,2,)" € B(r,R)'} + z;
that is,
(Ew,; - B(r,R)"w = B(r,R)% + ;.
Thus, for all X' € F" !, (Ey,; - B(r,R)")y is a translation of B(r,R),, and since, the

measure yy is translation-invariant, we have pp((E1y; - B(r,R)")x) = pr(B(r,R)L,). On
the other hand, by Fubini’s Theorem, we get

pon (B BER) = [ (B - Bl RY oo ()

= [ B R s () = e (B R))
Fr—

Every open set in F" can be written as a countable union of cells in F" and therefore,

by the countable additivity of the Haar measure on F, the measure up~ satisfies the

relation (51) is for any open set. Then the regularity of pp» implies that (51) holds for

any Borel set. O

Lemma 12 shows that Lemma 38 is still valid on the local nonarchimedean field ' with
the pullback L*(py) defined as in Eqn. (304) up to replacing the absolute value | | by
| |, that is, we obtain here:

L* () = | det(LD) |5 prr-1(v).-
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(See (6.1) for the normalization of the Haar measure py.) Let W be a finite dimensional
vector space over F and let £ C W be a lattice, [52, page 28]. Let W* = Hom(W,F) be
the dual vector space and let

L,={w" e W*: w'(w) € oy for all w € L}.
This is the lattice dual to L.
Lemma 13. For any subspace U C W, the restriction map
W* s w* = w*|y € U
induces the following short exact sequence
0—=L,NUt =L, = (£LNU), =0,
where U+ C W* is the annihilator of U. In particular we have the isomorphisms of lattices
(L, +UH) /Ut =L,/L.nUT = (LNU),.

Proof. By [52, Theorem 1, page 29|, there is a basis wy, ..., wy,... of W such that
Wi, ..., Wy, is a basis of U and £ = opw;+opwy+. ... Hence, LNU = opw;+- - -+0pw,,. Let
wi,...,wk, ... bethe dual basis of W* (w}(w;) = 0; ;). Then L, = opwj+- - -+opw;,+. ..
and (LN U). = opw; + - - + opw},. Hence the restriction map is surjective. The rest is
obvious. 0J

Recall the notion of a norm, [52, page 24], and the norm associated to a lattice
Ne(w) = inf{|z|z': 2 € F*, 2w € L} (w e W),

(52, page 28]. Then £ ={w € W: N,(w) < 1}. The following fact is stated in [52, page
29]

Lemma 14. Let N be a norm on W. The N = N if and only if
L={weW: Nw)<1} (52)
and
{N(w): weW}=A{|z|p: ze€F}. (53)

Let N be a norm on W. As in [52, p. 26], we shall say that two subspaces W', W”
of W are N-orthogonal to each other whenever W = W' @& W’ and N(vw' + w") =
sup(N(w'), N(w")) for all w' € W' and all w” € W”.

Lemma 15. Let V C W be a subspace. Then
N(£+V)/V(w + V) = mf{Nl;(w + U) TV E V} (U) S W) (54)
Proof. [52, Theorem 1, page 29] implies that there is a subspace V' C W which is N,-
orthogonal to V and such that
W=VaoV (55)

and
L=LNV@®LNV. (56)
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Let N(w + V) denote the right hand side of (54). For w € W let w’ € V' denote the
V’-component of w, according to the decomposition (55). Then clearly

N(w+V) = Ng(u) (we W).
In particular N is a norm on W/V. Also, the range of N coincides with the range of N.
Hence Lemma 14 implies that N = N/, where £/ = {w+V € W/V: N(w+V) < 1}.
The condition N(w + V) < 1 means that Ng(w') < 1, which is equivalent to v’ € L.
Thus
L'={w+VeW/V: v eL}
But (56) shows that the condition w’ € L is equivalent to w € £+ V. (Indeed, if v’ € £

then w € £ + V. Conversely, suppose w € L + V. Then there is wy € £ and v € V such
that w = wy + v. Hence, w' = wj. But wj € LNV by (56). Thus w’ € L.) Therefore

L' =(L+V))V.
O
Corollary 16. Under the identifications of Lemma 13, the following equalities hold for any
w* e W*:
Nicvy. (wu) = Ngosusy o (w* 4+ UL) = inf{ N, (w* + wg) : w; € U}
= max{|w*(u)|lr: ve LNU}.
(The second equality means that the norm on the quotient is the usual quotient norm.)
Proof. The first equality amounts to the last identification of Lemma 13. The second

equality follows from Lemma 15 with W, £ and V replaced by W*, £, and U~ respectively.
The third equality follows from the fact that

N, (w*) = max{|w*(w)|r: w e L}. (57)

One may verify the equality (57) as follows. The right hand side of (57) defines a norm
on W* whose range coincides with the range of | [r. The set of the w* such that the right
hand side is less or equal than 1 coincides with the set of the w* such that w*(w) € o
for all w € £. But this is £,. Hence Lemma 14 implies (57). O

Let £ C W be a lattice. We know from [52, Theoreml, page 29|, that there is a basis
wi, W, ... of W such that
EZUFw1+0Fw2+.... (58)
In particular the spaces Fwy, Fws, ... are Ny-orthogonal and 1 = Ng(wy) = Ng(ws) = ...
. Thus we may define a basis of W to be N -orthonormal if the condition (58) holds.
Let wy, w3, ... be the dual basis of W*. Then

£*:0]wa—|—o]pw§+....
Hence the basis wj, w3, ... is N, -orthonormal.

Lemma 17. For any T € End(W) any Haar measure . on the additive group W and any
measurable set B C W
w(T'(B)) = | det(T)[r p(B).
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Proof. This is a direct consequence of Lemma 12. OJ

Lemma 18. Suppose wy, wy, ... is an Npg-orthonormal basis of W and T € End(W) is
such that Twy, Twe, ... is also an Ng-orthonormal basis of W. Then | det(T)|r = 1.

Proof. Since, by the assumption, T'(£) = L, the map T preserves the Haar measure on
W. Hence, Lemma 17 shows that | det(T")|p = 1. O

Recall the N -orthonormal basis wy, ws,... of W. Suppose W’ is another finite di-
mensional vector space over F with a lattice £ and an Ng-orthonormal basis w/, wj, .. ..
Given h € Hom(W, W’), there is the corresponding matrix

M(h) = [hy], h(w;) = Z hjiw),.

The determinant det(M (h)) does depend on the choice of the bases, but, as we see from
Lemma 18, |det(M (h))|r does not. Hence we may define

|det(h : W — W')|p = | det(M(h))|r € R. (59)
Lemma 19. Let h € Hom(W, W’) and let h* € Hom(W"*, W*) be the adjoint map. Then
det(h: W — W) = det(h* : W™* — W),

Proof. Let w}, w;,--- € W* be the basis dual to wy, ws,... and let w}*, wy*, --- € W*
be the basis dual to w’l, wh, . ... Then,
h(w Z hjwj if and only if 2" (w}") Z hjw?,
J
because

Zhﬂw = w}"(h(w;)) = h*(w}") (w;).

Hence, the matrix M (h*) is the transpose of the matrix M (h) and the claim follows. [

From now on we assume that the space W is equipped with a non-degenerate symplectic
form (, ). We shall identify W with the dual W* by

w(u) = (u, w) (u,w e W). (60)

Then, for a subspace U C W the annihilator Ut in the dual coincides with the ( , )-

orthogonal complement. We shall say that the lattice £ is self-dual in the sense that

L = L,. Let us fix a self-dual lattice £L C W.
For any two subspaces V. C U C W, N shall denote the quotient norm of N :

Nu+V)=inf{Ng(u+v): veV} (ue V). (61)
For an element h € End(W) define h#* € End(W) by
(hw,w') = (w, h*w') (w,w" € W).

Then (Im h)+ = Kerh#. Hence, if Kerh = Kerh# then we have the following short exact
sequence
0— (Imh)" =W — Imh — 0. (62)
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In the next Lemma, we shall consider Im h as the quotient W /(Im h)*, and N will be the
corresponding quotient norm as defined in (61).

Lemma 20. Suppose h € End(W) is such that Ker h = Ker h*#. Let uy, ..., uy be an N-
orthonormal basis of Im h and let wy +Kerh, ..., w4+ Kerh be the dual basis of W /Kerh.
Let M = M (h) be the matriz of the induced bijection h: W /Kerh — Im h with respect to
these two ordered basis,

hwi = Z Mjﬂ(h) Uy
J

Then
det(M(h)) = det((hwl, wj>l§i,j§k)-
Also, we may choose the elements wy, ..., wy so that the spaces Fwy, ..., Fwy, Kerh are

N -orthogonal.

Proof. Since
(hwi, wy) = <Z My, wi) = My,
!

the formula for the determinant follows. The last statement follows from Lemma 15 and
Corollary 16. U

Notice that if uj, ..., uj is another N-orthonormal basis of Imh, with dual basis
wi + Kerh, ..., w; + Kerh, then
det((hwj, wi)1<ij<x) = det((hw;, w;)1<ij<i) a%,

where a € F* is the determinant of the transition matrix from wy, ..., ux to uj, ...,
uj, (which is also the determinant of the transition matrix from the corresponding dual
basis). We know from Lemma 18 that |a|p = 1. Hence without any ambiguity we may
define

det(h: W/Kerh — Im h) = det({hw;, w;)1<i j<k) (05)? (63)
as an element of F*/(oy)% (Here (0op)? = {(a* a € o5 }.) Also, without any ambiguity
we may define

’ det(h W/Kerh — Im h)‘]}r = | det((hwz, 'll)j>1§,57j§k)’[p (64)

as a positive real number.
Similarly, if U C W is a subspace and € Hom(U, W) is such that the bilinear form

(xu,u’) (u,u" € U)
is symmetric, with the radical V C U, we define
det((z , Juv) = det({zui, uj)1<ij<k) (0 )? (65)
and

[det((z , Jun)le = [ det((zus, ujhi<ij<i)lr, (66)
where uy + V, us +V, ..., is an N-orthonormal basis of U/V.
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Lemma 21. If wy, wo, ... is a Ny-orthonormal basis of W, then
| det((wi, wi)r<i)|e = 1.
Proof. Since (w;, w;) € o,
| det((wi, wj)1<i)lr < 1.
Since the lattice £ is self-dual the same inequality holds for the dual basis. The product
of the two matrices is 1. Hence the equality follows. O
Lemma 19 may be rephrased as

Lemma 22. Let h € End(W) and let K CW be a subspace. Assume that h: K — hK is
injective. Then, with the definition (77),

h*((hK)*") © K+, (67)

and
|det(h : K — hK)|p = |det(h* : W/(hK)" — W/K5)|p. (68)
Proof. The point is that W/ K+ = K*, W/(hK)* = (hK)* and h¥ = h*. O

In the next Lemma, we keep the notation defined in Notation 4 and Notation 6, that
iS, for 91,92 € Sp<W)7

U=UNUy=9;WNg,W and Up = (g192)" W,
Ky =Kerg;, Ky=Kerg, and K3 =Ker(gig2)".

Lemma 23. Fiz two elements g1, go € Sp(W) and assume that K1 = {0}. Then, with the
definition (63),

det((g192)”: W/Kj2 — Uj)

det(g; : W — W) det(gy, : W/ Ky — U) (69)
= () det((2 o) + €(g2)) + o) (det(g5 : Kry = V)
and
| det((g192)": W/Kia = Uia)lr (70)

|det(g; : W — W)|p|det(gy : W/Ky — U)|p
= |det(<%(c(91) +c(g2) 5 Jupv)le [ det(gy : Kis — V)52

Proof. Clearly (70) follows from (69). We shall verify (69). Let Wy C W be the N-
orthogonal complement of Kj5 + K. Then (23) holds. Let w;, ws, ... be a basis of
W such that wq, wy, ..., w, is a Ng-orthonormal basis of Kjo, weyi1, Waeio, ..., wp iS a
N -orthonormal basis of Wy and wyi1, wpyo, ... is a Ng-orthonormal basis of Ky. Then
wy, Wy, ..., wy is Ne-orthonormal basis of K1+ Wj. Theorem 1 on page 29 in [52] implies
that we may extend it to an N -orthonormal basis of W:

/ /
w17...,w1),wb+1,wb+2,....
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Define an element @) € GL(W) by

Ofw,) = {wi ifi<b,

w, if1>0.

1

Then
Quw1, Quo, ... is a Ny-orthonormal basis of W,

FQuwpy1 + FQwpio + ... is Ng-orthogonal to Ko + Wo.
We see from Lemma 21 that

| det((Qui, Qujhi<iy)lr = 1.
Hence, we may replace one of the w; by a suitable (op)*-multiple of it so that
det((Qu;, Quj)i<iy) = 1. (71)

Define the matrix elements @);; by
Qu; = Z Qj,iw;.
J

Then
Qj;i = 5]'71‘ if 4 < b.

In particular the matrix ((Q;;)1<;:) looks as follows

(Qji)r<ja) = < %) ?(Qj,i)b<j,i) ) ’

where I is the identity matrix of size b. Hence,

det(Q) = det((Qji)1<ji) = det((Qji)b<ji) = det((Qji)a<ji)-
Therefore (71) implies

det((Qj.i)acsi)? det((ws, wi)1<iy) = 1. (72)

Let uy, ug, ..., up be a Ng-orthogonal basis of U such that uy, us, ..., u, span V. (The
existence of such a basis follows from [52, Theorem 1, page 29].) Define the matrix
elements (g, )x; by

b

grwi =Y (g kawe  (1<i<b).

k=1
Since g, K15 =V, we see that
(92 )k =01if i <a < k.
Hence
det(((g2 )k.i)1<k,i<s) (73)
= det(((g2 )ri)r<k,iza) det(((92 )ri)a<k,izs)-
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Define h € GL(W) as in (24). Then (26) shows that
det(((9192) wi, wj)a<i ;) det(h) (74)
1 _ _
= det({5(c(g1) + c(92))92 wi, g Wj)a<ijs).
Furthermore, by (27),
det(h) = det((g; " — 1) (g7 — 1)h) (75)
det(gy" —1)7" det((g;" — 1)h)
= det(g; " — 1) det((wy, (97" — 1) hwy)i<iy) det((wi, wi)i<iz) ™
= det(g;' = 1) (=1)"™ Y det({g5 ws, wy)ij<p) det((ws, wyi<iy) ™"
Also,
1 _ _
det((g(c(gl) + ¢(92)) 9 Wis G2 W) a<i j<b) (76)
1
= det((g(c(gl) + c(g2))uk, Wack <o) det(((95 ki)achics)’:
By (63),
det((g192)” : W/ K1y = Urz) = det(((9192)” Qui, Quj)a<iy) (05)*  (77)
= det((Qij)a<iy)” det(((g192) wi, wy)aci;) (05)*.
We see from Lemma 20 that there are elements qw; € W, i < b, such that
(uj, qu;) = 6;; (4,2 <b) (78)
and the spaces Fquwy, ..., Fqu,, Ky are N-orthogonal. Define an element ¢ € GL(W) by
q(w;) = qu; if i < b,
q(w;) = w; if b < 1.
Then
det(gy : W/ Ky — U) = det((g5 qu;, qu;)i j<p) (05)>. (79)
Define the coefficients ¢; ; by
qw; = Z qj,iWs -
J
Then
so that
det(q) = det((gji)1<is) = det((gj)1<ij<b)-
Also,
Gy qwi =Y _Gigyw; = > _ Gigsw; (i <b).
J J<b
Therefore,
det({gy qi, qus)i <) = det(q)? det((gy wi, w;s)i j<p)- (80)
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Define the coefficients g; jl of the inverse map ¢~! by

w; = ¢ (qu;) Z Gij qu;.

Then, by (78),
1 { <u]7wl> fj b

Gy = 9, if i > 0.
Hence,
det(q)~" = det(q™") = det((g;; )ij<p) = det((u;, w;)s j<s).
Thus
det((gy wi, wy)ij<p) det(gy : W/ Kz — U) (81)
= (det((gz wi,w;)ij<))* det(q)? (o5 )?
b
= (det(() (g5 nitter wy)ij<v))” det(q)? (03)?
k=1

= (det((g2 Jni)rizo)? det({ur, wj)r <)) det(q)? (o5 )
= (det((g2 Jri)rizs))” (05)”
= (det(gy : K1z = V))* (det(gy : W2 — U/V))* (05 )%,
where the first equality follows from (79) combined with (80), and the last equality follows

from (73). Now the formula (69) may be verified via a straightforward computation, where
we ignore the factor (o5 )? for convenience:

det((g192)": W/Ky2 — Us)
det(g; : W — W) det(g, : W/ Ky — U)
det((Qij)a<iy)”® det(((g192) wi, Wi)a<i)
det(g; : W — W) det(gy : W/ Ky — U)
det((Qij)a<ij)?® det((5(c(gr) + c(g2))ur, w)a<i<s) det(((g3 )ki)a<ri<s)’
det(h) det g; det(gy : W/ Ky — U)
(—1)™ YVdet((Qi)a<iy)? det((5(c(gr) + c(g2))ur, wr)acki<s) det(((92 )k.i)a<h,i<s)?
det(g;t — 1)1 det({gy wi, w;)ij<p) det({w;, wj)1<; ;) "' det g7 det(gy : W/ Ky — U)
(—1)dm Y det(<2( c(g1) + c(g2))ur, wr)a<ri<v) (det((gy )ri)achi<s))?
det((gy wi, w;)ij<p) det(gy : W/ Ky — U)
(—1)4m Y det((5(c(g1) + c(g2)) 5 Jupv) (det((g3 Dni)a<ri<s)?
(det(gy : K12 — V))*(det(gy : W2 — U/V))?
(—1)4m Y det((5(c(g1) + c(g2)) 5 Jupn)
(det(gy : K12 — V)2 )

(Here the first equality follows from (77), the second equality from (74) and (76), the
third from (75), the forth from (72) and the fifth from (81).) O
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3. THE WEIL REPRESENTATION OVER A FINITE FIELD OF ODD CHARACTERISTIC

Let F be a finite field of odd characteristic and let y : F — C* be a non-trivial
character of the additive group F. In this section we provide an elementary construction
of the corresponding the Weil representation, [5].

3.1. The Fourier transform. Let U be a finite dimensional vector space over F. Define
a measure puy on U by

/U ou) dpu() = U2 Y o(u),

uelU

where |U] is the cardinality of U and ¢ : U — C is a function. For E a subset of U let
denote by Ig the indicator function of F, that is, the normalized characteristic function

of E:
|E|7! ifue E;
I =
n(v) { 0 otherwise.

Define the Fourier transform F by

Fotw) = [ sri-w @)@ @ V)
Then py-+ is the measure dual to py in the sense that
$(u) = . Fo(u)x(u'(w) dpy-(u*)  (u€ ).
We record by the way the following, easy to verify, formula
Flv = |V||U[ "Ly, (82)
where V C U is a vector subspace with the orthogonal complement V+ C U*.

3.2. Gaussians on F". For a symmetric matrix A € GL(F™) define the corresponding
Gaussian v4 by

() = x(5etAn) (€ F),

where we view the x as a column vector. Also, let

1(A) = F1a0) = [ X Ao) dpen ().

n

Lemma 24. [If we identify F™ with the dual (F™)* by

y(:L‘) = xty (l‘ﬁy € Fn)v
then
Fya=7v(A)y_a-1.
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Proof. Notice that

1 1 1
ixtAx = §(l‘ — At A(r — A Yy) — aytA_ly + 2y,

Hence,

ar>s(a) =7(a)y(=1) (e €F)
coincides with the unique non-trivial character of the group F* /(F*)2.

Proof. Part (a) and the first equation in (b) are obvious. Let us extend the character s
to F by letting s(0) = 0. Then, since 3a # 0, we see from (82) that

(@) = / (1 + ) ()x(Say) dus(y)

>
— [ G dusto) + [ sto)Gan dueto)
= /IFX s(y)x(%ay) dur(y) = /]FX s(a‘ly)x(%y) dpr(y)

— s / (o)) disty) = s(a) (1)
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)35y — =) dan(y) das(2)

V)

s(w2)x (5 (v — 2)) drir(y) dpe(2

(y)x(%(y — 1)2) dux(y) dus(2)

VA

s(y)x((y — 1)2) dux(2) dur(y)

_ /F s(y) (/X((y —1)z) dps(z) — ml/?) dpre (y)

F

= [ SWIE Tty — 1) dusto) — [F1 [ st0) dst) = (1)

FX

because the restriction of up to F* is a Haar measure on F* and s is a non-trivial character
of the abelian group F*. Since s(1) = 1, we see that

Y1) =1.

In particular |[y(1)| = 1. Therefore the first computation in this proof shows that |y(a)| =
1 for all @ € F*. This implies the second equality in (b). Finally

as claimed in (c). O

Corollary 26. For arbitrary n > 1 and a symmetric matriz A € GL(F™),

7(A) = y(1)" s(det(A)).

Proof. There is ¢ € GL(F") and a diagonal matrix D = diag(ay,as,...,a,) € GL(F")
such that A = ¢! Dg. Hence,

1) = [ et duen(a) = [ (e Da) du (o)

_ / n ng%x;) dpgn () = [ v(ay) = T[(v(D)s(ay))

Jj=1 Jj=1

= 7(1)"8(1_[ a;) = (1)"s(det(D)) = 7(1)"s(det(A)).
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3.3. Gaussians on a vector space. Let v(q) = v(Q), where @Q is defined as in Eq. (12).

Lemma 27. If q is a non-degenerate symmetric bilinear form on U, then

[ x(Gatw - @) due) = a5 ) @ e U,
u

Proof. Let ; = u;(u) and let y; = u*(u;). Then
/X(lq(uvu))X(_U*(u))d,uu(u) :/
v 2

= QN 55'Q ) = a5 (W u)),

where the second equality follows from Lemma 24 and the last one follows from Lemma 1.

O

Corollary 28. Let g be a symmetric form on U with the radical V. Denote by ¢ the induced
non-degenerate form on U/V. Then, for any u* € U*,

| a0 duue) = VP @ (w5 (o)),
where we identify V= = (U/V)*.

Proof. The left hand side is equal to

/U/V/VX(%Q(U+U,u+U))X(—u*(u~|—v))duv(v) dpyv(u+ V)
1

X(%xth)x(—wty) dpgn ()

n

— /u/v X(g@(u+v,u+V)) (/\/X(—u*(quv))duv(v)) dpyv(u+V)

— VL () / N+ Ve V) x(— () dpay o (1 + V)

un 2
* ~ 1 ~% * *
= MW]IVL(U )V(Q)X(—§q (U , U ))

3.4. Gaussians on a symplectic space.
Lemma 29. Suppose x € Hom(U, W/U") is such that
(xu,v) = (xv,u) (u,v € U).
Set .
q(u,v) = §(xu, v) (u,v € U).

Let V be the radical of q and let G be the induced non-degenerate form on U/V. Then
(a) V = Ker(x);
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(b) for any w € V* there is u € U such that zu + (w + Ut) = 0;
(c) for any w € W

| Gl =5 ) dua) = IV @) ) )

where u € U is such that xu + (w + U+) = 0.
Proof. Part (a) is obvious. Part (b) means that Ker(x)* = Im(z), which is true.
We know from Corollary 28 that the left hand side of (c) is equal to
1,1 1
V[M25(q)Tye (w)x(—ﬁq”‘(éw, §w))
Hence we may assume that w € V*. Recall the map ®: U/V — (U/V)* = V+/UL:

1
O(u+V)(u +V)=q0u +V,u+V)= §<mu’,u).

Suppose u € U is such that ®(u + V) = %w + UL, Then, by the above,
1 1 1
(W, éw) = §(xu',u> = (U, —Exu) (u' € U).
Therefore, zu + sw € U*. In other words, zu + (3w + U*) = 0 and we see that
1 1 1
q*(éw + Ula Ew + UJ_) = <U, §w>7

so that _ . )

The formula (c) follows. O

3.5. Twisted convolution of Gaussians. Recall the twisted convolution of two func-
tions ¢,y : W — C:

o) = [ St =Gl o) div()  (we W), (53)
Let )
Xe() () = x(Z{elg)u,w))  (u € g W).
More generally, for x and U as in Lemma 29, let
Xelw) = x(qlow ) (we ).

Denote the un-normalized characteristic function of F by:

1 ifuekFE;
1 = ’
n(v) { 0 otherwise.

By a Gaussian we understand the following function,
1wl (w)  (we W), (84)
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The goal of this subsection is to verify the following proposition.
Proposition 30. For any g1, g2 € Sp(W),
(1U1XC(91)) h (1U2X0(gz)) = C(gth) 1y, Xe(gig2)s

where | 12
K12| ~
C(ghgz) = WW(%@)‘

Proof. Notice first that, by the definition of the twisted convolution (83),

(1U1X0(91)) h (1U2Xc(g2)) (w) =0

if (UyN(Us+w) = 0. Therefore we may assume that there is v € U; such that w—wv € Us.
Lemmas 2 and 5 plus a straightforward computation show that

(TuiXe(or) 8 (LuzXeg2)) (w) (85)

u|1/2 ) 1, /
- |VV| 1/2 / Xe(gr)-+e(g2) (U )X(_§<U c(g1)v + c(g2) (v —w) —w)) duy(u')
W2 Jy

et (0) et (0 = ) (0 0)).

Since V*+ = Ker(c(g1) + ¢(g2))* is the image of ¢(g;) + ¢(gs), we see from Lemma 29 that
the expression (85) is not zero if and only if there is v € U such that
(c(g1) + e(g2))u + (c(gr)v + c(g2) (v — w) — w) € U™, (86)
Let
U= g v = gyVy, V=g;ws and w — v = g, Wo. (87)
Then,
giv1 + g3 va + gl wy — giwy —w € UT = Ky + Ko,
Hence, Lemma 3 shows that, without changing v or w — v, we may choose w; and wsy in
(87) so that
g1 o1+ gava + (g Jwr — g3 wy —w = 0. (88)
Multiplying (88) by g; we get
91 9{ v+ 97 9502 + gy g wi — g1 g5 w2 — gy w = 0.
Since, g1 (91 )v1 = (91 )91 v1 = (91")g5 va, We see that
9{ 92 v2 + 91 93 V2 + g{ g1 w1 — g1 g5 w2 — gy w = 0.
But, by (87), gy w1 = w — g, wy. Hence,
91 g2 v2 + 91 93 V2 + 9w — g1 g5 W2 — gy gy w2 — gy w = 0.
Thus
(9192 + 9195 )(v2 — wa) + 2w = 0.
Therefore
w = (g192)” (w2 — v2). (89)
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Hence, w € (g192)” W.
Conversely, suppose w = (g1g2) wp for some wy € W. Then
W = gy GaWo + gy Wo.
Let wi = gowg and let wy = wy, so that
v=g;w and w —v = g, wo,

as in (87). Then,

c(gr)v + c(g2)(v —w) —w = gfw; — g3 ws = (992 — g5 — (g192) Jwo =0 € U™

Therefore (86) holds with u = 0. Thus we have the indicator function I, 4,)-w in the
formula of Proposition 30.
Furthermore, with u as in Lemma 29 (b),

(u, c(g1)v + c(g2) (v — w) — w) + (c(g1)v, v) + (c(g2) (v — w), v — w) + 2(v,w)  (90)
(93 V2, —g7 w1 + g3 wa + w) + (g7 w1, g7 w1) + (g5 wa, g3 w2) + 2(g; wy, w)
= (g3 v2, —gi w1 + g3 wa + w) + (g7 w1, w — g5 wa) + (g5 w2, g5 wa) + 2(w — g5 wa, w)
= (g3 02, —g7 w1 + g5 w2 + w) + (g7 w1, w — g5 wa) + (g3 Wa, g3 w2) + 2(w, g5 w2)
= (g5 v2, g3 wa + w) + (g7 w1, g3 v2) + (g w1, w — g5 wa) + (g5 wa, g3 wa) + 2{(w, g5 ws).
Notice that

(g wi, g5 v2) = (g wr, gy v1) = (g1 — 1)gi wy, 1)
—(g1 g1 (g )wr,v1) = (g1 ' g{ grwi,v1) = —(g1 " 91 (w — gy wa), 1)
= {1+ g ") (w = gywz), v1) = —(w — g3 wa, g v1) = (g7 v1,w — g3 wa).
Hence, (90) is equal to
(93 v2, g3 wa + w) + (g7 v1,w — ga wa) + (g Wi, w — g3 wa) + (g5 W2, gy Wa) + 2(w, gy w2)
= (g3 V2, g3 Wy + w) + (g w1 + gi v1, w — gy wa) + (g3 wa, gy wa) + 2(w, gy ws).  (91)
Now we compute g;w; + g; v from (88) and substitute in (91) to see that (91) is equal
to
(93 v2, 93 wa + w) + (w4 g3 wy — g3 v, w — gy wa) + (g3 Wa, g5 wa) + 2(w, gy wa)  (92)
= (9502, 93 wa) + (ga v2, W) + (g5 wa, w) — (g5 V2, w) — (w, g5 wn)
—({ga w3, gy Wwa) + (gs Va2, gy Wa) + (ga Wa, gy Wa) + 2(w, gy w2)
(9502, 93 Ww2) + (g5 v2, w) + (g5 Wa, w) — (g5 v2, W) + (g3 v2, gy w2) + (W, g5 w2)
= (92— g5 )va, wa) + (g3 v2, w) + (g5 wa, w) — (g5 va, w) + (g5 — g2)v2, wa) + (w, g5 w)
= (ga V2, W) + (g3 w2, w) — (g5 V2, W) — (g5 wa, w) = (2(ws — v2), w).

But we know from (89) that w = (g192)~ (wg — v9). Hence, (92) is equal to

(2(wg — v2), (9192)" (w2 — v2)) = ((g192) " (w2 — v2) + 2(w2 — v2), (9192) " (W — v2))
= ((9195 ) (w2 — v3), (g192) " (w2 — v2)) = (c(g1g2)w, w).
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(Notice that the computation (90) - (93) may be simplified as follows. We already know
from (89) that w = (g192) wo for some wy € W. Hence, we may choose w; = gowy,
v = g1 gowp and wy = wy in (87). Then
c(gr)v+c(ge)(v—w) —w=0

and therefore it will suffice to show that

(c(g1)v,v) + (c(g2)(w —v),w — v) + 2(v,w — v) = {c(g1g2)w, w). (93)
The left hand side of (93) is equal to

<gii_w17 gl_w1> + <g;w27 92_w2> + 2<gl_w17 92_w2>

(9192 + g2)wo, (9192 — g2)wo) + (g3 wo, g3 wo) + 2((g192 — g2)wo, g3 Wo)

= 2(wo, g192wo) = (9195 )wo, (9192) " wo),
which coincides with the right hand side.) Therefore Lemma 29 shows that for w € V-,
1

| Xt (WX (=5 )+l (0 = ) = ) dpf)

etan ()Xt (0 — W)X (50 )

= |V|1/27(%1»92)Xc(9192)(w>'
By combining this with (85) we see that

|U|1/2|V’1/2 R
<1g;WXc(g)> i <1g;WXc(g)> = KUEE V(@g1,62) L(g192)~WXe(g195)
But Lemma 7 implies
’U’1/2|V‘1/2 B ’K12|1/2
W72 KRG

O

3.6. Normalization of Gaussians. Let B be a non-degenerate bilinear form on a finite
dimensional vector space over [F. Define the discriminant of B as

dis(B) = s(det(A)), (94)
where A is the matrix obtained from a basis uy, us, ..., u, of the space by
Ai,j = B(ui,uj) (1 S Z,] S TL)

Clearly the discriminant does not depend on the choice of the basis.
For any g € Sp(W) the formula

(g w,w") (w,w" € W)

defines a bilinear form whose left and right radicals coincide with Ker(¢g~). Hence we get
a non-degenerate bilinear form B, on the quotient W /Ker(¢g~). Then, for g # 1,

dis(By) = s(det({g~w;, w))1<ij<r)),
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where wy + Ker(g™), ws + Ker(g™), ..., w, + Ker(¢g~) is a basis of W/Ker(¢~). For
completeness set dis(B;) = 1.

For g € Sp(W) define
O(g) = [Ker(gD)"*y(1)"™ W dis(B,), (95)
T(9) = O(9) 1w Xe(g)-
Theorem 31. For any g1, 9o € Sp(W),
T(91)8T'(g2) = T(9192)-

Proof. Proposition 30 implies that we’ll be done as soon as we show that

O(g192)
©(91)0(g2)

Also, we see from Proposition 30 that the absolute values of both sides of (96) are equal.
Hence, (96) is equivalent to

C(g1,92) = (91,92 € Sp(W)). (96)

- - 9(9192)

V(dg1.g2) = 290)0(g5) (91,92 € Sp(W)), (97)

where
0(g) = (1) 9 Wdis(B,) (g € Sp(W)).

Since the twisted convolution is associative, the function C'(g, g2) is a cocycle:

C(91,92)C(9192,93) = C(91,9293)C(92,93) (91,92, 93 € SP(W)).

Recall the non-degenerate symmetric form ¢, 4, defined in Notation 6. Hence, by the
formula for C(g1, g2) in Proposition 30, the function y(gy, 4,) is also a cocycle:

7(@917512)7@9192,93) = ”Y(‘jgl,gzgg,)’Y(‘jgz,gs) (91, 92,93 € Sp(W)).

Let ( )
’ ~ 0(9192
C'(g1,92) = 9(900(02)

This is also a cocycle. Fix two elements g, g5 € Sp(W). We have seen in Lemma 8 that
there is g1 € Sp(W) such that K; = Kerg; = {0} and K5 = Ker(g192)~ = {0}. Assume
that (97) holds when K; = {0} . Then

(91,92 € Sp(W)).

~ 7@91,92)’7(%192,93) Cl(91792)cl(9192793) _

T\g2,95) = - = 92, 93)-
(To2.) V(g1 ,g295) C"(g1, 9293) (92:92)
Hence, in order to verify (97) we may assume that K; = {0}. Then Corollary 10 implies
dis(gy g) = dis(By,g,)s(—1)"" Y dis(By, ) dis(By,) (98)
— S(—l)dim u diS<B9192)

dis(By,) dis(B,,)
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But, it follows from Lemma 7 that

7(1>dim V2 (- dim U—dim V)
- - = (1 . 99
(1) dim Ur (1 )dim U (1) (99)

On the other hand, we see from Corollary 26 that
Ydgr,g0) = V(L) TV dis (G, g,) = s(=1)" Py (1) 7 IV dis (G, ),
because (1)? = s(—1). Therefore (98) implies (97). O

3.7. The conjugation property. Let w;; denote the permutation representation of
Sp(W) on L*(W):

wia(g)o(w) = (g~ w) (9 € Sp(W), ¢ € L*(W)).
Also, let

¢*(w) = ¢(—w)  (weW, ¢ € L*(W)).
Proposition 32. For any ¢ € LA(W) and g € Sp(W) we have

(a) T(1)ho = T (1) = ¢,
(b) ()¢hT( N =wii(9)9,
(c) T(g)* =T(g7")

Proof. Since,
T(1) = [W["1q

part (a) is easy to check. We see from (95) that the equality (c) is equivalent to

y(1)~ W dis(B,) = v(1)"™ ¢ W dis(B,-1),
which is the same as

s(=1)m W = dis(B,) dis(By-1).

But the last equality holds because

dis(B,-1) = dis(—=B,) = s(—1)"™ 9 W dis(B,).
Thus it remains to prove the equality (b), which is equivalent to

T(9)8lwy = LguoiT(9)- (100)
The left hand side of (100) evaluated at w’ is equal to
1

(W[T20(g) 1w (w' — wo)x (7 ({e(g)(w" —wo), w' —wo) +2(w" —wo, w')))

and the right hand side is equal to
_ 1

[WIT20(9)1y-w(w' = guwo)x (3 ((e(g) (w' = gwo), w' = guwo) + 2(gwo, w'))).

Since,
w' — gwg = (W — wy) — g~ w
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both sides have the same support. Also,
(9)(w" = gwo), w" — gwo) + 2{gwo, w’) — ({c(g)(w" — wo), w" — wo) + 2w’ — wo, w'))
c(g)(w' — gwo), w' — gwo) — (c(g)(w' — wo), w' — wo) + 2{g" wo, w’)
c(g)((w" —wo) — g~ wo, (W' — wo) — g~ wo) — {c(g)(w' — wo), w' — wo) + 2(g"wo, w')
c(g9)g~wo, g~ wo) — 2(c(g9)gwo, w' — wo) + 2(g " wo, w')
g wo, g wo) — 2{gTwg, w' — wy) + 2(9 wo, w')
g wo, g~ wo) + 2{g wo, wo) = (97" = 1)g w0, wo) + 2(g™wo, wo)
= (g — g)wo, wo) + 2(gwo, wo) = 0.
Therefore the two sides of (100) are equal. O

(e
(
(
=
(g"
(g"

3.8. The Weyl transform and the Weil representation. Pick a complete polariza-
tion

W=XaY (101)
and recall that our normalization of measures is such that duw(z + y) = dux(z)duy (y).
Recall the Weyl transform

K: L*(W) — L*(X x X), (102)
1
K(o)aa') = [ ota =o'+ x5l + ) divly).
Each element K € L%(X x X) defines an operator Op(K) € Hom(L?(X), L2(X)) by

/K x, 2 )o(x') dux(z'). (103)

A straightforward computation shows that Op o K transforms the twisted convolution of
functions into the composition of the corresponding operators. Also,

H%mﬂ@ZAKW@MWMWZM)wd@mKWY=%mUW)(N®

Hence, the map
Op o K: L*(W) — H.S.(L*(X)) (105)
is an isometry. (Here H.S.(L?(X)) stands for the space of the Hilbert-Schmidt operators
on L*(X).) Let U(L?*(X)) denote the group of the unitary operators on the Hilbert space
L2(X).
By combining (101) - (105) with Theorem 31 and Proposition 32 we deduce the following
theorem.

Theorem 33. Let w=OpoKoT. Then
w: Sp(W) — U(L*(X))

s an injective group homomorphism. The function © coincides with the character of the
resulting representation.:

O(g) =trw(g) (g € Sp(W)).
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Moreover,
w(g)Opo K(¢)w(g™") = OpoK(wii(g)) (9 €Sp(W), ¢ € LA(W)).

We end this section by recalling some well known formulas for the action of w(g) for
some special elements g € Sp(W).

Proposition 34. Let M C Sp(W) be the subgroup of all the elements that preserve X and
Y. Then the restriction to X defines a group isomorphism M 3 g — g|x € GL(X) and

w(g)v(z) = s(det(g|x))v(g ') (g eM, vel*X), zeX). (106)

Proof. Fix an element g € M. Let 1, xa, ..., x; be elements of X such that the vectors
x1 + Ker(g7)|x, x2 + Ker(g7)|x, .., zx + Ker(¢g7)|x form a basis of the vector space
X/Ker(g~)|x. Pick y1, y2, ..., yp in Y so that (z;,y;) = 1. Then the vectors y; +Ker(g7)|v,
y2 + Ker(g7)|v, ..., yx + Ker(g7)|y form a basis of the vector space Y/Ker(g~)|y. Let
Wy =T, ..., Wop i= Y. Then wy+Ker(g7), ..., wo + Ker(g™) for a basis of W/Ker(g™).
Furthermore g defines an endomorphism ¢~ |x ker(g-)x Of the space X/Ker(g~)|x and

det({g~ w,,w3>1<”<2k)
( 1 dim(X/Ker(g™) det

1

) (g~ $uyy> <) det({g™ i, Tj)1<ij<k)
= (=1
= (- l)d‘m (X/Ker(g7)x) det
= (=1

( d
dim(X/Ker(g™) det( g sz7yj> ) det(<yz, (g_ — 1)$j>1<z‘j<k)
( d

(
(g xuyj>1<u<k) et((g~ g x]7yz>1<w<k)
( 2

1 dim(X/Ker(g7)|x) (det(

g xzay] 1<i J<k det |X/Ker(g_)|x)'

But det(g7 ! x/ker(g-)1x) = det(glx"). Therefore
Og) = [Ker(g )|} A1) W s ((—1) 0S5 deg(gly "))

W\ 2 o . . )
— (’;V’v’) . 7(1)2dlmg X, s <(_1)d1m(X/Ker(g )Ix) det(g!xl)>

M
lg~Y]
M 1
= -5 (det(g .
oy (detlgl)

(D) (1O det(gl))

Let z,2/ € X and let y € Y be such that x — 2’ +y € ¢W. Then x — 2’ € ¢~ X and
y € g~ Y. Moreover,

1

@)@~ 4 y)x—a +y) = Slelo)x — '), ).
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Hence, (82) shows that

/g_Y Xe(g) (T — 2+ y)x(%(y, x4 2')) duy (y)
9]\ ? 1 , ,
(W) /gy X(5{y @ + 2" = elg)(w — 27))) dpg-v (y)

(%) (7D By o 00+ = ) = ).

because the annihilator of ¢g~Y in X coincides with Ker(¢~)|x. But the condition z + z’ —
c(g)(z — 2') € Ker(g7)|x means that 2’ = g~ 'z. Indeed, if z — 2/ = g~ Z, then

=

0 = g (z+a' —clg)(z—2a') =g (x+2"—g"1)
= g (v +2)—g"(x—2') = 292" — ).
Therefore,

K(T ()2
= o) (U)o vt e - o)

= |g|Y’Y| S (det(g|)_(1)) (%)2 (|g_Y|)% 50(9_1{5 _ x,)

= |Y|2s (det(glx")) do(g'a — ')
and the formula for w(g) follows. O

Proposition 35. Suppose g € Sp(W) acts trivially on Y and on W/Y. Then det((—g) —
1) #0 and

w(g)v(T) = Xe(—g)(22)v(2) (v e L*(X), = € X).

Proof. Since —g acts as minus the identity on Y and on W/Y, det((—g) — 1) # 0 and
z = c(—g) € sp(W) is well defined. Furthermore

z2: X—=Y = 0.
Hence,
/ 1 / / 1 /
[t = o s onGloa + N diety) = | el = Gl + ) duely)
Y Y
1 ]_ 1 /
= el = Y (5 o+ ) = xo(20) Y [Hof + )
Moreover,

O(=g) = 7(1)"™Ws(det(=2)) = s(= 1) Cs((=2) W) = (1) 09,
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Thus
/C(T(—g))(x,x’) = 5(_1>dim(X)Xz(2x)‘Y‘%éo(l’ + x’).
Therefore,
w(=g)o(x) = s(=1)"Nx. (2r)0(—2).
Since, by Proposition 34,

w(=1o(z) = s(=1)"(~a),
the formula for w(g) follows. O

Proposition 36. Suppose g € Sp(W) maps X bijectively onto Y andY onto X and g*> = —1.
Then

w(g)v(x) = (1)) /)(X((gfﬂ,x'»v(x’) dux(a') (v e LX(X), z € X).

(Thus w(g) is a Fourier transform on L*(X).)

Proof. The formula

(g, x') (z,2" € X)
defines a non-degenerate symmetric bilinear form on X. Hence, there is a basis z1, xo, . . .,
x, of X and scalars a; € F* such that

(gzi,25) = a;0i; (1 <4,j <n).

Set y; = —a;lng, 1 <j <n. Then y1, ya, ..., Yn is a basis of Y and (x;,y;) = 6;; for
all 1 <17,7 <n. We have

g v =—ajy; —x; and g y; = a;lxj - Yj.

Set A = diag(ay, as,...,a,). Then, with I =1,,
det (g_) = det( :/Il {Il )
= Lop) (2 )
_ det( _OI il;l ) — 2" 40,

Thus Ker(g~) # 0 so that ¢W = W. Moreover, with w; = z; and w,; = y; for
1=1,2,...,n, we have

) —1 A\ [/ 0 1
det ((g wi,wj>1§i7j§2n) = det( _A _21) (—I O)

n 0 I __on
= 2det(_I 0)-2.

dis(B,) = s(2").

Thus
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Hence,
6(g) = 71/ (2") = s(—1)" s(2) = s(~2)"
Since g7 = g~ (—g), we see that ¢(g) = —g. Further,
((clg)@ —a"+y)x—a"+y) = (—gla—2"+y),z -2 +y)
= (—g(x —a'), 2 —2) + (-gy,y).
Therefore,

[ xewle =+ (Gl + ) di o)

= Xz —2) /Y X—g(y)x(%@, x + ') dpy (y)

= X—g(z =) Y] xo(x + 2') = 7(q) x((g,2")),
where ¢ is the following symmetric bilinear form on Y

1

qy,y') = §<—gy,y’> (y,y €Y).

Since,

N 1\"
det(q(yi, Yj)i<ij<n) = (—5) :

we see that

Therefore,

4. THE WEIL REPRESENTATION OVER R

Let x(r) = exp(2mir), r € R. This is a non-trivial character of the additive group R.
In this section we provide a construction of the corresponding Weil representation, [43],
[51].

4.1. The Fourier transform. Let U be a finite dimensional vector space over R and let
B be a positive definite scalar product on U. We normalize the Lebesgue measure py on
U so that the volume of the unit cube (with respect to B) is 1. The formula

®(u)(v) = B(u,v) (u,v € U)
defines a linear isomorphism ® : U — U*. The form B* dual to B is given by
B*(u*,v*) = v* (@7 (u*)) (u,v* € U).
This is a symmetric positive definite bilinear form on U*. Denote by py+ the corresponding
Lebesgue measure.
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Let S(U) be the Schwartz space on U, [14, Definition 7.1.2]. For ¢ € S(U) let

/¢ W) duy(u)  (u € UF)

be the Fourier transform of ¢. Then, as is well known, F¢ € S(U*) and

/ Folu (' (W) duv-(u)  (u* € U),

see [14, Theorem 7.1.5].

Let §*(U) denote the space of the tempered distributions on U, [14, Definition 7.1.7].
When convenient we shall identify any bounded locally integrable function f : U — C
with the tempered distribution fuy. In particular, S(U) € S*(U). Then the Fourier
transform

F:SWUU) — SU)
extends to
F:S8*(U) — S*(U"),
[14, Definition 7.1.9].

Let V C U be a non-zero subspace. The form B restricts to V and determines the

Lebesgue measure py. We may view py as a tempered distribution on U by

:/ng(v) duy(v) (¢ € S(U)).

In the case when V is zero we define py = pp to be the unit measure at 0. In other words
1o = 0 is the Dirac delta at 0,

to(9) = do(@) = ¢(0) (0 € C(V)).
Also, for future reference, let d, € S(U) be the Dirac delta at u € U,

bu(@) = o(u) (¢ € C(U)).
For an arbitrary subspace V C U, let V- C U* be the annihilator of V. Then,

Fiv = py, (107)
see [14, Theorem 7.1.25].

The quotient space U/V may be identified with the B-orthogonal complement of V in
U. Hence it inherits the natural scalar product.

Consider two real vector spaces U, U” of the same dimension equipped with scalar
products B’, B” respectively. Let u),ul, ..., u/, be a B’-orthonormal basis of U’ and let
ul,uy,...,ul be a B"-orthonormal basis of U”. Suppose L: U — U” is a linear bijection.
Denote by M the matrix of L with respect to the two ordered basis:

Lu; = ZMI"]"LL;/ (] = 1,2, Ce ,n).

Then | det(M)| does not depend on the choice of the orthonormal basis. Thus we may
define | det(L)| = | det(M)| (see section 2.5).
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Lemma 37. With the above notation we have

. O(L(u)) dpy (W) [det(L)| = [ o(u”) dpyr(u”) (¢ € S(U")).  (108)

U/l

Proof. Since fol fol e fol dx, - - - dry dr; = 1 and by definition of uyr, py: ([0, 1u)j+[0, 1ub+
[0 1) =T,

o(u') duy (u / / / o(ziuy + xhuly + - - - + ) day, - - - dahy day,
U/

and similarly for U”. Therefore the right hand side of (108) equals

IR T
:// / ZM”:(;' "y da - dalyda,| det(M)|

=1 j=1
= / / / ¢(Zx;L(ug))dm;--- dxly day| det(M)]
—00 J —00 -0 i
which coincides with the left hand side. O

Lemma 38. Suppose X is a finite dimensional vector space over R with a positive definite
symmetric bilinear form and L: X — U is a surjective linear map. Let

L:X/L7Y(V) = U/V
be the induced bijection. Then
L*(pv) = | det(L)| ™ u-1(v),
where the pullback L*(py) is defined as in [14, Theorem 6.1.2].

Proof. Let X' C X be the orthogonal complement of Ker(L). Denote by L’ the restriction
of L to X' and by L” the restriction of L to X' N L~™'(V). Then

L' X' - Uand L”: X N L7(V) = V

are bijections.
According to [14, Theorem 6.1.2], for a test function ¢ we have

0= [ ot B ) din ) di ) dex () (109
Ker(L
Lemma 37 shows that the right hand side of (109) is equal to

[ bla ) dur ) o) dieay )| det(Z)] det()]
Ker(L) JL"=1(V)
= [ 6 i () de )] des (2]

L-1(V)
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Since | det(L”)|~" | det(L')| = | det(L)|, we are done. O
4.2. Gaussians on R". Let B be the usual dot product on R",

B(z,y) =a'y = xyy1 + Toya + - + 1y, (z,y €R).

Then dugn(x) = dz is the usual Lebesgue measure on R”, see [42, Theorem 10.33].
For a symmetric matrix A € GL(R™) define the corresponding Gaussian v4 by
1
va(x) = X(ﬁxtAx) (x € R").
Also, let

Y(A) = Fya(0) = / X(%xtAx) dzx.

As customary, we shall identify R™ with the dual (R™)* via the dot product. In these
terms we have the following theorem, [14, Theorem 7.6.1].

n

Theorem 39. For any symmetric matriz A € GL(R"),

o sen(A)

Fya= ————=7-a1,
A —|detA|7 A

where sgn(A) is the number of the positive eigenvalues of A (counted with the multiplici-
ties) minus the number of the negative eigenvalues of A (counted with the multiplicities).
In particular,

6%isgn(A)

W= T

Remark 1. Eqn.(110) follows also from [51, Chap. I Théoreme 2 and Chap. II § 26].

(110)

Remark 2. Eqn.(110) implies that
Y(A) = £y(1)" " y(det A), (111)

which can be viewed as the analog on R of Corollary 26.
Indeed, by applying Eqn.(110) to both 1 and det A, we get

o sign(det )

V] det A

where sign(det A) is the sign of the determinant of A. Hence we are reduced to compare
the congruence modulo 4 of sgn(A) with those of n—1+sign(det A). Let p (resp. ¢q) denote
the number of the positive (resp. negative) eigenvalues of A. We have sgn(4) = p — ¢
and n = p + q. It follows that

n — 1+ sign(det A) —sgn(A) = 2g — 1 +sign(det A) =0 (mod 4),
since sign(det A) = (—1)9.

v(1) = e®  and v(det A) =
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Remark 3. It is easy to see from (111) that
2
7(@)) 1 x
—t | =- aecR”™). 112
(@) =5 ee® )

4.3. Gaussians on a vector space. Let U be a finite dimensional vector space over
R with a symmetric positive definite bilinear form B. Suppose ¢ is a non-degenerate
symmetric bilinear form on U. Let v(¢) = 7(Q), where @ is the matrix obtained from
any B-orthonormal basis uq, us,..., u, of U by

Qi =q(ui,uj)  (1<4,j<n).
Also, we define v(0) = 1.

Lemma 40. If q is a non-degenerate symmetric bilinear form on U, then
1 * 1 * * * * *
| xGatu )= ) due) = 2ax(—50 @) (@ e )

Proof. Fix a B-orthonormal basis g, usg, ..., u, of U and let uj, u3, ..., u), be the dual
basis of U*. This is a B*-orthonormal basis. As we have seen in the proof of Lemma 27,
if ) is the matrix corresponding to ¢, as above, then Q! corresponds to g*.

Let z; = u}(u) and let y; = u*(u;). Then

| MGatw (e @)t = [

= QX (5@ ) = 1(@)x(~5a (" u)),

where the second equality follows from Theorem 39. O

X(%lﬂtQﬂ?)X(—th) dx

n

4.4. Gaussians on a symplectic space. Let W be a finite dimensional vector space
over R with a non-degenerate symplectic form (, ). Fix a positive definite compatible
complex structure J on W. In other words, J € sp(W), J?> = —I and the form

B(w,w") = (J(w),w") (w,w" € W) (113)

is positive definite. As explained in section 4.1, this leads to a normalization of the
Lebesgue measures on any subspace of U C W and on any quotient U/V, where V is a
subspace of U.

We shall identify W with the dual W* by

w*(w) = (w, w*) (w,w* € W). (114)
Then
U* = W/U* and (U/V)* = V*+/U+, (115)

where the orthogonal complements are taken in W, with respect to the symplectic form

()
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Lemma 41. Suppose © € Hom(U, W/UL) is such that
(xu,v) = (v, u) (u,v € U).

Set

q(u,v) = %(mu,v) (u,v € U).

Let V be the radical of q and let § be the induced non-degenerate form on U/V. Then

(a) V = Ker(x);
(b) The element x determines a bijection

z:U/V = VE/UE,

with the inverse
“Loviut = u)Y;

(c) Let x=% : V+ — U/V be the composition of =1 with the quotient map V+ —
VL /UL, Define

) = () (@e), (116)
o () = X o)) (we V). (117)
Then, for any ¢ € S(W),
| et o) s ) () (118)
203(0) [ v (w)ow) s ()
= 2 | X 00 [ ot )i (0] ds s+ U,

Also, for any ¢ € S(W/UL),

/ /W/W (u, w))(w + U™ dpiny jus (w +U™) dpy (u) (119)

= 29y (g) / X (W)@ (w +UT) dpty sy (w4 U).
ViUl
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Proof. Part (a) is obvious. Part (b) means that Ker(x)* = Im(x), which is true. For
¢ € S(W) we have,

[ xetun= ot diny ) di
— /Wf(vquu)(%w)cb(w)dﬂw(w)
- /W F(gi0) () (2w) dpay (w) 25 W

= 2@ | g w)o(2u) dias () 2

1

= 2@ | g (Ge)ow) dus (w) 20 Wi

= @) [ e (w)olw) duys (w) 2
V4
This verifies (118). For gb € S(W/Ut) we have,

/ / (u,w))é(w + UT) dpivg s (w0 + U dpu ()
W/UJ—
- /U/V//VV/UL (u+V) ( (u+ v, w))p(w + UT) duy e (w + UT) dpy () dpg v (u + V)

N /u/v / /W/UL Ya(u + V)x((u+ v,w))o(2w + UT) dpyy s (w + UT) dpy (v) dpy v (u + V)

gdim W/Ut

= [ e VX )20+ U ding -+ U disgpe V) 28
u/v Jviut

= 7(q) / Vg (w + UL)¢(2w + Ul) dluW/Ul<w + UL) odim W/U*
VLUt
1 . .
- / g (Gw + UN)(w + U dpay py (w 4 U 20m WS mdim VU7
VJ-/UJ- 2

= 7(6) / X@*l (U} + UL)QS(w + UL) dMW/Ui (’LU + UL) 2dim V.
VL/UL

This verifies (119). O

By a Gaussian on the symplectic space W we shall understand any non-zero constant
multiple of the tempered distribution

XzHu € (W) (120)

where the function y, is defined in Lemma 41. In these terms Lemma 41 says that the
Fourier transform of a Gaussian is another Gaussian.
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4.5. Twisted convolution of Gaussians. Recall the twisted convolution of two Schwartz
functions 1, ¢ € S(W):

vio(w) = [ Do —uxGlue)da)  weW). (2)

It is easy to see that the above integral converges and that ¢5¢ € S(W). Also, the twisted
convolutions

B (1) = d(w — w0)x (= (w0, 0)) and Gy () = dw — wo)x(ww, we))  (122)

2 2
are well defined for any continuous function ¢.
Let
t(9) = Xehg-w (9 € Sp(W)). (123)

For any ¢ € S(W), the twisted convolution #(g)f¢ is a continuous function given by the
following absolutely convergent integral

oo = [ xewlwow - un(Gluu)dyyw)  weW). (120

g~ W
Lemma 42. For any g € Sp(W),
t(9)1(0we10) = dguot(t(9)i9) (¢ € S(W), wo € W).

Proof. The left hand side evaluated at w € W is equal to
1
[ Xt @6 0 = (G ) iy )
-

1

= [ Xt @6 u = wo) Gy w0 = ) o)) iy

w
1
= [ o == e (el ) + 2w = )+ 2u,w)) diy ()
g~ W
and the right hand side is equal to

(t(9)80) w — guo)x (5 {gruo, w))

Xt ()60 = gy = )50 = ) dpy-w () L. )

e—

X (u— g~ wo)p(w — gwo — (u — g~ wy))
X = g7, w = guo)) dsg-w(w)x (5 o, w)
= [ e —u— wo({(lelo) g7 wn),u — g wo)
g~ W
+ 2(u — g wo,w — gwo) + 2(gwo, w))) dptg-w(uw).
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A straightforward computation shows that
(c(9)(u— g wo),u — g~ wo) + 2{u — g~ wo, w — gwo) + 2(gwo, w)
— ({e(g)u,u) + 2(wo, w — u) +2(u,w)) = 0.
Hence, the two sides are equal. 0]
Let 5 5
Owo = lim—e 9
t—0 t

Then, for any ¢ € S(W) and wy € W,

Ao P (w) = i wo, w)d(w) + Dy, * G(w) (125)

Qbhawo (w) = _ﬂi<w07 w>¢(w> + awo * ¢(w)

where 0y, * p(w) = %qﬁ(w — twp) |¢=o is the directional derivative in the direction of —wy.

Corollary 43. For any g € Sp(W),

t(9)4(0u10) = Dguoi(t(9)10) (¢ € S(W), wo € W).
Proposition 44. For any g € Sp(W) and ¢ € S(W), t(g9)1¢ € S(W). Moreover the map
S(W) > ¢ — t(g)sg € S(W)
18 continuous.
Proof. We see from Corollary 43 with the formulas (125) that for any wg, w € W,
2mi{wo, w)(H(9)4P) (W) = Duot(t(9)10)(w) — (£(9)16) 10w, (w)
- t(g)b(agflwohgb - Qbhawo)(w)
and similarly

20, * (1(9)10) (W) = 1(9)1(Tg1u 10 + P10, ) (w).

Hence, for any polynomial coefficient differential operator P on W there is a polynomial
coefficient differential operator ) on W such that

P(t(g)se) = t(g)sQ(¢) (¢ € S(W)). (126)
Notice also that by the definition (124)
)50 = sup [ 6w )] dpy-vw(a) < o0 (127)
weW Jg—W

and that the right hand side is a continuous seminorm on S(W). The proposition clearly
follows from these two facts. O

Since the left and right twisted convolutions commute, Proposition (44) together with
Corollary 65 below show that for any two elements g1, go € Sp(W) there is a tempered
distribution t(g1)tt(g2) € S*(W) such that

(t(91)8t(92))890 = t(g1)b(t(g2)80) (¢ € S(W)). (128)
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In order to verify Proposition 46 below, we shall need an explicit formula for the function
t(g)h¢ of Proposition 44. This is provided by the following Lemma.

Lemma 45. Fiz an element g € Sp(W). Let U= g~ W. The map
Usu— (,(1—c(g9))u) € U =W/Ut = W/Ker(g") (129)
18 bijective.
Fix a complement Z of U in W so that
W=U®Z

We shall denote the elements of U by u and elements of Z by z. In particular every w € W
has a unique decomposition

w=u-+z.
Then, for any ¢ € S(W) and any w’' =u' + 2/ € W,
t(9)sgp(w') (130)
/ ]' / / / 1 / /
= Xelo)(W)x(5{w, ') / Xe(g) (W)9(u + 2)x (=5 (u, (1 = clg))u’ + 27)) duy (u).
u

In particular, (130) implies that t(g)tp € S(W).

Proof. Suppose ( , (1 —¢(g))u) = 0. Then (1 — ¢(g))u € Kerg~. There is uy € W such
that u = g~ ug. Therefore

0 = g (I—c@hu=g (1=clg)g uo=9g (9 )uo—9g g uo
= g (9 u—g'gu=_(9"—g)g u=—-29 u=—2u.
This verifies (129).
The left hand side of (130) is equal to
/ / 1 /
Ha)zow) = | @l = (Gl duo)

- / Xe(o)(u + u)(2" — u)x<%<u ', w')) dpy(u)

U
1 1
= | D Gl w)ol = (-t o)
1 1
= a0 [ v (W6~ Gl = ela)e)) di),
which coincides with the right hand side. 0

In the following proposition we use Notation 4 and Notation 6.

Proposition 46. Fiz two elements g1, g2 € Sp(W). Let U} C Uy be the orthogonal com-
plement of U with respect to the positive definite form B, so that

U, =UeUu.
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Then the map
L: U 4 Uy 3t +ug — c(g)u] — c(ga)ug — u) —ug + Ut € W/U*
is well defined, surjective and L™'(V+/U+) = Uy, Denote by
L: (Uy +Uy)/Us 3 1y + ug 4+ Uy = ¢(g1)ug — c(ga)us — ug — up + V- € W/VE

= (W/Ub)/(v+/uh)
the induced bijection and set
C(g1,92) = (g1 )2 V| det(L)| " (131)
Then C'is a cocycle, with C(g1,1) = C(1,g2) =1, and
t(g1)bt(g2) = C(g1, 92)t(9192)- (132)

Furthermore, C(g1,92) = C(g2,91)-

Here, and elsewhere in this paper, the determinant of the zero map on a zero vector
space is by definition equal 1.

Proof. Since V*/U+ = (¢(g1) + ¢(g2))U, the map L is well defined. Suppose u} € U} and
uy € Uy are such that L(u} + uy) € V-/UL. Then there is u € U such that

(c(g1) + e(g2))u+ e(gr)uy — e(ge)uz — ) — up € U™
Let u = gy vy = g, V9, v =u} = gy wy, and w — v = uy = g5 we. Then

(c(g1) + c(ga2))u + c(g1)v + c(ga) (v — w) —w € Ut.

Hence, the computation (87) - (89) shows that w = (g192)” (w2 — v2) € Ujy. Therefore
L_I(VL/UL> C Uqs.

The map L is surjective. Indeed, for every w € W, set uy = g5 wy with we = —% g5 tw.
Then

L(us) = —clgo)us —wy + U™ = —gfws — ggwy + U™
= —2g2wQUL =w+ UL,

Lemma 7 (b) shows that dim((U;+Us)/U5) = dim((W/UL)/(V+/UL)). Thus L=H(V4L/UL) =
U12.

Here is a direct proof of this last equality. We already know that L='(V+/Ut) C Uy,.
Therefore it will suffice to show that L(U;5) C V+/U*. This is true, because one can show

(as was done in the first part of the proof), that for u = (g192) " w = u;+ug = (u)+u')+us,
with u; = g7 gow and uy = g, w, one has:

L(u) = c(g1)gr g2w — c(g2)gs w — (c(gr) + c(g2))u’ — (ur +ug) + U™
= (9192w — g3 w —u — (c(g1) + c(g2))u’ + U™
= (q1g2) w —u — (c(g1) + c(go))u’ + U+
= u—u—(c(gr) +c(g))u' + U € VU
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The computation (89) - (93) shows that, if v} + us € Uyy then
(c(gr)uy, uh) + (c(ga)ug, uz) + 2{u}, uz) + ((c(g1) + c(g2)) ™ L(uy + ug), L(uj + ug))
= (c(g192) (U} +uz),uy + uy)
so that

1
Xe(gr) (1) Xego) (W) X (5 (U5 U2)) X (c(g1)+c(ga)) 1 (L(U] 4 U2)) = Xe(grgn) (W) +u2).  (133)

2
Any u; € U; has a unique decomposition u; = uj + u, where v} € U} and v € U. With
this notation, Lemma 45 shows that for any ¢ € S(W),

t(g1)b(t(g2)80)(0) (134)
- / Neton () H(g2)86ur) djay, ()

= /U /U Xc(g1)(Ul)Xc(%)(u)X(%(u,u’1>)x(%<u27(C(g2)_1)u>)

(i (2 ) s+ ) s, () s )

- / / | / G 0 Xt (10X (s DX s el) — 1))

Xe(ga) (U2) X (— 2<Uz,u1>)¢(uz+U1)dﬂuz(u2)dﬂu' (uy) dpy (u)

The formula (119) applied with x = ¢(g1) + ¢(g2) shows that

] et et 035 Gy e () = 1)) ) (135)

1
= Xc(g1)<u,1) /U Xc(g1)+c(92)(u)x<§<ua C(gl)ull - C(g2)u2 - ull - u2>) d:uU (u)

2d1m V

V(dg1,92) Xe(gr) (U ,1)(X(c(g1)+c(92))’1ﬂVL/Ul)(C(gl)ull — c(g2)us — uj — ua).
Furthermore, Lemma 38 shows that, for u} 4+ uy € Ui,
pvijus (e(gi)uy — c(ga)ua — uy — ug) = L™ (py1 pyr ) (uy + ug) (136)
| det (L)~ pryy, (u} + us).
The formula (132) follows directly from (133) - (136).
We see from (122) that
t(g1)8(t(g2)00) (w) = (¢(91)8(t(92)8¢))80-(0) = (£(g1)8(¢(92)8(Ph0-w)))(0)
= ((t(g1)0t(92))8(h0-1,)) (0) = ((£(91)5t(92))26)10-)(0) = (t(g1)0t(g2)) 8 (w).

Therefore

(t(91)0t(g2))80 = t(g1)h(t(g2)16).

Hence, t(g1)ht(ge) coincides with the composition of #(g;) and ¢(gs) as elements of the
associative algebra End(S(W)). Therefore the function C'is a cocycle.
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The last statement is easy to check if g — 1, g» — 1 and g19o — 1 are invertible. Since
the cocycle C' is a continuous function, the equality for all group elements follows. 0

4.6. Normalization of Gaussians and the metaplectic group. For a subset S C W
let S+ C W be the B-orthogonal complement of S and for an element i € End(W) let
h#* € End(W) be as in (35). In particular, (Ker h#)+ = hW.

Lemma 47. Let h € End(W) and let K CW be a subspace. Then

W ((hE)Y) € K+ (137)
and
|det(h: K — hK)| = |det(h? : W/(RK)* — W/K™*)|. (138)
Proof. The inclusion (137) follows directly from (35).
Let wq, ..., w, be a B-orthonormal basis of K and let uq, ..., u, be a B-orthonormal

basis of hK. Since J is a B-isometry, Jws, ..., Jw, € JK and Juq, ..., Ju, € JhK are
B-orthonormal basis. Define a matrix (h;)1<ki<a by

hw; = Z by iug, (1<i<a).
k=1

Then
|det(h : K — hK)| = | det((hi,i)i<k,i<a)l- (139)
We see from (34) that

JhK = (hK)*# and JK = K&,

Therefore
[ det(h* : W/(hK)*" — W/K*)| = | det((h],)1<ri<a)l; (140)
where .
Wt Ju € > hiJw+ K (1<i<a).
k=1
But,

a

h'j,i = Z hk7iB<U]’, Uk) = — h,]{;,i(Uk, JUJ> = —(hwl, JU]>
k=1 k

=1
a

= —{w;, W Ju;) = —(w;, hz’%ijk) = — hk#’j(wi, Jwy)

= thjB(wk,wi) = h;#j
k=1

Hence, (138) follows from (139) and (140). O
Lemma 48. Fiz two elements g1, g2 € Sp(W) and assume that K1 = Kerg; = 0. Then
2 4m Vi det(L)] = |det(gy : K12 — V)| 7L
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Proof. Since, by Lemma 7 (c), V. = g; Ki» = (97" — 1)Kj2, the right hand side of the
equation we need to prove makes sense. Also,

. ~ 1~
274 V| det(L)| = |det(5L)|

and a straightforward computation shows that

1- 1
§LI W/U12 S W+ U12 — 5(0(91) — 1)71) +VJ_ = (gf)_lw +VJ_ € W/VJ_

Hence,
]det(%iﬂl — [det(g: W/VE = W/Up)|.
Notice that g;* — 1 = g#. Since V = g, K5 and Ujy = Kj5, Lemma 47 shows that
|det(g; : W/VE — W/Uypp)| = |det(g; — 1: Kip — V).
Since the restrictions of g; L and go to K15 are equal, we are done. O

Consider an element h € End(W) such that Kerh = Ker h#. (In our applications h
will be equal to g~, where g € Sp(W). Then g = g7! — 1 = —g !¢~ has the same
kernel as g~.) Let L = J~'h. Denote by L* the adjoint to L with respect to B (i.e.
B(Lw,w') = B(w, L*w')). Then L* = Jh#. Hence Ker L = Ker L*. Therefore L maps
(Ker L)*# = LW bijectively onto itself. Thus it makes sense to talk about det(L|zw), the

determinant of the restriction of L to LW. If wy, wo, ..., w,, is a B-orthonormal bais of
(Ker L)*#, then
det(L|Lw) = det(B(Lw,, wj)lgi’j§m> = det((hwl, wj)1§i7j§m). (141)

Under the condition Kerh = Ker h#, we define det(h : W/Kerh — hW) to be the
quantity (141).
Since
B(JQUZ, Jw]) = <JJ’£UZ, J'LUJ> = (sz-,wj> = B(wi,wj),
Jwy, Jws, ..., Jwy, is a B-orthonormal basis of AW (=JLW). Further, if the coefficients
h;; are defined by

hwi = Z hj,iij,
;
then
det((hwi, w;)1<ijem) = det((D hiiJwe, w;)1<ij<m)
k

= det((hgi)1<ki<m) det((Jwr, wi)r<kj<m) = det((hri)1<ki<m) det(B(wk, w))i<k j<m)
= det((hgi)i1<ki<m)-

Thus |det(h : W/Kerh — hW)| = |det((h:)1<ki<m)| coincides with the absolute value
of the determinant defined previously in section 4.1. In particular,

det(h : W/Ker h — hW) (142)
= sgn(det(h : W/Ker h — hW))|det(h : W/Ker h — hW)].
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Hence, if we identify R*/(R*)? with {£1} via the sgn, then det(h : W/Ker h — hW) is
equal to the discriminant of the bilinear form induced by (h , ) on the quotient W/Kerh
times | det(h: W/Ker h — hW)|.

Also,

(hJ ") Jw; = hjiJw; and  (J 'h)w Zh A,
J

and hJ~! maps hW into itself bijectively. Hence,
det(h: W/Kerh — hW) = det((hii)1<ki<m) (143)
= det((hJ Y)|aw) = det((J*h)|nw) -
Definition 49. For g € Sp(W) define
©%(g) = (1)*™ ¢V det(g™ : W/Ker(g™) = g~ W)™
= (1?2 (y(det(g™ : W/Ker(g™) — g~ W))?
(Here the second equality follows from (112).)
Lemma 50. We have

@2(9192)
©2(91)©%(g2)

Proof. Both sides of the equality (144) are cocycles. Hence, Lemma 8 shows that we may
assume that K; = {0}. In terms of the notation of Lemma 11 we have

—dim Ujs+dim W+dim U = dim Kjp+dim U = dim V4+dim U = — dim (U/V)+2dim U.

=C(g1.92)> (91,92 € Sp(W)). (144)

Hence,

7(1)2(—dim Ui2+dim W+dim U) — 7(1)4dimU7(1)—2dim(U/V) — (_1)dim U,y(1>—2dim(U/V). (145)

Therefore the equality (38) is equivalent to

v(1)724m Yz det((g1g2) ™ : W/ K2 — Usa)
v(1)~2dim W det(g; : W — W)y (1)2dim U det(g, : W/ Ky — U)

= (1) IO det((3 (e(g1) + elg2)  Juw) detlgg : Ky = V)

(146)

By Remark 2, we get

_ Tigon(d 1 _
VGgr gr) = €758 @) det((5(c(g1) + clg2)) bu)| 7?2

and
sgn (g, .g.) =P — 4,

where p is the dimension of the maximal subspace of U/V on which the form (c(g1) +
c(g2) , ) is positive definite and ¢ is the dimension of the maximal subspace of U/V on
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which the form (c(g1) + ¢(g2) , ) is negative definite. Hence,
W) = P det({5(clon) + () . Jup)]”
= (1) det((G(elon) + e(92)  Jup)”
= det({5(clg) + o)), o)

= O det({(elgr) + e(92))  Jup) ™

This, together with Lemma 48, shows that the right hand side of (146) is equal to

. L \2
W) (27 V| det(1)])
which, by Proposition 46, coincides with C(gy, g2) 2. O
Definition 51. Let

Sp(W) = {(9:€); g € SP(W), £ € C*, & = ©(9)}.
where ©2(g) is defined by Definition 49.

Lemma 52. §};(W) is a group with the multiplication defined by

(91, 61)(92, &2) = (9192, §:1&2C (91, 92)) (91,92 € Sp(W)) (147)
the identity equal to (1,1) and the inverse given by
(9.97'=(9718)  (g9€Sp(W)).

Proof. Lemma 50 shows that the right hand side of (147) belongs to Sp(W). A standard

computation, as in [22, page 366] together with Proposition 46, shows that Sp(W) is a
group with the multiplication given by (147), the identity equal to (1,C(1,1)~!) and

(9.7 =(¢g".Clg g7l
Since, by Proposition 46, C'(1,1) = 1, it remains to check that
Clgg) ¢! =¢
But, as in the proof of Lemma 48,
Clg",9) = 25 V| det(L)[™"
= |det(g™ : W/Ker(g™) = g~ W)| = |©%(g)| " = [¢| .
This completes the proof. O

Notice that the map
Sp(W) 2 (g,€) — g € Sp(W)
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is a group homomorphism with the kernel consisting of two elements. Thus %(W) is a
central extension of Sp(W) by the two element group Z/2Z:

1 — Z/27 — Sp(W) — Sp(W) — 1. (148)
Proposition 53. The extension (148) does not split.

Proof. Pick a two-dimensional symplectic subspace W; € W and let Wy = W1, so that
W =W; & Wa.
Define an element g € Sp(W) by
g(wy + wy) = —wy + we (w1 € Wy, wy € Wy).

Then
©%(g) = i*det(—2: Wy — W)~ ! = (i/2)?
and
C(g,9) =2%-1-1=22%

Let § = (g,i/2). Then § € Sp(W) and
7= (9" (i/2)°C(g,9)) = (1,—1) and g" = (1, 1).

Thus the subgroup of é\];/)(W) generated by g is cyclic of order 4. The subgroup of Sp(W)
generated by g is cyclic of order 2. Hence the extension (148) does not split over that
subgroup. O

Corollary 54. Up to an equivalence of central group extensions, as in [22, sec. 6.10], (148)
is the only non-trivial central extension of Sp(W) by Z/27Z.

Proof. Since, as is well known (see [27, Theorems 5.10 and 11.1 (b)]),
H?*(Sp(W),Z/27) = Hom(Z, Z,/27),
the claim follows. O

Let

¢"(w) = o(—w) and u*(¢) = u(¢*) (¢ € S(W), ue S (W), weW).
Lemma 55. For any g € Sp(W), t(g)* =t(g7").
Proof. By the definition (123),

t(9)" = (Xetattg~w) " = Xela)Hg=W = X—c(g)Hg~W-
Since g~W = (¢~ — 1)W, it will suffice to check that for any w € W

—c(g)g w =c(g™')g w.
The left hand side is equal to —¢g™w. The right hand side is equal to

—c(g Vg = Dgw=—(g7" = )gw = —g"w.



60 A.-M. AUBERT AND T. PRZEBINDA

Definition 56. For § = (g,&) € Sp(W) define
©(9) =¢ and T(3) =0O(g)t(g)-
Lemma 57. With the notation of (149), the following formulas hold
T(3)8T(3) = T(G132) (31,32 € Sp(W)),
T(@) =T@E")  (5€Sp(W)).
Proof. By Proposition 46 the left hand side of (150) is equal to

©(§1)0(g2) ~
———=C(q, T :
@(gng) (91 92) (9192)
Lemma 52 shows that 0(3)6(52)
g1 g2
——=C ) = 1.
@(9192) (91 92)

This verifies (150).
The equality (151) follows from Lemma 52 and Lemma 55:

T(3)" =0(9)tg) =0 tlg ") =TEG™).

(149)

(150)
(151)

(152)

O

Notice that Sp(W) is a connected Lie group. As such it has a unique connected double

cover (up to an isomorphism of covers). See [3, sec. 16.30]. This way we may view E}B(W),

the metaplectic group, as a connected Lie group.

Lemma 58. The map T : §15(W) — S§*(W) is injective and continuous.

Proof. The injectivity of T follows from the injectivity of ¢ : Sp(W) — S*(W), which is

obvious. Let
Sp*(W) = {g € Sp(W); det g~ # 0}.
Lemma 8 shows that
sp(W)=|J Sp(W)h.
)

heSp(W
Let é\ﬁc(W) C é\f)(W) be the preimage of Sp®(W). Then

Se(W) = [J Sp (W)h.
heSp(W)

By Lemma 57, we have

Thus for ¢ € S(W),

By Proposition 44, the map

(153)
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is continuous. Hence it will suffice to check that the restriction of 7" to QBC(W) is contin-
uous. But this is obvious. 0

4.7. The conjugation property. Let L?(W) denote the Hilbert space of the Lebesgue
measurable functions ¢ : W — C, with the norm given by

||¢|@==/;J¢@Uﬂ2duw(w)

Lemma 57 shows that for any § € Sp(W) and any ¢ € S(W)
I T(9)50 1= (T(9)50)"6(T(9)5¢)(0) = ¢"5T(9)"5T(9)16(0) = ¢*136(0) =|| ¢ |5 -
Hence, the continuous linear map
S(W) 3¢ —=T(g)1¢ € S(W)

extends by continuity to an isometry

L*(W) 3 ¢ = T(9)16 € L*(W).
Furthermore, the formula

wii(9)p(w) = ¢(g~'w) (g € Sp(W), ¢ € L*(W)).

defines a unitary representation wi ; of the symplectic group Sp(W) on L?(W).

Proposition 59. For any ¢ € L2 (W) and g € §]5(W) in the preimage of g € Sp(W),
T(3)1¢0T(5") = wi1(9)¢.

Proof. Since T'(g) is a bounded operator, we may assume that ¢ € S(W). Lemma 42 says
that

t(9)80w = 5gwht(g) (w e W).

Therefore
T(@)héw = 6gth(g> (w € W)
Since,
o= | obuduw(w) and | o)y duve(w) = 14(0)0,
W W
we see that

T(9)8¢ = (Wl,l(g)ﬁb)ﬂT(g)-



62 A.-M. AUBERT AND T. PRZEBINDA

4.8. The Weyl transform and the Weil representation. Pick a complete polariza-
tion

W=XaY (154)
and recall that our normalization of measures is such that duw(z + y) = dux(z)dpy (y).
Recall the the Weyl transform

K: S8 (W) — S*(X x X), (155)
1
K((ea') = [ fa =o'+ x5l + ) duvly).
This is an isomorphism of linear topological spaces, which restricts to an isometry
K: L*(W) — L*(X x X). (156)
Each element K € §*(X x X) defines an operator Op(K) € Hom(S(X), S*(X)) by
Op(K)e(z) = [ Klo, ol dis(s') (157)
X
Schwartz Kernel Theorem, [46, statement (51.7), page 531], implies that
Op : 8" (X x X) = Hom(S(X), S*(X)) (158)

is an isomorphism of linear topological vector spaces. (One may prove it using [14, The-
orem 5.2.1].) A straightforward computation shows that Op o K transforms the twisted
convolution of distributions (when it makes sense) into the composition of the correspond-
ing operators. Also,

(Opo K(f))"=0poK(f)  (feS&(W)) (159)
and
tr Op o () = [ JC(),) dita) = F(0) (160)
if Op o K(f) is of trace class, [18, Theorem 3.5.4]. Hence, the map
Opo K : L2 (W) — H.S.(L*(X)) (161)

is an isometry, which is a well known fact [18, Theorem 1.4.1]. (Here H.S.(L?*(X)) stands
for the space of the Hilbert-Schmidt operators on L?(X).)
Let U(L%(X)) denote the group of the unitary operators on the Hilbert space L?(X).

Theorem 60. Let w=OpoKoT. Then
w: Sp(W) = U(L*(X))
is an injective group homomorphism. For each v € L2(X), the map
Sp(W) 3 § — w(gv € L*(X)

is continuous, so that (w,L*(X)) is a unitary representation of the metaplectic group. The
function © coincides with the character of this representation:

/N 0()V(3) dj = tr /N w@UE) G (T e CEERW)),
Sp(W) Sp(W)
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where the integral on the left is absolutely convergent. (Here dg stands for any Haar
measure on Sp(W).) Moreover,

w(G) Op o K(¢)w(G™) = Opo K(wii(g)d) (5 € Sp(W), ¢ € LA(W)).

Proof. We see from the discussion in section 4.7 that the left multiplication by w(g) is an
isometry on H.S.(L%(X)). This implies that w(g) is a unitary operator.
We see from (158) that for any two function vy, v € S(X) there is ¢ € S(W) such that

/X (@)1 ()o@ dux(z) = TE)(@) (G € Sp(W)).

Hence Lemma 58 shows that the left hand side is a continuous function of g. Since
the operators w(g) are uniformly bounded (by 1), we see that the left hand side is a
continuous function of § for any v;,v, € L*(X). This implies the strong continuity of w,
see [49, Lemma 1.1.3] or [50, Proposition 4.2.2.1].

Lemmas 57 and 58 show that the w : §1§(W) — U(L?(X)) is an injective group homo-
morphism.

It is not difficult to check that the function

det(Ad(g) — 1)
det g~

is locally bounded. Furthermore, as shown by Harish-Chandra [11, Lemma 53, page 504],
the function

(9 € Sp(W))

| det(Ad(g) —1)|72 (g € Sp(W))
is locally integrable. Hence the function,
©(g)] = |detg™[7V* (€ Sp(W)) (162)

is locally integrable. N
Notice that for any ¥ € C°(Sp(W)),

[y T(5)V(5) dj € S(W). (163)
Sp(W)

Indeed, since the Zariski topology on Sp(W) is noetherian the covering (153) contains a
finite subcovering (see for example [13, Exercise 1.7(b)]). Hence, there are elements h,
ha, ..., hy in Sp(W) such that

Sp(W) = Lmj Sp (W)h;.

Therefore Proposition 44, Lemma 57 and a standard partition of the unity argument

reduces the proof of (163) to the case when ¥ € C?(%C(W)) In this case (163) is equal
to

/ e%i@w’mw(m) dx (164)
sp(W)
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where ¢ € C®(sp(W)) and dz is a Lebesgue measure on sp(W). The function (164) is
equal to the pullback of a Fourier transform 1) of ¢ from sp*(W) to W via the unnormalized
moment map

7: W = sp*" (W), 7(w)(z) = (zw, w) (x € sp(W), we W). (165)
Since 1& € S(sp(W)) and since 7 is a polynomial map with uniformly bounded fibers,
YoreSW).

This verifies (163). Hence, we may compute the trace as follows:

tr /%(W)w(g)\lf(a) aj = ( /SW) T3 () dg) (0) = ( /S;C(W) T(5)v(g) dﬁ) (0)
- /S?(W) T)O0¥E) &~ [ 0@ di

Sp(W)
The last formula is a direct consequence of Proposition 59. U

We end this section by recalling some well known formulas for the action of w(g) for
some special elements g € Sp(W).

Proposition 61. Let M C Sp(W) be the subgroup of all the elements that preserve X and
Y. Let M ={g €M : detg~ #0}. Set

oty "*(3) = O(3) det(3 (e(gl) + D) (5 € AT,
Then
(detx (@) = det(gh) " (5 € ) (166)
. M¢ — C* extends to a continuous group homomorphism

dety /% M — C*

the function det;(l/2

and
w@o(x) = dety P (@o(g~'z) (G eM, veSX), zeX). (167)
Proof. Set n = dim X. Fix an element g € M. Then
©%(g) = det(ig”)™" = (~1)"det(glx — 1)~" det(gly — 1)~
= det(glx — 1) det(1 — gly)™
= det(g|x — 1) det(1 — (glx)") ™"
= det(g|x — 1) det(g|x).
Also,

det(5(elghx) + D)™ = |det((ghx)(glx — 1))

= | det(g|x — 1))|| det(glx)| .
This verifies (166).
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Let x,2' € X and let y € Y. Then
/ / 1 /
K(to)(ea) = [ oo =o'+ (o + ) duvly)
Y

= [ XGlelo)a = )Gl + ) duvl)

2
= i(5elg)(w — ') — 2 — ") = ol ((eg) — L)z — (eg) + )
= Jdet(5(clgh) + V)M oolg ™ — o).

2
Therefore
K(T(9))(x,2") = detx*(§)d0(g~ 2 — 2').

Thus we have (167) for g € Me¢. Since w is a representation of M, the remaining claims
follow. 0]

Proposition 62. Suppose g € Sp(W) acts trivially on' Y and on W/Y. Then det((—g) —
1) #0 and
w(g)o(r) = Exe(—g) (20)0(x) (v € S(X), z€X).

Proof. Since —¢g acts as minus the identity on Y and on W/Y, det((—g) — 1) # 0 and
z:=c(—g) € sp(W) is well defined. We have

2(w) = (=9)"((=9)7) '(w) (weW).

Since g acts trivially on Y and on W/Y, we get, for every x € X and every y € Y:
gx+y)=x+4+y+y, wherey, €Y.

It gives (—g) (x4 y) = =22 — 2y —y,. Also, (—g) "y = —2y, so that ((—g)") 'y = —3v.

Hence,

() ) a+9) = 5y (~9)) ) = —5 (@ +9) + o

2 4
We obtain . )
Azt y) = (=) (=5 +9) + 7o),
that is,
1
(o +y) = () = (168)
In particular, we have
z: X—=>Y = 0.

Also, det(z—1) # 0 and ¢(z) is well defined. On the other hand, we have (z —1)(z+y) =
—(z+y) + 3y, and (z — 1)y = —y. It follows that

(== 1) @ +y) =~ 1) — b
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Hence,
1 1 1
@)z +y) =+ ~(@+y) = 5u ) = 54 — (@ +Y) = 5
that is,
c(2)(w) = —w — 2z(w), for every w € W. (169)

We have ¢(z) € Sp(W). Indeed, for any w,w’ € W, writing w = z + y and v’ = 2’ + ¥/,
with z, 2" € X and y,y' € Y, we have

<C(Z)(’LU), C('Z)(w/)> = <_w = Yz, —w' — yz/> = <U),U)/> + <x7ya:’> + <yx7 :U/>'
However, since ¢ is in Sp(W), we have
<ZL‘,$/> = <gx,gx'> = <l‘ + y:caxl + y:c’> = <I,CL’,> + <x7yz’> + <yw75€/>,

which gives
<l’, yx’) + <ym>$,> = 0.

Hence,
Kl ea) = [ xlo=a (Gl + ) dnvto)
= Xoonlz = )o(5(e +2) = 2yl — o) ol + )
KN ea) = [ xele =Gl + ) divto)
= Xeelr = (5 a) = Xl — (o ).
Moreover,

since dim ((¢(z) — 1)(W)) = dim W = 2n, and,
det (c(z) — 1) = (=2)*".
Thus .
K(T(c(2)))(z,2") = +i"x_.(x — 2")do(x + 7).

Since Proposition 61 shows that

w((=1)v(x) = ((=1v(-z). (170)
the proof is complete. O
Proposition 63. Suppose g € Sp(W) acts trivially on X and on W/X. Then det((—g) —

1) # 0 so that z = c(—g) € sp(W) is well defined and z: Y — X — 0. Assume z(Y) = X.
Then

e% sgn(z, >|Y

(o) = A [ =@ i) (@S, a€X),




THE WEIL REPRESENTATION 67
where 2=t X = Y is the inverse of z: Y — X.

Proof. The existence of z and its properties are verified as in the proof of Proposition 62.
In particular, for all x € X and y € Y, we have

g(r+y)=2+y+wx, wherezx,ecX

Similarly to the proof of Proposition 62, we get

Ao +y) = 2(0) = 574 (1)
and
c(2)(x+y) =—(r+y) -y, (172)
that is,
c(2)(w) = —w — 2z(w), for every w € W. (173)
From (171)and (172), we obtain
(c(z)(w),w) = (—w — 2z(w),w) = =2(z(w), w). (174)

With notation (116), it gives

o) =x (e, ) =x (<jlwho) = xuw.  am)

Let

! 1 / /
q(y.y) = §<Zy,y> (y,y" €Y).

Then, in terms of Lemma 40 and the identification (114),
¢ (z,7") = =2(z"w,2) (z,2" € X)

and

6% sgn(z, >‘Y

T Jdet(3z: Y = X2

7(q)

Indeed, using notation of Eqn.(11),

1 1

(W, @) =2WY) =aly,y) = 5, y') =y, —5%Y)-

Hence, ®(y) = z if and only if —3zy = . Thus ®~!(z) = —2z"'z. Therefore

¢ (z,7") = 2/ (@Y (2)) = (&Y (), 2") = (=227 2, 7).
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Hence, by the definition of I (155), the assumption that z annihilates X and maps Y into
X and Lemma 40, we obtain

Klel)a) = [ MGlso = + 9o = + )G lo +a)) duy(y)
= | XGEma Gl + ) duty)

= [ MGt =+ ) duvl)

= a0 (5w + ), (0 + 7))

= (7 (5l + o), 5 + ) = 2@ +2).

Therefore

—_—

K@ ()@ 2') = O(c(@)r(@)x( +).
But @(cf(vz)) ==+ (£)" (where dim W = 2n), so that

o5 i e 1 98n(z )|y N e 1 sen(z )y
(l=Dnla) (2) [det(Zz: Y = X)[122 " [det(z: Y — X)[1/2

Furthermore, by Proposition 61,

K(T(=1))(a,2") = +i"8o(x' — 2).

Hence, the formula for w(§) = w(c(z)(—1)) follows. O

4.9. An extension of w to éB(W) x H(W). By the Heisenberg group we understand
the direct product H(W) = W x R with the multiplication given by

(w,r)(w', ") = (w+w,r+7r + %(w,w')) ((w,r), (w',7") € HW)).
Set
T(w,r) = x(1)0w ((w,r) € H(W)). (176)

Then

T:HW)— S (W)
is a continuous embedding of the Heisenberg group into the space of the tempered distri-
butions on W.

Theorem 64. Let w=OpoKoT. Then
w: H(W) — U(L*(X))
is an injective group homomorphism. For each v € L2(X), the map

H(W) 3 § — w(g)v € L*(X)
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is continuous, so that (w,L*(X)) is a unitary representation of the group. Explicitly, for
v € L3(X) and x € X,

w(zo, r)v(x) = Xx(r)v(z —x9) (70 € X, 7 €R), (177)
w(yo, r)v(x) = x(r)x({yo. 2))v(z) (yo €Y,r €R),
Hence, the representation (w,L*(X)) of H(W) is irreducible. Similarly, the representation
(w,S(X)) of H(W) is irreducible, so that
Corollary 65. For any continuous endomorphism F of S(W) which commutes all the
twisted convolutions by d,,, w € W, from the right, there is a unique tempered distribution

fe S*(W) such that
F:SW)>3¢— fipe S(W). (179)

In other words,
Endyraw)) (S(W)) = S*(W)s . (180)
Proof. Recall the isomorphisms of linear topological spaces
SW) & S(X x X) B Hom(5*(X), S(X)) = S(X) @ S(X) ,
where in the last equality we used the reflexivity of the Schwartz space S(X). Also,
w: HW) 5 8" (W) 5 S (X x X) 2 Hom(S(X), S*(X)).
With the appropriate tensor product, we have
End(S(X) ® S(X)) = End(S(X)) ® End(S(X)) . (181)

It is easy to check that, in these terms, for a fixed h € H(W), the post-multiplication
by w(h) on Hom(S*(X),S(X)) coincides with I ® w(h). Hence the conjugation by that
post-multiplication is given by I ® Ad(w(h)). Therefore (178) implies that the subspace
of End(S(X) ® S(X)) invariant under conjugations by all post-multiplication by w(h),
h € H(W), is equal to
End(S(X))® I. (182)
These are the pre-multiplications by elements of End(S(X)) on S(X) ® S(X).
Since End(S(X)) € Hom(S(X), S*(X)), and since the twisted convolution translates to
the composition of operators, (182) implies the statement of the Corollary. 0

Since the metaplectic group acts on the Heisenberg group via automorphisms
glw,r) = (guw,r) (5 € Sp(W), (w,r) € H(W)),
we have the semidirect product évp(W) x H(W), which we embed into the space of the
tempered distributions by
(3. (w,r)) = T(@T(w,r) (3 € Sp(W), (w,r) € H(W)). (183)
Lemma 42 shows that
T(G)ET(w,r)tT(57") = T(gw,r) (g € Sp(W), (w,7) € H(W)). (184)
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Theorem 66. Let w=OpoKoT. Then
w: Sp(W) x H(W) — U(L3(X))
is an injective group homomorphism. For each v € L2(X), the map
SP(W) x H(W) 2 § = w(@)v € LA(X)
is continuous, so that (w,L*(X)) is a unitary representation of the group. In particular,
w(gw(w,rw(@™") =wlgw,r) (G €Sp(W), (w,r) € HW)). (185)
For a test function ® € C(H(W)) define a partial Fourier transform

P, (w) = / O (w, r)x(r)dr (we W,r eR).
R
Then
trw(®) = ,(0). (186)
Thus the character of wl|ucw) is equal to the the tensor product dg ® x of the Dirac delta

on W and the character x multiplied by the Lebesgue measure on R.
For test functions ¥ € C(Sp(W)) and & € C*(H(W)),

tr (W(W)w(®)) = (T()§Py)(0) = T(V)(2y). (187)

Proof. This is straightforward. For the irreduciblility it is convenient to check that the
only bounded operator on L?(X) that commutes with the action of the Heisenberg group
is a constant multiple of the identity. O

4.10. The oscillator semigroup. Let W¢ 3 w — w € W¢ denote the complex conju-
gation with respect to W C We. It is easy to check that the formula
i{w, w') (w,w" € Wc) (188)
defines a hermitian form on We.
Lemma 67. Let z,y € sp(W) and let z = x + iy with det(z — 1) # 0. Then
i(w, @) > i{c(2)w, c(z)w) (w e We \ {0}) (189)
if and only if
(yw,w) >0 (weW\{0}). (190)
Later we shall abbreviate the condition (190) as (y , ) > 0.
Proof. Notice that

— 1

1—c(z) ¢z) = 1—(E+DE-1)"H M z+DE-1)""1
I-E+D)'E-DE+D(z-1)""

E+D) M E+)E-1)—-F-)(E+1)(z-1)""
= 4iZ+ 1) y(z—1)"" .
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Hence

(w,w) —i{c(z)w,c(z)w)y = i{(1—-c(z) c(z))w,w)
= —Ay(z— 1) w, (=2 +1)"'w)
= Ayw",w")
where w” = (z — 1)7'w. Clearly, w” # 0 if and only if w # 0. Also,
(yw", w") = (y Re(w"), Re(w")) + (y Im(w"), Im(w")) ,
where Re(w”) = 2 (w” + w”) and Im(w”) = & (w” — w”). This completes the proof. [
Corollary 68. Define
sp(We) ™" (191)
= {z=x+iy, x,y € sp(W), det(z—1) #0, (yw,w) >0, we W)\ {0}}
and
Sp(We)™ = {g€Sp(We); i(w, @) >i{gw,gw), we We\{0}}.  (192)
Then c(sp(We)™) = Sp(We) ™. Moreover, if g € Sp(We)™ then g—! € Sp(W¢)*T.
Proof. Notice that the condition
i(w,w) > i{gw, gw), w e W \ {0}
implies that 1 is not an eigenvalue of g. Thus
Sp(We) ™" = {g € Sp(Wc); det(g — 1) # 0, i{w,w) > i(gw,gw), w € We \ {0}}.
Since det(z — 1) # 0 implies det(c(z) — 1) # 0 and since c o ¢ is the identity, the equality

c(sp(We)*t) = Sp(We) ™ follows from Lemma 67. Since, ¢(x +iy) = c¢(—x + iy), the
last claim follows. O

Lemma 69. Consider an element g € Sp(We)tT. If X is an eigenvalue of g then |\ # 1.
In particular

det(%((g_lg)2—k])) > 1. (193)

Proof. If w is a g-eigenvector, i.e. gw = \w, then N w = g tw. Also,
i(w, W) > i{gw, gw) = |\|*i{w,w) .
Hence i(w,w) # 0 and |A|* # 1. This verifies the first statement. Since
i{gw, gw) = (g~ gw, W)
we see that the eigenvalues of g~'g are real. Therefore the eigenvalues of (g~'g)? are
positive. But (g 'g)* € Sp(W¢)*". Hence, by the first statement, the eigenvalues of

(g~ 'g)? are positive and come in pairs v # v~!. Therefore the determinant (193) is the
product of numbers that look like

HORRVUAES)
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and therefore are greater than 1. O

Lemma 70. The set Sp(We)™ C Sp(We) is a subsemigroup without the identity, closed

under the operation g — g~*. Furthermore
Sp(We) ™ Sp(W) = Sp(W)Sp(We) ™™ C Sp(We) ™™ (194)
and
Sp(We)*tT USp(W) C Sp(We) . (195)

is a sub-semigroup. Moreover, Sp(W) is contained in the closure of Sp(W¢)™+.

Proof. Everything except the last statement follows from the definition (192). Ler g €
Sp(W). Then

g=c0)(=1)g= lim c(iy)(—~1)g,

y—0, (y , )>0
where ¢(iy)(—1)g € Sp(We)™* ™, by (194). O
Notice that the set
{{(=iz, )y z=a+iy, (y, ) >0}
coincides with the set of symmetric bilinear forms on W¢ with positive definite real part
Re(—iz , Yw=(y, )lw>0.

Since the determinant of such a form may be identified with det(—iz), we see that there
is a unique holomorphic function

det'?(—iz) (2 € sp(We)™) (196)
such that
det'’(y) >0 (y€sp(W), (y,)>0). (197)
Set
SoWe) = {(9.€): 9 € Sp(We)™*, € = det(ilg— 1))} (198)
and
Clo.g2) = det_”z(%(C(gl) +clg2)) (91,92 € Sp(We)™). (199)
Lemma 71. The set Sp(W(C)JrJr with the multiplication
(91,61)(92,62) = (9192, §162C (91, 92)) (200)

18 @ Semigroup.

This is the normalized oscillator semigroup of Howe, [20, (11.4)]
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Proof. Notice that
1 1 _ _
5(clg) +e(92)) = 591 = )7 (91 + Dlg2 = 1) + (9 = Dlg2 + D) (g2 = 1)
= (=D ng —1)(g2 —1)7".
Hence,
4 _ 4 _ i _
det(i(g1 — 1))~ det(i(g2 — 1)) " det(—=5(c(gr) + c(g2))) ™
= det(i(gr — 1)) det(i(g2 — 1))  det(—i(g1 — 1) (grg2 — 1)(g2 — 1))~
= det(i(g1go — 1))
—~— ++ —~~— ++
Hence the product of two elements of Sp(W¢)  is contained in Sp(W¢) . One still have
to check the associativity, i.e. the cocycle property of C:

C(g1,92)C (9192, 93) = C(91,9293)C (92, 93) (91, 92,93 € Sp(We) ™). (201)

Since both sides are holomorphic functions of the three variables we may assume that
g; = c(1y;), y; € sp(W), (y; , ) >0, 7 =1,2,3. Then each function in (201) is positive,
so we’ll be done as soon as we show that

(C(91,92)C(9192:95) " = (C(91,9295)C 92, 93)) " (91,9295 € Sp(We) ™). (202)
In terms of the determinants (202) looks as follows
det(yr + y2) det(—ic(c(iyr)c(iy2)) + ys) = det(yr — ic(c(iyz)c(iys)) det(yz + ys) - (203)
Since
c(c(a)ed)) = (b—1)(a+b)"Ha—1)+1
(203) reduces to

det(y1 + yo) det((y2 + 1) (y1 + y2) "' (1 + 1) +y3 — i) (204)
= det(yy — i+ (ys + 1) (y2 +y3) " (y2 +1)) det(ya + y3) .
Further
(yo+ ) (y1 +y2) ' +1) +ys — i
= (+0)W+y2) ' +i+ w+y)(ye+i) " (ys — 1))
and

y1 — i+ (ys + ) (y2 + y3) " (y2 + 1)
= (=) (2 +9) (o +ys) +ys+9)(v2+ys) " (y2+1).
Therefore (204) is equivalent to
det(y; + 4+ (y1 +y2)(y2 +14) " (y3 — 9)) (205)
= det((y1 — ) (g2 +1) (Y2 + ys) + y3 + i) .

But
i+y) e+ = —i+yp+i)(yp+i) " =y —i)(yp+i) " +1
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and similarly
(2 + 1) (Y2 +ys) = 14 (y2 +1) " (s — 7).
Hence (205) is equivalent to

det(yr + (31 — 1) (y2 +1) " (g3 — 1) +13) (206)
= det((yr — ) (y2 +0) " (ys —9) +y1 +us),
which is true. Thus (202) follows. O

Recall the following holomorphic function
1
che(z+iy) = / Xatiy (W) dw = det_l/z(g(az—l—iy)) (x,y € sp(W), (y-,-) >0). (207)
W
This is the reciprocal of the unique holomorphic square root of the determinant of

1 1
E(f +iy) = 5(9 —ix),

which is positive for x = 0, see (196).
Lemma 72. The cocycles (131) and (199) match to form a continuous function
C: (Sp(We)™ USp(W)) x (Sp(Wg)* U Sp(W)) — C*.
Proof. Let
(G4 Sp(W@)++ X Sp(Wc)++ — C~
denote the function (131) and let
C" : Sp(W) x Sp(W) — C*

denote the function (199). We know that both are continuous. Hence it will suffice to
check that they match on a dense subset consisting of the pairs

(gl, gg) S (Sp(Wc)++ U Sp(W)) X (Sp(W(c)++ U Sp(W))
such that
det(g1 — 1) det(g> — 1) det(giga — 1) # 0. (208)
Since

S(e(91) +e(92)) = (91 = 1) (org —~ D(go — 1),

it is clear from (199) that C’ extends to a continuous function on the indicated subset.
On the other hand, in terms of Proposition 46, |det(L)| = 1 and by (207) and (135),

che(e(gr) + ¢(g2)) = 2 Y (dgy 02
which shows that
C'(91,92) = C" (g1, 92)
for g1, g2 € Sp(W) satisfying (208). O
Define Sp(W¢)* = Sp(W¢)™ U Sp(W) and

SpWe) = Sp(We) U Sp(W). (209)
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Corollary 73. The set (209) with the multiplication

(91,61)(92,62) = (9192,6162C (91, 92)) (210)
is a semigroup. Also, the map
Sp(We)* 2 (9,6) = (9,6) = (T 1,€) € Sp(We) " (211)

1s a well defined involution.
Proof. Only the second claim needs checking, which is easy. O

This is the normalized oscillator semigroup extended by the metaplectic group as in
20, sec. 16].

Corollary 74. The function

©:5p(We) 3 (9,§) »€€C (212)

18 holomorphic. It extends to a function

—~——

©:5p(We) > (g, = ¢€C, (213)
which satisfies the equality
©(7152) *
— = , , € Sp(W . 214
@(91)6(92) (gl 92) (gl g2 p( C) ) ( )
Moreover, for g1, 9o € Sp(We)™ with g1 — 1 and g, — 1 invertible
1
Clor,g2) = det™*(-(clgr) + c(g2)) = che(c(gr) + c(g2)) . (215)
Furthermore, for any test function U € C(Sp(W))
| e@udg=tim [ @@ ds. (216)
Sp(W) =1 JSp(w)

where the © on the left hand side is defined by (149), the © on the right hand side by

—— 4+

(213) and p € Sp(W¢)

Notice that the topology of the metaplectic group is not the one inherited from the
embedding

Sp(W) € Sp(W) x C*,

see Definition 51, because the function © : §13(W) — C* is not continuous.
Proof. The first claim is obvious. The equality (214) follows from Corollary 73. The first
equality in (215) follows from from (199) and the second one from (207).

Fix an element (—1) € Sp(W) in the preimage of —1 and let ¢ be a real analytic lift of
the Cayley transform ¢ such that (—1)¢é(0) = 1. In order to prove (216) we may assume
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—~—

that W is supported in a neighborhood of 1 contained in the range of (—1)¢é. Then the
integral on the right hand side of (216) is equal to

/év 053V (j)dj = / O((_ 13 (~1)3) dg

p(W) Sp(W)

- /N O(&liy)) ¥((~1)3) dg
Sp(W)

-/ o Ol WD) Jacla)

—_—~—

where Jac(z) is the jacobian and, by Corollary 68, p(—1) = ¢(iy), with (y , ) > 0. We
see from (213) and (214) that
O(c(iy)é(x)) = O(c(iy))O(e(x))che(x + iy) .
Therefore the integral on the right hand side of (216) is equal to
O(¢(iy))che(z + iy)Y(z) dx, (217)
sp(W)

where ¥(x) = O(&(z))¥(é(x))Jac(x) is a smooth compactly supported function. Here
lz’ng O(c(iy)) = O(¢(0)) exists. Also,
Yy—

/ che(x +iy)Y(z)de = / /Xﬁiy(w)lﬁ(x)dwdx
sp(W) sp(W) /W

-/ /Ep(w) Xerin (W) () da duw
— [ xtw /W) Velw)ih(x) da duw.

| eyt de = bigrw),
sp(W)

where 7 is the unnormalized moment map defined in (165) and

d(e) = / BR)ETE dr (€ € sp(W))
sp(W)

Furthermore

is the Fourier transform of . Also
Xig(w) = e 2w < (weW).
Therefore

li_% che(x + iy)(z) de = / Y(=7(w)) dw, (218)
Y sp(W) w

exists.
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The function che(x), = € sp(W), is locally integrable on sp(W). This can be seen by
checking, on Cartan subsalgebras, that the invariant function
det(ad(x))
det(x)
is locally bounded and using a theorem of Harish-Chadra saying that

|det(ad(z) —1)|72  (x € sp(W))

(z € sp(W))

is locally integrable.

Notice that the matrix of the symmetric form (J , ) with respect to the basis ey, ..., e, f1, .

(235) is the identity I. Also, let B denote the matrix of the form (x , ) with respect to
the same basis. Then for t > 0, |che(x +itJ)| is a constant multiple of | det(—iB +¢I)[/2.
By diagonalizing B we see that

|det(—iB +tI)| < |det(iB)]| .
Hence
|che(x +itJ)| < |che(x)].
Therefore
lim che(x 4+ it )Y (z) de = / che(x)y(z) do (219)
O Jap(w) sp(W)
where the integral on the right converges absolutely. We see from (218) that the limit on

the left hand side of (219) does exist, but since at this point we don’t know the Fourier
transform of che, we need (219) to conclude that

lim che(x + iy)yY(x) doe = / che(x)y(x) dz (220)
Y79 Jap(w) sp(W)
and (216) follows. O
Theorem 75. In addition to (123), define
t(9) = Xeiw (9 € Sp(We)™) (221)
and let
+
T(g) =©(@)tlg)  (9€Sp(We) ). (222)
Then
+
T :Sp(Wg) — S*(W) (223)
1 a continuous injective map such that
—_~—— +
T(9)iT(g2) = T(9192) (91,92 € Sp(We) ) (224)

and

T(G) = TG (G€SpWe) ). (225)

o fn
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Proof. We know from Lemma 57 that the equalities (224) and (225) hold for gy, g2, g €

Sp(W). Suppose g1, g2 € Sp(W) . Then the condition (208) holds. Hence a straightfor-
ward computation using (207) shows that

t(91)8t(g2) = che(e(gr) + c(g2))t(g192) -

This together with (215) and (214) verifies (224) for g1, g2 € Sp(W) . Verifying (225)

for g € Sp(W) is straightforward.
The map (223) is clearly injective. Thus we’ll be done as soon as we show that it is

e~

Jr
continuous. The restrictions to Sp(W¢)  is obviously continuous and so is the restriction

e~

to Sp(W), by Lemma (58). Thus it will suffice that T" restricted to the set of the g with
det(g — 1) # 0 is continuous, but this is straightforward. O

—~—

Lemma 76. For any g € Sp(W¢)  the following inequalities hold

0< [ T w) v (226)
and
0< [ T(arw)dw< 1. (227)
Proof. Notice that, by (207),
| 7)) dw = €05 )chelclaz ). (228)

We see from (214) that

and from and (215) that
C9,97") = che(e(gg ™)) > 0,

because ¢(gg—!) € isp(W). Since, by (211), ©(g*) = O(g), the inequality (226) follows.
The first inequality in (227) is a particular case of (226).
On the other hand, a straightforward computation shows that

0(@)llchelela))| = |det(5(g + ) (@€ Sp(We) ). (220)

Hence, the (228) is equal to
[ det(5 (g7~ + )] 2 (230)
which is greater than 1, by (193). O

Let C(L?(X)) denote the semigroup of contractions on the Hilbert space L*(X).
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Theorem 77. Let w=OpoKoT. Then

—_——

w: SpWe) — C(LA(X))

—~— ++

is an injective semigroup homomorphism. Also, for any p € Sp(W¢) , the operator w(p)
1s of trace class with

trw(p) =0(p).
In particular

e~

L ewnv@a=t [ o (s, ¥ e CEEHw),

—~—— ++

Proof. Let g € Sp(W¢) . Recall that for each w € W, the twisted convolution with the
Dirac delta d,, ¢ — 0,16, is a unitary operator on L*(W). Since

760 = [ @) dunt).
the norm of the operator
LA(W) 3 ¢ — T(g)se € L*(W)

is bounded by the L' norm of T(g). Lemma 76 shows that L' norm of T'((gg*)?) is at
most 1. But

T((95"))s = T(9)8T(9)*4T(9)4T(9)"s
Since we work in the C* algebra of the bounded operators on the Hilbert space E(W),

we see that | 7(g)t ||< 1. Hence, || w(g) ||[< 1. Also, w(g) is unitary for any g € Sp(W).
Hence the first claim follows.

——— ++

Since for p € Sp(W¢) , trw(p) = T(p)(0) = ©(p), the second claim is clear. O

For completeness we mention the following theorem proven in [20, sec. 25].

++
Theorem 78. Any element g € Sp(W¢)  can be decomposed as

g=up,
N ++
where 4 € Sp(W) and p = p* € Sp(W¢)  has positive eigenvalues. Then the operator

w(u) is unitary and w(p) = w(p)* is positive, so that

w(g) = w(u)w(p)

is the polar decomposition of w(g).
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4.11. Fock model: a formula of Robinson and Rawnsley. Fix a positive complex
structure JJ on W and let us view W as a complex vector space the action of J defines the
multiplication by ¢ € C. Then the formula

(w,w") = (Jw,w') + i{w,w') (w,w" € W) (231)

defines a positive definite Hermitian form on W.
Suppose for a moment that dimW = 2. Then we may choose a basis e, f of W so that

(e,e)=(f,f)=0, (e,f)y=1, Je=—f Jf=e. (232)
Then the map
W3 w— 2(w) = (e,w) +i{w, f) € C (233)
is a C-linear isomorphism and
(w,w') = 2(w)z(w).

By computing in polar coordinates in C = R? we see that the functions

Fnl2) = ,/%zme—fw (zeC,m=0,1,2,..) (234)

form an orthonormal set in L?(C). By studying the Taylor expansion of the entire func-
tions centered at zero, we see that in fact these functions form an orthonormal basis of
the Hilbert space of the square integrable functions of the form

f(2) = h(z)e 3,
where h is antiholomorphic.
Now we consider the general case with dimW = 2n. We may choose a basis eq, e, ...,
f1, fa,... of Wso that for 1 < j,k <n

(ej.ex) = (fis fo) =0, lew, fu) = Gk Jej=—f5, Jfi=e; (235)
Then the map
Wow—z(w) = (21(w), z2(w), ..., z,(w)) € C*, (236)
Zj(w) = <ej?w> + i<w7fj>

is a C-linear isomorphism and

3

zi(w)z;(w') (w,w" € W).
j=1
Let H denote the space of all the functions of the form h(z(w)), where h is antiholomorphic
and

/|h N[2e ™) duy < 0.

This is a Hilbert space with the norm equal to the square root of the above integral.
Notice that
Vi (w) = e F (€ W),
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Hence,
Hxis C LA(W)
is a closed subspace. Furthermore the map
HS30— f=odxis € HXis (237)

is is a Hilbert space isomorphism. Also, using the case dim W = 2 we see that the functions

7'("04 o =z

falw) =\ T3] e S

form an orthonormal basis of Hy;; and that the functions

(ww) (weW,a € Z%) (238)

(6%

Ga(w) =1/ %z(w) (weW,aeZ%) (239)

form an orthonormal basis of H.

Lemma 79. Let ¢ € H and let f = ¢x;y. Then for w,wy € W,

Suntf (w) = flw — wo)x(5{wp, w) (240)
= (w —wp)e 20Ty, (w).
In particular the formula
o(wo, ) = p(w — wp)e™ 2 Woswo) em(wow) y (3) (241)
defines a unitary representation of the Heisenberg group H(W) on H.

Proof. The first equality is obvious from the definition of the twisted convolution, (121).
For the second equality we compute

L, 1
(0w = ), w = ) + o w))
L, 1, L, 1
= X Z<Z']w7 w) + Z<Z‘]w07 w0> - §<Z‘]w07 'U)> + §<w07 U)))
— 6%(—(Jw,w)—(on,w0)+2(on,w>+2i<wo,w>)

= u(w)em T row).

Since

I 0wt 1= 11

we the lemma follows. O

Let X denote the span of the f; and let Y denote the span of the e;. The W =X @Y
is a complete polarization and we have the corresponding Weyl transform I, as in (155).

Lemma 80. For f € Hyx,; the function
K(f)(z, o)™  (z,2 €X), (242)

where ¥'* = (z/,2'), does not depend on x'.
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Proof. We may assume that dimW = 2 and that f = f,, is one of the basis elements, as

n (234). Let us identify W = C by the isomorphism (233). Notice that
6_”2&06”2 =2mx + 0,
and that, as a representation of the Lie algebra,
w(f —ie) =w(f) —iw(e) = =0, + 271z

Furthermore, with the notation (125), for v € S(R),

[ (@n 0K ()l
_ /R K(f) (@, ) (272 — Dy Yo(a')) da’
_ /RIC(fmh(af—i@e))(x,x’)v(x’) da’ |
But
(fmb(0p —i0e))(w) = —mi(f —ie,w) fmn(w) 4 (O — i0c) * frm(w)
= (=7(x —iy) — 0y +10,) fu(x + iy)
—e EOH (0, —i0,)e T f (v + dy)
where the last cquality follows from (243). Since
(8, — i0,)(x — iy)™ =0

by the proof is complete.

Recall the Hermite polynomials Hy(z),

k)2

2 2 ! A :
Hiy(z) =e" (—0y)e ™ = Z k—(—l)](Qx)k_Qj (xeR, k=0,1,2,..

= Mk —=29)!

Lemma 81. For any m =20,1,2, ...,

21/4

vV 2mm|

K)o =~ 1 (VBm)e ™ 1

).

(243)

(244)

(245)
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Proof. By the definition of the Weyl transform, the left hand side is equal to

™ / (2 — 2f — i) 3 E=a ) gimy(ota)
m! Jp
7Tm s N2 i m 1 T2 ’
_ r =T (x—a’) ( _ /)m—k(__& )k/ -5y z7ry(:r+m)d
e 2 r—x . e e Y
e () s [
7Tm s N2 i m 1 s N2
= 25— Z ( ) ( /)mfk(__g )k21/2 — 5 (z+a’)
e 2 r— e
' T
m %0 k T
21/2 W—n:e*”(“”'?) Z ( ZL ) (z — /)" hes@te)? (g, ke (re)?
m! pr
91/2 %ewmf'% 3 ( v ) (x — x’)mk(\/ﬁ)’fﬂk(\ﬁ(az +2/))
' k=0

where the last equality follows from Lemma 80. Furthermore,
_k m
(V) Hi(y /)

(V3) 3o
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m/2

— Z2m J _2j)( 2m) ™2
= (\/_)_mH (V2rz),

and the formula follows. O

Let
2% g (Ve ™ (@ eR m=012, )
U(T) = H,,(V2rx)e ™ reR, m=0,1,2,...).
(z) o (

Then Lemma 81 shows that
K(fm)(z,2") = vp(x)ve(2) (x,2' € X).

Hence
U = Op o K(fm)vo (m=0,1,2,...). (246)
Let
Vo () = Vo (1) Vay (T2) .- V0, (1) (@ € Z3y, v € R"). (247)
Let us identify X with R™ by

R*">z = a1 fit+aofot+...+a,fneEX
Then the v, are functions on X. Also, we see from (238) and (246) that
Vo = Op o K(fa)vo (€ Z%y). (248)

Theorem 82. The functions (247) form an orthonormal basis of the space L*(X), the
functions (238) form an orthonormal basis of the space Hy;y and the functions (239)
form an orthonormal basis of the space H. The maps

Hxis > f — Opo K(f)vy € L*(X) (249)
and
H > ¢ — OpoK(pyis)ve € L*(X) (250)

are H(W)-intertwining isometries.
Proof. As we noticed before, the map
HSP— dxig € Hxig

is an H(W)-intertwining isometry. The left twisted convolution results in in the left
multiplication of the operators. Hence (250) is an H(W)-intertwining isometry. Thus the
range of the map (250) is an H(W)-invariant closed subspace. Since, by Theorem 66, the
group H(W) acts irreducibly on L?(X), the range is equal to L?(X). However this range is
spanned by the functions v,. Hence they form an orthonormal basis of L2(X). O

Let #'ii*e denote the space spanned by finite linear combinations the the basis elements
(239) and let

Then Hfrite C > C H are dense subspace.
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Lemma 83. For f € H®;; and for w,w € W
5 hf / f // w'’, ”)e—g(w,w)ew(w",w)

6g(ww)e w((w' ,w)—(w" w') d //
where the integral is absolutely convergent.

Proof. Write

= | s B pow) = | ) (Zfa 7 ol >dw”.
Then

/f ") (Zf " falw — w')x (1<w w>)> dw' .

Furthermore, the term in the parenthesis,

IATAUEEN (5 (')

|e]
_ Z 7T_ef%(w”,w”)z(w//)aef%(wfw’,wfw’)z(w . w/)aefg((w,w’)f(w’,w))

= €
= e s

and the formula follows. The integral is absolutely convergent because the function of w”

17 1!

under the integral is dominated by e~ ®" "), 0

Lemma 84. For x € sp(W), f € H®x;y and w € W,

/ f ,, w”, ”)e_g(wvw)eﬂ(wuvw)

che(x + i) X @tin-1 (1 +iJ)w + (1 —iJ)w”) dw”
where the integral is absolutely convergent.

Proof. This follows from Lemma 83. Indeed,
Xolf (w )—/ (W)t f (w) du’
N / Xa(w / fw") (" w") o= (wyw) g (w” w) o =5 (w'w') gr (W' w)=(w" W) g0 dary

The function under the double integral is dominated by

N) _

o W)~ (W w')
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Hence we may change the order of integration and use the formula

| xatw)e B gy
W

= oG (0 T (= i) du
= che(x 4+ 1) X @rin-1 (L +iJ)w + (1 —iJ)w").
which follows from (118). O
For g € End(W), let g/ = JgJ .

Lemma 85. The following inequality holds
1
det(5(9+97)) =1 (g€ Sp(W)),

Proof. Let g = kp be the polar decomposition of ¢ with respect to the positive definite form
(J-,-), with k orthogonal and p positive. (Since the conjugation by J is a Cartan involution
on the group Sp(W), this is the Cartan decomposition of g.) Then the eigenvalues of p
are positive and p/ = p~!. Also t +t~! > 2 for any positive ¢. Hence,

det((g +9)) = det( (p + ")) = det(S (p+p7) > 1.

Set
1 1
Clo) =5lg+9"), Alg)=35(9—9¢")  (9€Sp(W)). (252)
Lemma 86. Let x € sp(W) be in the domain of the Cayley transform and let g = c¢(x) €
Sp(W). Then for w,w” € W,
Xasiy (140w + (1= i) (253)
L 3O T Al wa) - § (w”.Clg) T Algh) (" Clg) ) y—(w )

Proof. The phase function of the left hand side is equal to
{(x4+i)) (1 +iJ)yw+ (1 —i))w”), (1 +i))w + (1 —iJ)w") (254)

= ((1—dJ)(z+i) (1 +iJ)w,w)

+ (A +i)(z+i)) M1 =i ))w”, w")

+ 21+ i) (x + i) N1+ i S)w,w") .
Let (z +1iJ)™! = A+ 4B, with A and B real. Then
i(1—iJ)(z+iJ)'(1+iJ) = JA+JAJ+JB—BJ)+i(A+JAJ+JB - BJ),
i(1+i)(z+iJ)'(1—iJ) = J(~A—-JAJ+JB—-BJ)—i(—A—JAJ—JB+ BJ),
i(1+i)(x+i))'(1+iJ) = J(-A+JAJ+JB+BJ)+i(A—JAJ —JB - BJ).
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Hence the left hand side of (253) is equal to

eg((A+JAJ+JBfBJ)w w",(fAfJAJJrJBfBJ)w”)ew(w”,(fA+JAJ+JB+BJ)w)

w) o5 (
Thus in order to complete the proof we need to verify the following equalities

—A+ JAJ+JB+BJ+1=C(g9)"",
—(A+ JAJ +JB - BJ)=C(g ) "A(g ™),

A+ JAJ —JB+ BJ=C(g) "Alg).
A straightforward computation shows that
A=—2'(1—z2”)™" and B=(1-2"2)""J.
Notice that

ol (zx? — 1) = (27— 1)’

Indeed the difference between the left hand side and the right hand side is equal to

(272 — D) (2"x — )2’ — 2/ (22” — 1)) (22! — 1)1 =0.
The left hand side of (256) is equal to
(z7 —1)(1 — xx‘])*l + (-1 —2"2)t +1
= 1-@ D@/ -1 = (z-1(@'z—1)"
(x — 1)z’ (zz” = 1) = (2 — 1)(:EJZB -1t
= (z—1)@’z—-1)""2 — (2 - D'z -1
= (z-D@'z -1z - 1),

87

(255)

(256)
(257)

(258)

(259)

(
where the third equality follows from (259). The right hand side of (256) is equal to

a4 D) @ ) )

= D - D)+ @ D - 1) @ )
= (z-D@’z -1z - 1),

and (256) follows.
The left hand side of (257) is equal to

(z+ 1)@’z -1 = (27 + D(z2’ — 1)~
and the right hand side to
(z+ )@@’ r -1 ((z+1) = (@ +1))(z+1)7"
Hence, the equality (257) is equivalent to
(z/ + Dz’ — D' =@+ D@z -1 2+ Dz +1)"
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or

(27 + D(zz! =) 2/ (z+1) = (z+ 1) (e — D)7 2 +1). (260)
The formula (259) implies that (260) is equivalent to

v’ (zx! — 1)+ (z2” — ) =2(@e - D)7 + (@7 - 1)
which is equivalent to

oz — 1) — (2P - D) = 2(a’r — 1) — (227 —1)7L. (261)

Again, by (259), (261) is equivalent to

(272 — 1) '2ler — (27— )7 = (227 — 1) — (z2? - 1),

which is true. This verifies (257).
Replacing x by —x results in replacing g by g~'. Hence (258) follows from (257). [

Lemma 87. For g € éB(W) over g € Sp(W) with g — 1 invertible
(©(g)che(clg) +iJ))* = (det(C(9))we - )

Proof. The complexification of W splits into the direct sum of the eigenspaces for J:

We = We j—— ®Wc,j—;

-1

and the maps
1
pi . W(C S>w —r 5(1 —|—ZJ)’LU € W(C,J:fi:
1
pT Wedw— 5(1 —iJ)w € Wy,

are the corresponding projections. The map gp~ + p* preserves We j—; and acts on it as
the identity. Therefore

det(gp™ +p") = det(p™gp Iwe,__, -

But
o 1 ) .
pgp” = lg+iJg)(1+i))
1
= Z(g+iJg+giJ+gJ),
SO
P9 Wey—s = 9+ g% + gt +g7)
1
= 1(29+2¢") = C(g).
Therefore

det(gp™ +p") = det(C(9))we -, - (262)
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On the other hand

(©(@)chelelg) + i) = det™(ilg — 1)) det™ (5 (clg) + 1))

(clg) + i)
:cm*%@+1+@—UUD

_ -1
= (det(gp™ +p")) .
This combined with (262) completes the proof. O
Set

1
= det™1(i(g — 1)—
et (i(g )22.

lw*= (w,w)  (weW).
Lemma 88. For any g € Sp(W), C(g)"*A(g) € sp(W), and for any w € W,
(w,w) £ (C(g) " Alg)w, w) > 0. (263)

Proof. We follow [40, sec.1]. A straightforward computation, using the definition (231),
shows that
(Clgw,w) = (w,C(g ) (w,w' €W).

In other words, the hermitian conjugate C(g)* of C(g) with respect to the form (231) is
equal to C(g™1).

We see from (258) that for g with g — 1 invertible, C'(g) 'A(g) € sp(W). Hence by
Lemma 84 and by continuity, the claim holds for all g € Sp(W). Hence, using the definition
(231) again, we check that

(Cle) " A(g)w, w') = (w, (C(g) T Alg)w’)  (w,w € W).

Hence ((C(g)™"A(g))?)" = (C(g)~" A(g))*.
Using cross multiplication we check that

Clg™) " A(g™) = —A(9)C(g9) ™"

Hence
(1-Cl9)"A(g)Cg™ ) =g 1.
Therefore
C(9)(1 - (C(9) " A(9))*)C(g9)* = Clg)(1+C(g9)"A9)(1 - C(9) " Alg))C(g )
= (Cl9)+Ag)g™ ' =1.

Hence

(wvw) =

C(9)(1 - (C(9) " A(9))*)C(g) w, w)
(1—(C(g) ' A(9))C(g)*w, C(g) w).

-1

(
(
Replacing w by C(g)*'w = C(g~!

(1= (Cl9)™"Alg)

we see that

) tw
) )w,w) = (Clg™") " w, Clg™)  w).
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Hence

I1C(e) " Alg)w = VI w 2 = [ Clg=H) " w |12

Cauchy’s inequality
[(C9) " Alg)w, w)| <[ C(g) " Alg)w [[]] w ||

shows that
(w,w) - (Clg)Alghw,w) > ([ — | Clg) Alg)w ) || w |
(lwl =l w? =1 Cla™) w [?) | wll,
which verifies the inequality. O

Here is the main theorem of this section
Theorem 89. The function
©(g)che(c(g) +iJ) (9 €Sp(W)), (264)
defined by (149) and (207) for g with g — 1 invertible, extends to a continuous function

on the whole group Sp(W). Motivated by the formula of Lemma 87, we shall denote this
extended function by

det 4 (C(D)we,., (3 € SP(W)). (265)

This is the unique continues function whose square is equal to

det  (C(0)we, . (g€ SDW)).
Then, for f € Hity.; and § € Sp(W),

T(@)af(w) = detfl/z(C(g))WCJ__le 7 (ww) / fwe 2" (266)

e—%(C(g’I) TA(g=Yw, w) -z w” ,C(g 671'(w" C(g)~?! )dw”,

where the integral is absolutely convergent.

Proof. Lemmas 84 and 86 and 87 imply that (266) holds for g with g — 1 invertible.
By Lemma 58 the left hand side extends to a continuous function. By Lemma 88, the
integral on the right does too. Hence (265) follows from Lemma 87 and we get (266) in
general. 0

In the following corollary we recover a result of Robinson and Rawnsley, [40, (2.4)].

Corollary 90. The unitary representation (w,L*(X)) is equivalent to (o, H), where for
¢ c /Hﬁnite

o(g)p(w) = det™ 1/2(0(9))WC,J:_1- (267)
/ ¢ // g y"lA(g™ )w,w)6—%(w“,C(g)_lA(g)w”)ew(w”,C(g)_lw)G—Tr(w”,w”) dw" ’

where the integral is absolutely convergent. In particular, if ¢/ = g, then

o () p(w) = det™*(Fwe,__,0(g" w). (268)
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Proof. The first part follows from Theorem 89. Since o(1)¢ = ¢, i.e.

1" 1

(b(w) _ / qb(u)//)ew(w”,w)677r(w W )dw”,
w
we see that (267) implies (268). O

4.12. The action of the Lie algebra in the Fock model. Suppose x € sp(W) is such
that 7/ = —z, in other words x anticommutes with J. Then the function

WxW>sw— (wzw) eC

is holomorphic, in fact a quadratic polynomial. Hence there are unique complex numbers
x i, such that

(w, zw) = Z z,2 (W) 2 (w) (w e W). (269)

J.k=1

Corollary 91. Let us identify W = C" as in (236). Suppose x € sp(W) is such that

v/ = —x. Then
To~_ R~
O'($) = § Tk — % Z il?jka;j&zk .
J.k=1 gk=1
Proof. Notice that for t € R
1
C(exp(tz)) = E(exp(ta:) + exp(—tz)) = ch(tx),
1
A(exp(tx)) = §(exp(tx) — exp(—tz)) = sh(tz),
and
C(exp(tz)) ' A(exp(tr)) = th(tz).
Further,

( o 5 (th(—to)w,w) ,— 5 (" th(tz)w") ew(w”,ch(m)w))
t=0

o ((xw,w) . (w/l, xw//))ew(w”,w)

SRR

and, by the chain rule,

d
— (detl/Z(ch(tx))WC’J:i)tZO ~0.
Let ¢ € H be a finite linear combination of the elements (239) of the basis of #. Then

the above calculations show that

s(@)olw) = [ o) (@w,w) — (s We T dur
W
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Notice that

1"

n
(’LUH, xw//)ew(w w) Z ijij(w”)Zk; (w//)err Sy 2wz (w")
Gk=1

n

n S

= E T2y g™ =1
jk=1

n
1 no -
T -1 %524
= ﬁ E Ijk&zj&zke 23_1 779

J,k=1

and recall that

1" 1

¢(w) _ / ¢(w//>6w(w”,w)€—w(w W )dw".
w
Thus the formula follows. O

Corollary 92. Let us identify W = C™ as in (236). Then the image of the complezified Lie
algebra sp(Wc) under the representation o is the C-linear span of the following operators

If we rename Z; to z; the we obtain the holomorphic functions rather than the anti-
holomorphic functions and the usual description of the Fock model, as in [21, (2.2)].

4.13. Restriction to the maximal compact subgroup Sp(W)” in the Fock model.
In this section we study the restriction of the character © to a maximal compact subgroup
and to a compact Cartan subgroup as a distribution and as a function and we relate these
restrictions to the traces of the restricted representation.

Let G be a real reductive group and let K C G be a maximal compact subgroup.
Consider an finite sum II of irreducible unitary representations of G with the distribution
character ©. Then the intersection of the wave front set of © with the conormal bundle
to the embedding K — G is empty. This is because there are no non-zero nilpotent
elements in g which belong to the —1 eigenspace of the Cartan involution, and the fibers
of the wave front set consist of nilpotent elements. Hence the restriction

Onlk € D'(G) (270)
is well defined. In fact we have the following Lemma
Lemma 93. For any f € C*(K) the operator I1(f) is of trace class and
Onlk(f) = tr TI(f).

Proof. The first claim is well known and the proof is similar to the argument we used in
the proof of Lemma 107, see [49, 8.1.1]. The second one follows from [14, Theorem 8.2.3],
as we shall explain below.
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Let ¢ € C°(G) be approximative identity in the sense that ¢, > 0, [, ¢r(g)dg = 1
and supp ¢y, tends to the identity if £ — oco. Let ¢; € C2°(G) be such that ¢; = 1 on any
compact set in G for large j. Theorem 8.2.3 in [14] implies that

Onlk(f) = j%@m@n(iﬂj(f * ) - (271)
For j large v; is equal to 1 on the support of f * ¢,. Hence
Oulx(f) = JimOn(f « b5 (272)

Fix € > 0. Then there is f. € C*°(K) such that the trace norm || f ||;< e and TI(f — f)
is of finite rank. Then

On(f *¢r) —On(f) = tr(II(f)IL(¢x) — 1))
= tr(I(fe) (k) — 1)) + tr(TL(f — fo))(TL(dx) — 1))
where
| tr(IL(fe) (I(x) — 1)) <|| TL(fe) [l1]] TI(gw) — I [|[< €2

and

fim te(T1(f — £.))(II(6) = 1)) = 0.

k—00

Corollary 94. In terms of distributions on K,
Onlk = Z MmO,
o€k

where my, is the multiplicity of o in 1. In particular
me = @H|K(®U) )
where O, (k) = O,(k71).

Suppose G has a Cartan subgroup T C K. There are examples where the intersection
of the conormal bundle of the embeding T C G with the wave front set of ©p is non-
empty. Hence the restriction Op|r may not exist. Nevertheless, we’ll see below that it
does exist when G is the metaplectic group and II is the Weil representation. However
in general, Harish-Chandra’s regularity theorem impies that Or|gres is a function. Hence
the restriction Or|res exists, as a function.

Corollary 95. Suppose the rank of K is equal to the rank of G. Then the following series
converges

Ou(k) =Y m.O,(k) (ke KNG"®). (273)

O’Ef{
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Proof. The restriction of ©p to G*8 is a function, which may be further restricted to
K N G™8. By the equality of rank assumption, this set is open in K and not empty. We
know from Corollary 94 that for any test function f € C*°(K)

Onlf) = 3 mo [ ©n(h) (k) k.

oeK
In particular, for f € C*(K N G*™8),

/K@H(k dk—ng/ (k) f (k) dk .

ceK

Since O and each O, are real analytic on K N G™2, taking f close to the Dirac delta at
k implies (273). O

Notice that the following equation

Oul(f) = [ eulbmdr (7€ C¥(x)). 27

is not true in general. In fact the integral on the right may not be convergent. The
holomorphic discrete series of G = SLy(R) provides such an example.

From now on we study the case G = Sp(W), K = Sp(W)” and II = w. Let
w=aw, (275)
=1

be a direct sum orthogonal (with respect to the symplectic form) decomposition preserved
by J, with dimW; = 2. Denote by J; the restriction of J to W;. Then

t=EPRrRJ, (276)
j=1

is an elliptic Cartan subalgebra of sp(W). Denote by
exp : sp(W) — Sp(W) and exp : sp(W) — Sp(W) (277)

the exponential maps. Then T = exp(t) € Sp(W) and T = exp(t) C Sp(W) are compact
Cartan subgroups.

Lemma 96. Suppose w € W is such that
(zw,w) =0 (xet).
Then w = 0.

Proof. Let w = 2?21 w; according to the decomposition (275) and let z = >_"

i1 x;Jj, as
n (277). Then

0= (zw,w) = E (rw;, w;) E z;(Jw;j, wj)
J
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Hence
<Jjwj7wj> =0 j:17277n)
But (J; , ) > 0. Hence each w; =0 O

Corollary 97. The intersection of the conormal bundle of the embedding TC g?)(W) with
the wave front set of © is empty. Hence the restriction Ol is a well defined distribution

on T.

Proof. We identify the cotangent bundle to Sp(W) with Sp(W) x sp(W)* as in [19, (1.7)]
and use the fact that the wave front set of © is contained in Sp(W) x 7(W), proven in

[38]. Then the intersection in question consists of points (£, 7(w)) € T x 7(W) such that
7(w) # 0 and 7(w)|¢ = 0. But then, according to Lemma 96, 7(w) = 0. O

The following proposition describes the multiplication in the maximal compact sub-
group Sp(W)” C Sp(W).

Proposition 98. The map

Sp(W)” 5 § — (g,det™*()we.,_,) € Sp(W)” x C (278)
s an injective group homomorphism which justifies the following identification
Sp(W)” = {(9.¢) € Sp(W)” x €5 ¢* = det ™ (9)w .} - (279)
In particular QB(W)J is an algebraic group.
Proof. This is clear from Corollary 90. OJ
Notice that o
(Sp(We))

is the complexification of é\I/)(W)J and

(spWe))”

is the complexification of T.

Corollary 99. In terms of distributions equal to limits of holomorphic functions,

. - .- ++\ 7
Ol (B) = limOGH) (ke SoW)”, e (SoWe) ) ) (250)
and .
Ols(D) = limeGh) (T je (spWe) ) ). (251)

Proof. Theorems 3.1.15 and 8.2.4 in [14] imply that if a distribution is the limit of a
holomorphic function, then the restriction of it to a real analytic manifold is equal to the
limit of the holomorphic function restricted to the local complexification of that manifold.
Hence the formulas follow. O
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Lemma 100. Define tf™ = tc N sp(We)™, TET = Te N Sp(We) ™ and TF = TeN
++
Sp(Weg) . Then

o= {Z(l’] +iy;)J5, y; >0, 1 <j <n}, (282)
j=1
Tt = exp(tt) (283)
and
TE = exp(td). (284)

Proof. The equality (282) is obvious from definitions. In order to verify the remaining
equalities we may assume that n = 1. Corollary 68 shows that T = c(tf™). For a
complex number z # +i we have

c(zJ) = (2J+1)(zJ—1)" = (2J+1)

22— 1 2z

I —
2241 2241

o 1(—zJ - 1)

and for another complex number u,
exp(uJ) = cos(u)l + sin(u)J .

Hence exp(uJ) = ¢(zJ) is equivalent to

22 -1 ) 2z
cos(u) = o and sin(u) = a1 (285)
which implies
, 22 —i22—1 z2—1
W ) Q1 — = . 286
e cos(u) + ¢ sin(u) e P (286)
Recall that given z # ¢ in the upper half plane, i—jrz is in the unit disc and therefore there

is v in the upper half plane such that (286) holds. Since

() 1(w+ i) 1 z—i+z+i 22—1
cos(u) = =(e e = - =
2 2\z+1 z—1 22+1

and

1. , 1 — ' —2
sinu) (e — et} — (z i z—i—z): 2

T2 T2 \z+i 2—i 2 +17
the equality (285) holds for this u. Thus the left hand side of (283) is contained in the
right hand side.

Conversely, given u in the upper half plane, we solve (286) for z in the upper half plane
and get the equality (285). This verifies (283).

Since exp : t¢ — T¢ is surjective, (283) implies (284). O
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Proposition 101. For z € t/F, with z = Y77,
following formula holds,

I ol
[l (1 —e™)
Here iz; are the eigenvalues of z on We j—;.
J b

Proof. We see from (284) that
OED(2) = detli(exp(z) — 1))
—1

Zij, Z; =X +z'yj, T, Yj € R, Y, > 0, the

O(exp(z)) =

= (det(i(exp(z) — 1))we,s——; det(i(exp(z) — 1))wes=i) "
= (H(i(e_izj —1)(e"™ — 1)))
_ HeiZj (H(l _ GZZJ))> )

Since the function ©(exp(z)) is holomorphic and since the set t;™ is simply connected,
we must have either

n

o@Ep(:) = [[¥ (Ha - ei%))

j=1
or

O(exp(2) = — [[¢* (

Let y = > 7, y;J;, with all y; > 0 and let p = exp(iy). Then p* € TS+ and (214) shows

that ,
o(p°)
———= = che(2c¢(p)) > 0.
S5 = chel2e(r)
As we just computed, ©(p)? > 0. Hence O(p*) > 0 and the formula follows. O

Corollary 102. Let t,t' € TEY have eigenvalues t; and t. on the space We, j=;. Let

t,t € TF be some elements in the preimage under the covering map. We assume that
they are determined by the ambiguity of the square roots

(ﬁtj>2 and (ﬁt;)z
j=1 j=1

_ thj) and O(l') = %

so that

N[
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Then

Y 1

7 (Hj:l tj) (H] 1t;>

H?:l(l - tjtz‘)

Proof. We see from (214) that the last formula will follow if we check that

[T, )1 )

che(e(t) 4+ ¢(t') = - (287)
Hj:l(l - tjt;‘)
In terms of Proposition 101 we have
S | =
O(exp(z)) = ¢ ;
H] 1(]‘ - 61ZJ)
no
o) —
H] 1(1 —€ J)
T, o
e 2
Oexp(z + 7)) = =1 — .
@) = ety
Hence, by (214),
n zz] 1 — et J)
che(z + 2') ,
]1;[1 1 — eizie's
which coincides with (287). O

We normalize the Haar measure on the group T so that the total mass is 1. Then
Proposition 101 and (281) imply the following corollary.

Corollary 103. For any ¥ € COO(T),

i
2

eX E X J 16
p J eiffj*yj) ’

Ol5(¥)

yHO

where all y; > 0.

The space Hit defined just before (251), is equal to the space of the antiholomorphic
polynomials on W. Let H(™ C Hfrite denote the subspace of the polynomials homoge-
neous of degree m = 0,1,2, .... Let p denote the permutation action of the group Sp(W)’
on these spaces:

plg)d(w) = ¢(g~ w).
Define

)\thBI'IZLEij—)SUjER.

j=1
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We choose the positive root system of t in sp(Wc)” so that in the resulting order, \; >
Ay > .. > N\,

Lemma 104. The representation (p,?-[(m)) 15 wrreducible, with the highest weight mil\.
Moreover (p|r, H™) decomposes into the direct sum of one-dimensional representation
each occurring with multiplicity one,

Hm) — Z H((;ﬂ))

la]=m
where a = (ay, ..., a,), with all a; non-negative integers, |a| = a1 + ... + a,, and
p(exp(x))v = glar@rtFianing, (v e HM).

Proof. We may assume that the decomposition (275) is consistent with (236). Then we
see from (236) that

zij(exp(—a;J5)w;) = e z;(w;) .
Hence, in terms of (239),
(;Sa(exp(—x)w) — eiax1+...+z’anmn Qba(w) )

Thus ¢, is a weight vector with weight ai;iA; + ... + a,i),. The polynomials ¢, with
la] = m form a basis of the space H™). Any non-zero Sp(W)”-invariant subspace is a
sum of the weight spaces and they are permuted by the Weyl group W(T), permuting
the W;. Hence the representation is irreducible. Clearly mi); is the highest weight. [

Recall the representation (o,H), defined and proven to be unitarily equivalent to
(w,L2(X)) in Corollary 90.

Corollary 105. The representation (J|’ST)(W)J, H™) is irreducible, with the highest weight

4 IR
mz)\1+§22)\j.
]:

Moreover (o|z, H™) decomposes into the direct sum of one-dimensional representation
each occurring with multiplicity one,

(M) — Z Hgm)’
la]=m
where a = (ay, ..., a,), with all a; non-negative integers, |a| = a; + ... + a,, and

o (P () ) = Ot Partetilant Doy (4 @ HIMY.

Lemma 106. For any ¥ € C=(T), o(¥) € End(H) is a trace class operator and

O:(¥) = tro() = 3 (o + % eyt %), (288)

|a|=m.
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where

. 1 4 4m L n - b
(b, ..., by) = (47)”/0 /0 \I!(exp(j;:cjjj))e(bl ihecbilbnen) o) day, (289)

1s the Forier coefficient of the periodic function at the indicated point.

Proof. Since the a occur with multiplicity one, Plancherel formula implies that o(¥) is
a Hilbert-Schmidt operator, and hence of trace class. The second equality in (288) is
obvious. The first one is verified as in the proof of Lemma 93. O

The following lemma is a particular case of the first part of Lemma 93. We include a
proof for completeness of our study of the Weil representation.

Lemma 107. For any smooth function U on the group Sp(W)’, the operator p(V¥) €
End(#H) is of trace class.

Proof. Recall the Harish-Chandra isomorphism

7 Usp(W)2)PMT = U(te) "™ = Cleg] "™,
[10, Lemma 19]. Let C € U(sp(W)%)*W)” be such that

Y(C)(210A1 + oo + 2nidn) = (220)% + ... + (22,)°.

The sum of the positive roots multiplied by % is equal to

n

1—-25
6 =3y

Jj=1

In particular
, , n—142m. " n4+1-2j.
miA; + 10 = TZM + E Tzkj .

j=2
Hence C acts on H™ via multiplication by

(n—1—|—2m)2+zn:(n—l—1—2j)2.

j=2
Also,
dim H ™ = (mtn- L
ml(n —1)!
is a polynomial of degree n — 1 in the variable m. Therefore
i dim ™) -
—— < .
= p(C™)|gyom

In other words, p(C")~! is a trace class operator on H. Since

p(¥) = p(C")"'p(C"T)

and since p(C™¥) is a bounded operator, we see that the operator p(¥) is of trace class. O
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5. ROSSMANN’S FORMULA FOR O.

The group of the sign changes {1, —1}" and the group of the permutations S,, act on
the Lie algebra t by

EX = € (Z.I]JJ) = ZEjZUij, (E = (61,62,...,€n) € {1,—1}”)
j=1

Jj=1

or = o (ijJj> = Z!Bgfl(j)efj, (0 €5,)
j=1 j=1

and hence so does the semidirect product S, x {1, —1}", wich coincides with the compact
Weyl group W(T),

n

(e0)x = Z €iTo-1(j)J; -

j=1
The action on the dual t* is defined as usual

n

(COA@) = M(e o) (2) =D emoyd;  (mEL, AET).

J=1

For x € sp(W) with the eigenvalues v of ad(x) satisfying |v| < 7, define

pad(/2) _ p—ad(z/2)\ 2
o) = ()

c(@/2) _ o—a(z/2)

p(z) = H /D) (z€t), (290)

where the product is over the positive roots, in some order of roots. We know from Lemma
104 and Proposition 101 that the weigts of t in the Weil representation are

1 1 1
(5—{—&1) ’L)\l + (5 —l—ag) Z/\2—|- + (5 —l—(ln) 'l)\n (aj € Zzo,l g] S n)

Then,

We choose the the following elements to be positive roots of t¢ in sp(Wg)
Then the Weil representation is a lowest weight representation with the lowest weight

1. 1. 1.
52/\1 + 51)\2 + ...+ 57)\”

The sum of the positive roots multiplied by % is equal to

n

D (1 )iy

j=1
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Hence the lowest weight minus the above sum is equal to

n

1
i)\:—Z(n—j+§)i)\j.

j=1

This element represents the infinitesimal character of th Weil representation. Let O.yep
denote the charcter of the even part of the Weil representation and let ©,45 denote the
charcter of the odd part.

Proposition 108. There is a constant C' such that for any reqular element x € t

N S sgn(o)ei@ @)
p(x)O(exp(z)) = C Y sgn(e) == :
ee{l,—1}m Ha>0a(I)

- ZJES Sgn(a)ei(d)(a‘l(w))
(1) O pen (exp(x = C z ,
(£)ruen (52 > ol

ZUESn Sgn<0)ei(ﬁf\)(071(x))
Ha>0 Oé(ﬁ) '

ec{l,—1}", sgn(e)=1

p(2)Ooaa(exp(z)) = —C >

ec{l,—1}", sgn(e)=—1

Proof. Proposition 101 and (290) shows that

- ea(a})/4 1
oep@) = 1l —meor= U —ori—aon

a>0, o long a>0, o long

Hence,

[T a(@/2) - p(z) - 6(&D(2)) (291)

a>0
1
— az)/2 _ o—alr)/2y
H(e € ) H o—a(@)/i _ ga(@)/4
a>0 a>0, o long
— H(ei(xjfzk)/Q - e*i(xjka)/Q) . H(ei(m]’+xk)/2 - e*i(xj+xk)/2)
i<k i<k

H(_elwl/2 _ 6—211/2) .

l

Modulo the multiplication by (—1)™ we recognize here the Weyl denominator for SOg,, 1,
with the sum of the positive roots is equal to —iA. Since (—1)"sgn(e) = sgn(—¢), we see
that (291) is equal to

(=1)" Z sgn(ae)e‘i("e)’\(w) = Z sgn(ae)ei(“)k(m)

and the first formula follows.
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Lemma 104 implies that

__ 1 ({4 /2 b il
Ocven(E%D(2)) = §<H1_emj+H1+eixj>
j—1 j—1

j—

= £ (O@ED()) + ¢ O@EP(r + 7))

where z+7 = 77 (x;+7)J;. Let q(x) = [[,-0(e*/2—e~2)/2). Then a straightforward

computation shows that
n(n+1)

gz +m) = (=1)"> q().
Hence,
q(2)Ocven(exp(z)) =
On th other hand,

n(n+1)

(a@)OED()) + (~1) "5 e F g + mO(EDlw + 7))

N | —

N (@) — =i T (gt ey (witm) — (1) H e~i56 L iEN(@)
and
(1) e (-1 [[e8s = (eI T e
j=1 Jj=1
_ ezgn He—z%q _ Heig(l—ej) _ SgIl(G)
j=1 j=1
Therefore the formulas for O.,., and ©,44 follow from the formula for ©. O

Let gy be the tempered distribution on the Lie algebra sp(W) equal to the appropriately
normalized orbital integral on the Sp(W)-orbit through e\, as defined in [41, (5)]. Let fiex
be the Fourier transform of y.y, denoted by 6., in [41, (5)]. Thanks to Harish-Chandra’s
Regularity Theorem, fi.) is a function. The following corollary follows from Proposition
108 and [41, Corollary, page 217].

Corollary 109. There is a constant C' such that for any regular element x € t

p(@)O(xp(r)) = C Y sgu(e)ialr),

ee{1,—1}"

p(2)Ocven(exp(z)) = C Z flex()

ec{1,—1}", sgn(e)=1

P0)Oun(@D(x) = ~C > ).

ee{1,—1}", sgn(e)=—

Our direct proof may be replaced by a short argument using [4.5, Corollary 2.3].
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6. THE WEIL REPRESENTATION OVER A p-ADIC FIELD

Let IF be a p-adic field, i.e. a finite extension of Q,. (In fact our argument works for
all non Archimedean fields of characteristic other than 2 till the statement (362) below.
Hence our additional assumption.)

Let x(r), r € F, be a character of the additive group F such that the kernel of y
is equal to op. In this section we provide a construction of the corresponding the Weil
representation, [51].

6.1. The Fourier transform. Let U be a finite dimensional vector space over F and let
L be a lattice in U. We normalize the Haar measure py on U so that the volume of the
lattice £ is 1. Let £x C U* be the dual lattice. Denote by uy~ the corresponding Haar
measure.

Let S(U) be the Schwartz-Bruhat space on U, i.e., the space of complex-valued locally
constant functions with compact support on U. (Recall that a function ¢ on U is called
locally constant if for each u € U there is an open neighborhood U of u such that ¢ is
constant on U.) For ¢ € S(U) let

J/<¢ W) dpy()  (u € U?) (202)

be the Fourier transform of ¢. Then, as is well known, F¢ € S(U*) and

¢(u) = [ Fo(u)x(u(u)) duy-(u")  (uel), (293)

U*
see [52, Corollary 1, page 107].

As a linear topological space, S(U) is the inductive limit of the finite dimensional
subspaces spanned by the characteristic functions of finite collections of open compact
subsets. Let S*(U) denote the linear topological dual of S(U). It corresponds to the space
of the tempered distributions on U in the real case. When convenient we shall identify
any bounded locally integrable function f: U — C with the tempered distribution fuy.
In particular, S(U) € §*(U). Then the Fourier transform

F:SWU) = SU
extends to
F: S8 (U) = S*(U").
In fact, if we identify U** = U then the Fourier transform (292) is given by
Fip(u) = w(u*)x(—u*(U)) duy-(u) (¥ € S(U), uel) (294)

and the inverse (293)

/fw (W) duo(u) (€ S(U), u € U*). (205)

Therefore

F(NHle) = F(F(@)  (feSU), ¢ cSU)).
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Indeed, if f € S(U), then
F(fm)(o) = (Ffluu)(9)

- / / F)(—u* () diay (w)d(u) dpay(u”)
_ / F () Fo(u) duy (u).

Let V C U be a non-zero subspace. Then £ NV is a lattice in V which determines the
Haar measure py. We may view py as a tempered distribution on U by

/ o) dpv(v) (6 € S(U)).

In the case when V is zero, puy = pio is the unit measure at 0. In other words py = 9 is
the Dirac delta at 0,

to(¢) = do(¢) = ¢(0) (¢ € S(U)).
Also, for future reference, let d, € S(U) be the Dirac delta at u € U,
0u(@) = o(u) (¢ € C(U)).
For an arbitrary subspace V C U, let V- C U* be the annihilator of V. Then,
J—",uv = HyL. (296)

Indeed, the formula (294) implies that (296) holds if V = {0}.

The quotient space U/V contains the lattice (£ + V)/V, which determines the nor-
malization of the Haar measure py,y. Then for ¢ € S(U) we have ¢ € S(U/V) defined
by

u+V) = | otut ) dun(o).
v
Since (296) holds for the Fourier transform on U/V, with (U/V)* = V+ and the left hand

side being the evaluation of the Fourier transform of a test function at zero, we have, with

¢ = Fib,
w(FY) = pv(e) = /V $(v) dpy(v) = (0) = | F(u*) dpy (u”)

VAR

_ /V e u + V) x(—u (u)) dpy v (u + V) dpys ()

N /VJ_ /U/V/ ¢(u+v) dpy (v)x(—u"(w)) dpyyv(u+ V) dpys (u”)

_ //¢ w)) dyy () dpys (u”)

= | Fow)duy-(u)

VJ_

= v (F(8) = pve (F2()) = pye (1),
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where the last equality follows from the fact that F2u(u) = 1(—u), which is a simple
consequence of (294) and (293). This completes the proof (296).

Consider two vector spaces U’, U” over F of the same dimension equipped with lattices
L', L" respectively. Let u},u), ..., ul, be a L'-orthonormal basis of U" and let uf, uj, ... u!

rn

be a L”-orthonormal basis of U”. Suppose L: U" — U” is a linear bijection. Denote by M
the matrix of L with respect to the two ordered basis:

L :ZMW»U;' (1=1,2,...,n).
i=1
Then |det(M)|r does not depend on the choice of the orthonormal basis. Thus we may

define |det(L)|p = | det(M)|r (see section 2.6).

Lemma 110. With the above notation we have

o) dno ) at(Dl = | o) du’)  (@eSW). (207

Proof. This follows from Lemma 17. Indeed, let ¢ be the indicator function of £”. Then
the right hand side of the equation (108) is equal to 1. Hence we need to show that

o ng(L(u’)) d,uuf(u') | det(L)|F =1.

However, ¢ o L is the indicator function of L=*(£"”). Thus the problem is to check that
pu (L7H(L")) [ det(L)]r = 1.

Fix an £'-orthonormal basis u}, uj,... of U and an L£"”-orthonormal basis u}, u},... of
U”. Let T be the endomorphism of U’ defined by

T(L'(u)) =u]  (j=12,...). (298)
Then

T(L L") =L
Hence, by Lemma 17,
po (L7HL") [det(T) e = p (T(LTHL"))) = (L)) = 1.
But (298) implies that |det(T)|r = |det(L)|r. Hence the claim follows. O

Let X and U be two finite dimensional vector spaces over ' equipped with lattices and
the corresponding normalized Haar measures pux and py. Let L: X — U be a surjec-
tive linear map. Suppose f is a bounded function on U so that fuy € S*(U). Define
L*(fpu) :== (f o L)ux. Thus for a test function ¢ € S(U),

L*(fuo)() = / F(L(x))é(x) dyx(z). (209)
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Choose a subspace X’ C X complementary to Ker(L) so that X = Ker(L) & X'. Let
Hker(r) and pxs denote the corresponding normalized Haar measures on Ker(L) and X’
respectlvely Then (299) may be rewritten as

/,/K L(z" +2"))p(a" + &) dpgenry(2”) dpx (). (300)

Let L' denote the restriction of L to X’. Then L’ : X’ — U is a bijection and Lemma 110
shows that (300) may be rewritten as

/ F ()L (6) () dpay (u). (301)

where
L(¢)(u) = / O(L' () + ") dpicer(z) (2) | det (L) |5 (302)
Ker(L)

Notice that L, : S(X) — S(U) is a continuous map. Hence we have the notion of a
pullback of a distribution

L*(f)(¢) = [(L«(9)) (¢ €S(X), feS (U)) (303)
which is consistent with [14, Theorem 6.1.2].

Lemma 111. Let X and U are two finite dimensional vector space over F equipped with
lattices and the corresponding normalized Haar measures px and py. Let L : X — U be a
surjective linear map. Let .
L:X/L7YV)—U/NV
be the induced bijection. Then
L*(uv) = | det(L) |5 pr-1v)-

Proof. Let X' C X be the orthogonal complement of Ker(L). Denote by L’ the restriction
of L to X" and by L” the restriction of L to X'N L™!(V). Then

L':X' - Uand L”: X N L7(V) = V

are bijections.
According to (303), for a test function ¢ € S(X) we have

Fn@) = [ [ o+ 17 0) div(0) duri@) [ ded ) (30)
Ker
Then the right hand side of (304) is equal to

| / B+ y) dirr ) (y) diicesy () | det(L)]e | det(L') 5!
Ker(L) J L"—1(

- / o(2) duL-mz) | det(L") s | det(L')[; .
L=1(V)

Since | det(L")|z" | det(L)|r = | det(L)|r, we are done. O
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6.2. Gaussians on F". Let B be the usual dot product on F”,
B(z,y) = 'y = xiy1 + Taya + - + Ty (v,y €F).

Then the Haar measure associated to the lattice of C F" dupn(x) = dxidxs ... dz,, is
the n-fold direct product of Lebesgue measure dz; on F, such that fo . dr; = 1.
For a symmetric matrix A € GL(F") define the corresponding Gaussian v4 by

ya(z) = X(%xtAx) (x € F™).

Also, let

X(lxtAx) dx.

1) = F1al0) = [ (5

In particular, taking n = 1, we have

v(a) = /Fx(%aa:Q) dx, (a € F*).

Let yw be the gamma factor defined by Weil in [51, n°14 cor. 2|. It is related to v by
the equality
Y(A) = |det(A)[s" 3w (A). (305)
We set

w(q) == w(Q),
if ¢ is a quadratic form with associated symmetric matrix @) as in Eq. (12). Then ~y
defines a unitary character of the Witt group of F. The scalar vy (a) is the gamma factor
attached to the quadratic form z — ax? (a € F*). It depends only on the class of a
modulo (F*)2. In particular, we have

yw(a?) =y (1) for all a € F*. (306)

Of course Eqn. (306) would not be true with ~ instead of yyy: we get y(a?) = |alz 'y (1).
Note that vy (1) and (1) are equal.
Recall the Hilbert symbol ( , ): for any a,b € F*,

(a.b) 1 if 22 = ax® + by? has a non-zero solution (z,y, z) € F3,
a,b) ;= '
—1 otherwise.

Equivalently, if A is a central simple algebra over F with a basis ¢, 7, and k = ij = —ji
such that 2 = a and j? = b, then (a,b) = —1 if A is a division algebra and (a,b) = 1 if
it is isomorphic to the algebra of 2 by 2 matrices. It is related to the above v factor as
follows:

Proposition 112. For any a,b € F*, we have

 (ab) (1)
(0= = @) (307)
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Equivalently
7(ab)
1
(0:0) = e (308)
7(1) 7(1)
Also
8 1/2 s x
(o) = (lai*1(@) =1 (aeF). (309)
Proof. 1t follows from [51, n°25 prop. 3 and n°28 prop. 4] that
b 1
(a,b) = 2 @D 1w D) (310)

w(a)yw(b)
This is the formula at the bottom of page 176 in [51]. Also, a proof of (309) is on the
pages 176 and 177 in [51].
Then the equality (307) is an immediate consequence of the equality v(a) = yw (a) |a|g 12
(See also [30, Corollary 2.16, page 440].) O

Corollary 113. The function

a+ s(a) = |alg =

is a character of F* /(F*)2.
Remark. The function a — 1&‘32 is a character of F*. However it does not have trivial

restriction to (F*)2.

Remark. The character s will play a similar role to that of the character s which was

lal

defined in Lemma 25 in the case of finite fields, and of a " in the case of R.
In these terms we have the following theorem due to Weil.
Theorem 114. For any symmetric matriz A € GL(F"),
Fya=7(A)y-a-1, (311)
and
Y(A) = (1) (det(4)), (312)

Here the + function is invariant under the natural action of GL(F™) on the symmetric
matrices. In particular

(V)7 (A))% = (v(1) (det(A)))* . (313)

Proof. Suppose A is similar to
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Since vy is a homomorphism from the Witt group of the symmetric forms to C we have

Yw (A) = yw(a1)yw(az)..yw(an) .
On the other hand (310) implies inductively that

ywlaas...a,) = (a1ag...an_1,a,)yw (1) yw(aras...an_1)yw(an) (314)
= (a1,a9)(aras,a3)...(a1az...an_1, an)yw (1) "y (a1)yw (az)..yw (an) -
Thus
v(det(A)) = (a1, az)(aras, az)...(a1as...an_1, ay)y(1) " "y(A),
or equivalently,
Y(A) = (a1, az)(aras, a3)...(a1as...an_1, a,)y(1)" 1y(det(A)) (315)

and (312) follows.
Equivalently, we have (see [51, Chap. I Théoreme 2 and Chap. II § 26])

v (A) = £9(1)" yw(det A). (316)

Hence, from Eqn. (305) we obtain
+(4) = +9(1)" y(det A). (317)
Then the first equation in the statement of the theorem follows from [51, Eqn. (17) and
Théoreme 2, 1. § 14] applied to the character of second degree z — v4(z). O

6.3. Gaussians on a vector space. Let U be a finite dimensional vector space over F
with a lattice £ C U. Suppose ¢ is a non-degenerate symmetric bilinear form on U. Let
v(q) = v(Q), where @ is the matrix obtained from any N -orthonormal basis u;, us, ...,
u, of U by

Qij=q(uiuy)  (1<4,j <n).
Also, we define v(0) = 1.

Lemma 115. If q is a non-degenerate symmetric bilinear form on U, then

1 * 1 * (% * * *
[ x(Gatw )= @) () = 2@x(-50° (0 w) (@ € V),
U
Proof. Fix a Ng-orthonormal basis uy, ug, ..., u, of U and let uj, uj, ..., u; be the dual

basis of U*. This is a N, -orthonormal basis. As we have seen in the proof of Lemma 27,
if ) is the matrix corresponding to ¢, as above, then Q! corresponds to ¢*.
Let z; = u}(u) and let y; = u*(u;). Then

| xGatu = @) dm( = [ G Qo(=a'y)ds

= AHQN(-54'Q ) = a5 (")),

where the second equality follows from Theorem 114. 0
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6.4. Gaussians on a symplectic space. Let W be a finite dimensional vector space
over F with a non-degenerate symplectic form ( , ). We shall identify W with the dual
W* by

w*(w) = (w,w") (w,w* € W). (318)
The identification (318) provides to the following isomorphisms
U* = W/U* and (U/V)* = V*+/U*, (319)

where the orthogonal complements are taken in W, with respect to the symplectic form
(,). Let {e1,...,en,€_p,...,e_1} be a symplectic basis of W, that is:
(€i,ej) = (e—ije—;) =0 and (e e_;) =0;, foralll<i j<n.
Let £ := Z?:_n ore;. Then L is a self-dual lattice in W, i.e.,
{we W; (u,w) €op forallue L} =L.
Moreover,
{<U]1,U)2>; Wi, Wy € E} = OF.
As explained in section 6.1, £ leads to a normalization of the Haar measures on any

subspace of U C W and on any quotient U/V, where V is a subspace of U.

Lemma 116. Suppose v € Hom(U, W/UL) is such that
(xu,v) = (zv,u) (u,v € U).
Set )
q(u,v) = qz(u,v) = §<xu, v) (u,v € U).
Let V be the radical of q and let § be the induced non-degenerate form on U/V. Then
(a) If x € sp(W) is invertible, i.e. U =W, then
1 . 1
che(w) = [ X o) dyow() = (1)1 det ().
w
where the + function is invariant under the adjoint action of the symplectic group.
(b) V = Ker(z);
(c) The element x determines a bijection
z:U/V — VUt
with the inverse
e oyl U UYAVE
(d) Let x7% : V- — U/V be the composition of ' with the quotient map V- —
VL /UL, Define

Xa(u) = x(F(zw,w))  (ueU),

Xa1 (W) = x(F (27w, w))  (we V).
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Then, for any ¢ € S(W),

vt wnoto) dimyto) i (320)
= 2@ | (w)otw) dis )
= (9 /vi/uL Xao—1 (w + U™b) L P(w +v) dpy (v) dppy Ly (w + uh).

Also, for any ¢ € S(W/UL),
/ [ w))é(w + UL dygus (w+ U dpo(u)  (321)
W/UJ-
= 7((1)/ Xa-1 (w)(w + U) dpay sy (w + UT).
VJ-/UJ-

Proof. For part (a) set {uy,...,usn} = {e1,...,€n,€_p,...,e_1} and notice that

chefa) = [ x{Gaa(0)) () = 5(a2) = (1) (det((Gus, 1)
1

5%))

= Ey()T(det(

where the last equality follows from Lemma 20.
Part (b) is obvious. Part (c) means that Ker(z)* = Im(z), which is true. For ¢ € S(W)

we have,
/ / () (5 (1, 0))0a0) dpiy (1) A ()

= /]:unu w) dpvw (w)
= [ ) w)ot20) i) 2 Vs
= /F'unu ¢(2w) dpw (w)

= 2@ g (wo(20) s )
= 2@ | s (Ge)otw) s )

= 2@ o w)otw) dis )
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This verifies (320). For gb € S(W/Ut) we have,

/ / (1, w))d(w + UT) dpay - (w + UT) dpay ()

W/UJ—

- /U/V / /W/Ul (utV) ( (utv,w))g(w + UT) dpryy pyr (w + Ut) dpw (v) dpg v (u + V)

- / / / va(u 4+ V)x((u+v,w)p(2w + U) dpyy py (w + UT) dpy (v) dpag v (u + V)
u/v w/uL

-/ , / | V0 U s 0+ 0 )

= 7(q) /VL/UL V—g* (w+ UL)¢(2w + UJ‘) dluw/ul (w + UJ_)

N 1
= (9 / / 7—@*(510 + UN)o(w + Ut dpyy e (w + UT)
VL /UL

= @ [ e U6+ U dige (0 + U,

This verifies (321). O

By a Gaussian on the symplectic space W we shall understand any non-zero constant
multiple of the tempered distribution

XzHu € (W) (322)

where the function y, is defined in Lemma 116. In these terms Lemma 116 says that the
Fourier transform of a Gaussian is another Gaussian.

6.5. Twisted convolution of Gaussians. Recall the twisted convolution of two Schwartz
functions ¥, ¢ € S(W):

= [ pwow —uxGle) da  wew).  (33)

It is easy to see that the above integral converges and that 5o € S(W). Also, the twisted
convolutions

Sun(1) = D~ w5 (e, w)) and 8, (1) = S0 — w3 () (324

are well defined for any continuous function ¢.
Let
t(g) = Xe(g)Hg—W- (325)
For any ¢ € S(W), the twisted convolution ¢(g)i¢ is a continuous function given by the
following absolutely convergent integral

Ho)zotw) = [ (@t —x(Gle ) diywiw)  (weW).  (20)
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Lemma 117. For any g € Sp(W),

£(9)8(0w, 1) = Gguot(t(9)i) (¢ € S(W), wy € W).
Proof. The left hand side evaluated at w € W is equal to

[ Xt @) o) = 0x(G ) diy )
= /—w Xe(g) (W)o(w — u — wo)X(%@on w = U>)X(%<u7 w)) dpg-w(u)
= [ otw = (G el ) + 2w =)+ 20, 0) dity- (1)

and the right hand side is equal to

(t(9)20) (0 — gw0>x<§<gwo,w>>
= [ et (w0l — g — w0 — gu) dag-w(w)x (5 g, w)

g W
= / Xe( g) u— g wo)p(w — gwy — (u— g~ wp))
g9
1

(5 = g0, = gun)) dpy v () (5 (gwo, w)
= [ olw = u— (el = g7w0) u— g o)

+ 2(u— g wo,w — gwo) + 2(gwo, w))) dptg-w(uw).

A straightforward computation shows that

(c(9)(u— g~ wo),u — g wo) + 2{u — g~ wo, w — gwo) + 2(gwo, w)
— ({e(9u, u) + 2{wo, w — u) + 2(u, w)) = 0.

Hence, the two sides are equal. ([l
Lemma 118. Fiz an element g € Sp(W). Let U =g~ W. The map

Usu— (,(1—c(g9))u) € U =W/Ut = W/Ker(g") (327)
18 bijective.

Fiz a complement Z of U in W so that
W=Ua®Z

We shall denote the elements of U by u and elements of Z by z. In particular every w € W
has a unique decomposition

w=u-+z.
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Then, for any ¢ € S(W) and any w' =u' + 2/ € W,
t(g)ap(w’) (328)
= @G ) | v (ol x5 (1= o)’ + ) diu)
In particular, (328) and (327) imply that t(g)i¢ € S(W) and that the map
S(W) > ¢ = t(g)1o € S(W)

18 continuous.

Proof. Suppose ( ,(1 —¢(g))u) = 0. Then (1 — ¢(g))u € Kerg~. There is uy € W such
that u = g~ ug. Therefore

= g (1 —c(g))u= 9’(1 —c(9))9” uo
= g (g )uo—9 g uo=9 (97 )uo— g g ug
(9_ )9 Uy = —2¢9 ug = —2u.

This verifies (327).
The left hand side of (328) is equal to

Ha)zow) = | @l = (Gl duo)

= X+ 00" = () d
= o @ X G el ) = G+ ') da
= (G0 [ e (@0l = (G’ = cla))) diu),
which coincides with the right hand side. 0

In particular Lemma 118 shows that for any two elements g;, g2 € Sp(W) there is a
tempered distribution ¢(g;)tt(g2) € S*(W) such that

(t(g1)5t(g2))80 = t(g1)a(t(g2)80) (¢ € S(W)). (329)

Proposition 119. Fiz two elements g1, g2 € Sp(W). Let U} C Uy be the N.-orthogonal
complement of U, so that

U, =UeUu.
Then the map
LU, 4+ Uy 30y +uy — (g, — c(ga)ug — u) —uy + Ut € W/UH
is well defined, surjective and L~1(V+/UL) = Uyy. Denote by
L: (Up +Uy)/Us2 3 ug + ug + Ugg — c(g1)ur — c(ga)us — ug — ug + Ve W/V+
= (W/UH)/(v+/uh)
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the induced bijection and set

Clg1,92) = (Ggr.ga)| det (L) 5. (330)
Then C' is a cocycle, with C'(1,1) =1, and
t(91)t(g2) = C (g1, 92)t(g192)- (331)

Proof. Since V*/U+ = (¢(g1) + ¢(g2))U, the map L is well defined. Suppose v} € U} and
uy € Uy are such that L(u} + uy) € V-/UL. Then there is u € U such that

(c(g1) + c(g2))u + c(gr)u) — c(ga)us — u) — up € U™
Let
U= gyv1=goV2, V=1 =g Wi, W—V=1Uy = gy Wy.
Then
(c(g1) + c(g2))u + c(g1)v + c(ga) (v — w) — w € Ut.

Hence, the computation (87) - (89) shows that w = (g192) (w2 — v2) € Uja. Therefore
L7 (V+/U+) C Upp. But (327) implies that L is surjective and Lemma 7 (b) shows that
d1m((U1 + Ug)/Ulg) = dlm((W/UJ')/<VJ‘/UJ‘)) Thus Lil(VJ‘/UJ‘) = U12.

The computation (89) - (93) shows that, if u} + us € Ujo then

(c(gr)uy, uh) + (c(ga)ua, ug) + 2{u}, ug) + ((c(g1) + c(g2)) " L(u} + uz), L(uj + up))
= (c(g192)(u] + ugz), uy + ug)

so that
1
Xc(gl)(uﬁ)xc(gz)(uz)X(§<U'1a Ua) ) X (e(g)+e(g)) 1 (LU + U2)) = Xe(grgo) (U] +u2).  (332)

Any u; € U; has a unique decomposition u; = uj + u, where v} € U} and v € U. With
this notation, Lemma 118 shows that for any ¢ € S(W),

t(gl)h(t(gz)h¢)(0) (333)
- / Netony () (g2)86 (s ) djay, ()

— /U /U Xe(g1) Ul Xe 92)( )X(%<U7U/1>)X(%<u2, (C(gz) _ 1)u>)

(i (2 ) s+ ) s, () s, ()

- / / | / s ()Xot () s DX (s () = 1)

Xe(ge) (U2) X (= 2<U2,u1>)¢(U2+u1)duu2(uQ)duw () dpy (u)
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The formula (321) applied with = ¢(g1) + ¢(g2) shows that

] et )t (0 ) el = 1)) ) (334)
XC(91)(U/1) /U XC(g1)+c(gz)(u)X(%<uv C(gl)ull - 0(92)U2 - U/1 - U2>) d,uU (U)

2 (g 02D Xeton) (1) (XCeton) o) v ) (g = elga)us — iy — ).

Furthermore, Lemma 111 shows that, for u} + us € Ujs,
pive o (e(gi)uy — c(g2)ug — uy —ug) = L (pye pyr ) (u] + ug) (335)
= | det(L)] ", (h + us).

The formula (331) follows directly from (332) - (335).
We see from (324) that

t(91)8(t(92)8¢) (w) = (t(91)8(t(92)19))30 -0 (0) = (£(91)8(¢(92)8(040-)))(0)
= ((t(g1)8t(92))8(Ph0-0))(0) = ((£(g1)8E(92))60)80-)(0) = (t(g1)8t(g2))10(w).

Therefore

(t(g91)bt(g92))10 = t(g1)8(t(g2)0).

Hence, t(g1)bt(g2) coincides with the composition of #(g;) and ¢(gs) as elements of the
associative algebra End(S(W)). Therefore the function C' is a cocycle. O

6.6. Normalization of Gaussians and the metaplectic group. For an element h €
End(W) define h* € End(W) by

(hw,w') = (w, h¥w') (w,w" € W). (336)
Then (Ker h#)+ = hW.
Lemma 120. Fiz two elements g1, g2 € Sp(W) and assume that K; = Kerg; = 0. Then

1-
]det(ﬁL))hp = |det(gy : K12 — V|p) ™"

Proof. Since, by Lemma 7 (c), g, K12 = V, the right hand side of the equation we need
to prove makes sense. A straightforward computation shows that

1- 1
L W/Ujp 3w+ Ujp — 5(c(gl) —Dw+V*t =g 'w+ Ve W/Vvh

Hence,
det(%i)—l = det(gy : W/VE — W/Up,).
Notice that gfl —1= gfé. Since V = g, K15 and Uy = Klé, Lemma 22 shows that
det(gy : W/V*E — W/Uy,) = det(g; ! — 1: Kjp — V).

Since the restrictions of g;' and g, to K5 are equal, we are done. 0
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Let B be a non-degenerate (not necessarily symmetric) bilinear form on a finite dimen-
sional vector space over IF. Define the discriminant of B as

. Yw (det(A))
dis(B) = ———=, 337
()= M (337)
where A is the matrix obtained from a basis uy, us, ..., u, of the space by

Clearly the discriminant does not depend on the choice of the basis.
We have
dis(B)? = s(det(A)). (338)
For any g € Sp(W) the formula
(g w,w'") (w,w" € W)

defines a bilinear form whose left and right radicals coincide with Ker(g~). Hence we get
a non-degenerate bilinear form B, on the quotient W/Ker(g~). Then
dis(B,) = ’Yw(det(@_wuwj)lgmsfn))’
7(1)
where w; + Ker(g™), we + Ker(g™), ..., w, + Ker(g™) is a basis of W/Ker(g™).
For g € Sp(W) define

0(g) := (1) oW dis(By). (339)

Lemma 121. Let gy, g2 € Sp(W). Assume that K1 = Kerg; = {0}. Then

) = o (3140

where qg, 4, @5 the non-degenerate symmetric form defined in Notation 6.

Proof. Let h be the element in GL(W) defined in Eqn. (24). Then since s is a character,
it follows from Eqns. (338) and (26) that

s(det(((grg2) wi, hwj)acij) = dis(g, g,)* s(det({g7 wi, hw;j)pcis))- (341)
But
s(det(((g192) wi, wj)aciy)) = dis(By,g,)*.
Therefore (341) may be rewritten as

dis(By,g,)* s(det(h)) = dis(Gg,,g,). (342)
Notice that
dis(By,)* = s(detgy) = s(det(gi(g; " — 1)) = s(det(g; ' — 1))
= s(det(g;t — 1))
Then, from (27), we obtain
dis(B,,) "2 s(det(h)) = s(—1)"™ Y dis(B,,)%
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Therefore .
s(det(h)) = s(—=1)"™ Y dis(B,,)? dis(B,,)*. (343)
By combining (342) and (343) we see that
dis(qgi.g2)” = dis(Byig)®s(=1)"""Y dis(By,)* dis(B,,)* (344)
— 5(_1)dimU diS(Bglgz)g
dis(By,)? dis(By,)*

We see from (316) that
7W<q~gl,gz>2 — ’y(l)Zdim U—-2dim V diS((jghm)Q — 5(_1)dim U,y(l)—2dim U—2dim V diS(@gth)Q,
because (1) = s(—1), which follows from the equality (1)y(—1) = 1. Therefore (344)
implies (340). O

Definition 122. For g € Sp(W) define
O%(g) = (1?2 (y(det(g” : W/Ker(g™) = g~ W))*

= 0*(g)ldet(g™ : W/Ker(g™) = g~ W)[g",

where _
0%(g) = (1)* "¢ VW s(det(g™ : W/Ker(g™) — g~ W)).
(Here s was defined in Corollary 113.)
Lemma 123. We have
©%(g192)
02(91)0%(92)

Proof. Both sides of the equality (345) are cocycles. Hence, Lemma 8 shows that we may
assume that K7 = {0}. Therefore the equality (345) is equivalent to

det((g192)”: W/Kj2 — Uyo)

= 0(91,92)2 (91,92 € Sp(W)). (345)

det(g; : W — W) det(g;, : W/ Ky — U) (346)
= ()Y det((Gelgn) + ele)) o) (det(gy : Kio V)2
In particular
| det((g192)": W/ K12 — Up)lr (347)

|det(g; : W — W)|p|det(gy : W/Ky — U)|p

1 _ _
= [det({5(c(g1) + c(g2)) » Ju)le | det(gy : Kio = V)
This, together with Lemma 120, shows that the right hand side of (347) is equal to

det({5(clar) +e(g2) Dol (2 V] det( D))

which, by Proposition 119, coincides with |C'(g1,¢92)| °. Hence, the absolute values of

the two sides of (345) are equal. Hence, (345) (without the absolute values) follows from
Lemma 121. UJ

|—2
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Definition 124. Let

Sp(W) :={(9.€); 9 € Sp(W), £ € C*, £ = ©%(g)},
where ©%(g) is as in Definition 122.

Lemma 125. QB(W) is a group with the multiplication defined by
(91,61)(92,&2) = (9192, &6 C91,92)) (91,92 € Sp(W)) (348)
the identity equal to (1,1) and the inverse given by
(9,7 = (978  (g9.€Sp(W)).

Proof. Lemma 123 shows that the right hand side of (348) belongs to éB(W) A standard

computation, as in [22, page 366], shows that Sp(W) is a group with the multiplication
given by (348), the identity equal to (1,C(1,1)"!) and

(9.6 = (g7, Clg"9)7'¢).
Since, by Proposition 119, C'(1,1) = 1, it remains to check that
Clg~hg) ¢ =¢
But, as in the proof of Lemma 120,
Clg~tg) = 2V det(L)[5"
= |det(g™: W/Ker(g™) = g~ W)le = [0%(9)[z" = [¢[z".
This completes the proof. 0

Notice that the map s
Sp(W) 2 (g,€) — g € Sp(W)

is a group homomorphism with the kernel consisting of two elements. Thus QB(W) is a
central extension of Sp(W) by the two element group Z/2Z:

1 — Z/2Z — Sp(W) — Sp(W) — 1. (349)
Proposition 126. The extension (349) does not split.

Proof. Pick a two-dimensional symplectic subspace W; C W and let Wy = W1, so that
W=W; ®W,.
Define an element g € Sp(W) by
g(wy +wy) = —wy + we (wy € Wy, wy € Wy).
Then ¢~ |w, = (a — 1) I3 and g~ |w, = 0. Hence Ker(g~) = W5 and g~ (W) = W;. We get
©0%(g) = ~(1)'s(det(g™: Wy — Wy)) |det g~ : Wy — W)
= (1)*s(4)] -4l

y(1)*
| — 42
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We have g — 1 = 0, and Eqn. (345) gives

Clg.9)* = W — | -2

1)2 —
Let g = (g, |’7_( 2>|F) Then g € Sp(W), and

7> =(9%0%9)Clg.9) = (¢>,7(1)*) and §*' = (9" 0°(¢*) C(4°, %) = (4", 1).

Thus the subgroup of éB(W) generated by ¢ is cyclic of order 4. The subgroup of Sp(W)
generated by ¢ is cyclic of order 2. Hence the extension (349) does not split over that
subgroup. O

Corollary 127. Up to an equivalence of central group extensions, as in [22, sec. 6.10],
(349) is the only non-trivial central extension of Sp(W) by Z/27.

Proof. Since, as is well known (see [27, Theorems 5.10 and 11.1 (b)]),
H*(Sp(W),Z/27) = Hom(Z, Z./27),
the claim follows. 0
Let
¢*(w) = ¢(—w) and u*(¢) = u(¢*) (¢ € S(W), u € S*(W), we W).
Lemma 128. For any g € Sp(W), t(g9)* =t(g7').
Proof. By the definition (325),

t(g)" = (Xc(g):ug‘W) = Xe(g)Hg=W = X—c(g)Hg=W-

Since g~ W = (¢g~! — 1)W, it will suffice to check that for any w € W
—c(g)g w =c(g™)g w.

The left hand side is equal to —gtw. The right hand side is equal to

(g9 = Dgw = —(g7' = 1)gw = —g*w.
O
Definition 129. For j = (g,£) € Sp(W) define
©(9) =& and T(g) = ©(9)t(9). (350)
Lemma 130. With the notation of (350), the following formulas hold
T@G)ET(G:) = T(3132) (3,5 € SP(W)), (351)

TG =T@G") (g€ Sp(W)). (352)
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Proof. By Proposition 119 the left hand side of (351) is equal to

0(51)0(72 o
— C(g1,92)T
@(9192) (gl 92) (9192)
Lemma 125 shows that
0(91)0(g
— C(g1, =1
o) )

This verifies (351).
The equality (352) follows from Lemma 125 and Lemma 128:

T(g) =0@)tlg)" =0 g ) =T(7 )

Lemma 131. The map T : gf)(W) — S§*(W) 1is injective and continuous.

Proof. The injectivity of T follows from the injectivity of ¢ : Sp(W) — §*(W), which is
obvious. Let

Sp“(W) = {g € Sp(W); detg~ # 0}.
Lemma &8 shows that

sp(W)= | Sp(W)h. (353)
)

heSp(W
Let é\ﬁc(W) C é\ﬁ(W) be the preimage of Sp®(W). Then
Se(W) = [J Sp (W)h.
heSp(W)

By Lemma 130, we have

Thus for ¢ € S(W),
T(9)s¢ = T(gh™")a(T(h)t9)-
By Lemma 118, the map

S(W)> ¢ —T(h)o € S(W)

is continuous. Hence it will suffice to check that the restriction of 7" to §I/)6(W) is contin-
uous. But this is obvious. 0
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6.7. The conjugation property. Let L?(W) denote the Hilbert space of the Lebesgue
measurable functions ¢: W — C, with the norm given by

|6 |2= /W () dpy (w).

Lemma 57 shows that for any ¢ € éI)(W) and any ¢ € S(W)
I T(9)50 15= (T(9)50)"8(T(9)5¢)(0) = ¢"5T(9)"5T(9)16(0) = ¢*16(0) =|| ¢ |3 -
Hence, the continuous linear map
S(W) 2 ¢ = T(g)1p € S(W)

extends by continuity to an isometry

L*(W) 3 ¢ = T(9)16 € L*(W).
Furthermore, the formula

wii(9)d(w) = ¢(g~'w) (g € Sp(W), ¢ € L*(W)).

defines a unitary representation ws 1 of the symplectic group Sp(W) on L?(W).
Proposition 132. For any ¢ € L*(W) and g € S?)(W) in the preimage of g € Sp(W),
T ()87 (57) = wia(9).

Proof. Since T'(g)f is a bounded operator, we may assume that ¢ € S(W). Lemma 42
says that

t(9)80w = Ouglit(g) (w e W).

Therefore
T(9)bow = dugtT(g)  (w € W).
Since,
6= | Swsudune(w) and [ ow)sy dive(w) = wir(9)0,
W W
we see that

T(9)8¢ = (Wl,l(g)(ﬁ)hT(f])-
O

6.8. The Weyl transform and the Weil representation. Pick a complete polariza-
tion

W=XaY (354)

and recall that our normalization of measures is such that duw(z + y) = dpx(z)duy (y).
Recall the Weyl transform

C: S5 (W) — S*(X x X), (355)
K((ea') = [ =o'+ (Gl + ) divly).



124 A.-M. AUBERT AND T. PRZEBINDA

This is an isomorphism of linear topological spaces, which restricts to an isometry

KC: L2(W) — L(X x X). (356)
Each element K € §*(X x X) defines an operator Op(K) € Hom(S(X), §*(X)) by
(Op(K)(v))(u) = K(u®v) (u,v € S(X)). (357)

Since the map
S(X) x S(X) 3 (u,v) 2 u®v e S(X x X)
is continuous, (357) defines a continuous injection
Op : $*(X x X) = Hom(S(X), S*(X)). (358)
Conversely, if S € Hom(S(X), S*(X)), then
S(v)(u) (u,v € S(X))

defines a continuous linear map on S(X) ® S(X) = S(X x X). Hence the map (358) is
bijective and thus a linear topological isomorphism.
A straightforward computation shows that Op o IC transforms the twisted convolution of

distributions (when it makes sense) into the composition of the corresponding operators.
Also,

(Opo K(f))"=0poK(f)  (fe&(W)) (359)

and
tr Opa k() = [ KC(f)w,a) dunta) = F(O (360)

if Op o KC(f) is of trace class, [18, Theorem 3.5.4] (More precisely the same proof works).
Hence, the map
Opo K: L*(W) — H.S.(L*(X)) (361)
is an isometry, which is a well known fact [18, Theorem 1.4.1]. (Here H.S.(L*(X)) stands
for the space of the Hilbert-Schmidt operators on L?(X).)
Let U(L?(X)) denote the group of the on the Hilbert space L*(X).

Theorem 133. Let w=OpoKoT. Then
w: Sp(W) — U(L*(X))
is an injective group homomorphism. For each v € L*(X), the map
Sp(W) 3 § = w(g)v € L*(X)

is continuous, so that (w,L*(X)) is a unitary representation of the metaplectic group. The
function © coincides with the character of this representation:

[ e@v@di—t [ w@v@d (e CEEwW))
Sp(W) Sp(W)

where the integral on the left is absolutely convergent. (Here dg stands for any Haar
measure on Sp(W).) Moreover,

w(G)OpoK(¢)w(g™) = OpoK(wii(g)g) (5 €Sp(W), ¢ €LA(W)).
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Proof. We see from the discussion in section 6.7 that the left multiplication by w(g) is an
isometry on H.S.(L?(X)). This implies that w(g) is a unitary operator.
We see from (358) that for any two function vy, v € S(X) there is ¢ € S(W) such that

[ @@ dixta) =T@@) (G SpW).

Hence Lemma 131 shows that the left hand side is a continuous function of §. Since
the operators w(g) are uniformly bounded (by 1), we see that the left hand side is a
continuous function of § for any vy, vy € L*(X). This implies the strong continuity of w,
see [49, Lemma 1.1.3] or [50, Proposition 4.2.2.1].

Lemmas 130 and 131 show that the w : Sp(W) — U(L?*(X)) is an injective group
homomorphism.

It is not difficult to check that the function

det(Ad(g) — 1)

e (9 € Sp(W))
is locally bounded. Furthermore, as shown by Harish-Chandra [12, Section 8], the function
[det(Ad(g) = DIz"* (g € Sp(W)) (362)

is locally integrable. Hence the function,
0@9)| = |detg[z"* (g €Sp(W))

is locally integrable. (We would like to thank Alan Roche for the reference, [12].)
Notice that for any U € C2°(Sp(W)),

/SV(W) T(@)¥(3) dg € S(W). (363)

Indeed, since the Zariski topology on Sp(W) is noetherian the covering (153) contains a
finite subcovering (see for example [13, Exercise 1.7(b)]). Hence, there are elements h;,

ho, ..., hy in Sp(W) such that

Sp(W) = [ Sp"(W)h;.

Therefore Lemma 130 and a standard partition of the unity argument reduces the proof
of (163) to the case when ¥ € C'°(Sp (W)). In this case (163) is equal to

/ Xz (W) (x) dz (364)
sp(W)

where 1 € C°(sp(W)) and dx is a Haar measure on sp(W). The function (364) is equal
to the pullback of a Fourier transform ¢ of ¢ from sp*(W) to W via the unnormalized
moment map

T: W = sp*(W), 7(w)(x) = (xw, w) (x € sp(W), we W). (365)
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Since ) € S (sp(W)) and since 7 is a polynomial map with uniformly bounded fibers,
Yot e S(W).

This verifies (363). Hence, we may compute the trace as follows:

" /s;<w>“(§’>‘1’@’> i = ( A OO dg) (0) = ( /SNPC(W) T(G)¥(3) dg) 0)
- /S?(W)T(@(om@)dg: | e@v@ s

Sp(W)
The last formula is a direct consequence of Proposition 132. 0

We end this section by recalling some well known formulas for the action of w(g) for
some special elements g € Sp(W).

Proposition 134. Let M C Sp(W) be the subgroup of all the elements that preserve X and
Y. Let M :={g €M : det g~ # 0}. Set

(@) = O@) | det(5(elob0 + DI (3 € N,

Then ~
(€(9))* = (s(det(glx)) ™" [det(glx)[g" (g€ M), (366)
the function (: M¢ — C* extends to a continuous group homomorphism
C: M — CX
and N
w(@(@) = C@olg ) (GEM, veSX), v eX). (367)

Proof. Set n = dim X. Fix an element g € M¢. Observe that
det(gly — 1) = det((glx) ™" — 1) = det((g[x) ") det(1 — g|x).

Then it follows from Definition 122 that
©%(g) = (1)"s(detg™)|detg |5’

7(1)*" s(det(glx — 1) det(gly — 1)) |det(glx — 1)7" det(gly — 1)[5"

= 7(1)" s(det(g]x — 1)) s(det(gly — 1) | det(glx — 1)[z" |det(gly — Dz’
(1) s(det(glx — 1)*) s(det(—(glx) ")) [ det(glx — 1)[z* | det(glx)|=
(1)™" s(

(1)

I
n

I
2
o

= (1) s((~1)") s(det(glx))) " det(glx — 1)[5] det(gle)le
= (1) (s(~1))" (s(det(glx))) " | det(glx — 1[5 ] det(gh)ls
Also,
det(5(clob) + D = Idet((gho)(glx — 1) )"
= Jdet(glx — 1))le | det(gho)"
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Hence

(€(9)* = ()™ (s(=1))"(s(det(glx))) ™" | det(glx)[z"
= (1) (=1)*" (s(det(glx))) " [ det(g]x)[5"
= (s(det(g]x))~" [ det(glx)|"-

This verifies (366).
Let z,2' € X and let y € Y. Then
Kt a) = [ Hoo =o'+ x(G o+ ) duv(y)

| XGlel)a =) (G + ) dul)

2
= bo(5elg)(w — ) — 2 — ") = o ((eg) —~ )z — (elg) + )
= [det(3(e(gh) + 1)) olg e — ).

2
Therefore
K(T(9))(z,2") = ((g)do(g~'x — ).

Thus we have (367) for § € M¢. Since w is a representation of M, the remaining claims
follow. OJ

Proposition 135. Suppose g € Sp(W) acts trivially on Y and on W/Y. Then det((—g) —
1) #0 and

w(Gv(@) = & Xe(—g) (20) v(2) (v ESX), z €X),  where & = (s(2))™".

Proof. Since —g acts as minus the identity on Y and on W/Y, det((—g) — 1) # 0 and
z =c(—g) € sp(W) is well defined. We have

2(w) = (=g)"((=9)") "(w) (weW).

Since g acts trivially on Y and on W/Y, we get, for every z € X and every y € Y:
glx+y)=x+y+y, wherey, €Y.

It gives (—g) (v +y) = —22 — 2y — y,.. Hence

(9 )M +) = 5@ +9) + 1o
We obtain X 1 X
Az t+y) = (=9)" (=5 +9) + J%) = v

In particular, we have
22 X—=Y — 0.
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Also, det(z —1) # 0 and ¢(z) is well defined. On the other hand, we have (z —1)(z+y) =
—(z +y) + 3y, It follows that

(= 1)@+ ) =~ +y) — 5o

Hence,

(o)t 4) = (4 1) (=t ) = g0 ) = —30a = (24) — 5

that is,

c(2)(z+y) = —(z+Y) = o (368)
We have ¢(z) € Sp(W). Indeed, for any w,w’ € W, writing w = z +y and v’ = 2’ + ¥/,
with 2,2’ € X and y,y’ € Y, we have

{c(2)(w), e(2)(W')) = (=W = Yo, =" = yo) = (W, ') + (T, Yor) + (Y, 7).
However, since g is in Sp(W), we have
(z,2") = {9z, 92") = (& + Yo, 7' + yr) = (2, 2") + (2, y) + (Y, 2),
which gives

<$a yx’) + <y:c>$,> = 0.
We obtain

Kl e.a) = [ oo =Gl + ) divty)
= Y.(v— :1:")(50(%(3: +2')) = 2" x.(x — 2") dp(x + 2').

We have dim ((¢(z) — 1)(W)) = dim W = 2n, and,
det (c(2) — 1) = (—=2)*".

We get
0%(c(2)) = (1) (s(=2))™" 272

= (1) (s(~1)s(2))™" 27"

o in on 7(2)471

= ()" (s(-1)) oL
since 5(—1) = v(1)4, and y(1)® = 1. Hence,

0%(c(2)) = 1(2)". )
Thus

K(T(c(2))) (2, 2') = 2" &) x(x — )00 (x + o),  where (£5)? = 7(2)™".
Proposition 134 shows that
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We have
(€)= s(-17) T = a(-1) " =)
Since
2n __ o2n 7(2)2 an
(s(2))" =2 (7(1)2> ,
the proof is complete. -

Proposition 136. Suppose g € Sp(W) acts trivially on X and on W/X. Then det((—g) —
1) # 0 so that z = c¢(—g) € sp(W) is well defined and z : Y — X — 0. Assume z2(Y) = X.
Then

w(@e) == ("3 ) 1@ [xerlo - i) (e SK), 2 ex),

where 271 : X — Y is the inverse of z: Y — X. (The explicit computation of y(q) may be
found in [36, Appendix].

Proof. The existence of z and its properties are verified as in the proof of Proposition 135.
In particular, for all x € X and y € Y, we have

g(r+y)=x+y+=x, wherezx, X

Similarly to the proof of Proposition 135, we get

(o +y) = 2(y) = 37y, (370)
and
()@ +y) = —(5+y) — 3y, (371)
that is,
(2)(w) = —w — 22(w), for every w € W. (372)
Let

1
a(y.y) = 5=, (Y €Y).
Then, in terms of Lemma 115 and the identification (318),

¢ (z,2") = =2(z "z, 2) (z, 2" € X).
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Hence, by the definition of I (355), the assumption that z annihilates X and maps Y into
X and Lemma 115, we obtain

K(telNe) = [ x(Glslo =o'+ )= + )G loo +2)) div(y)
= | XGEma Gl + ) divty)
= | XGatr X~ —5 (e +a) div (v

= (50"~ + ), 5 (0 + 7))

= (= (o4 7))~ + ) = Aahxes(w + 7).
Therefore
K(T(c(2)(@,2") = O(c(2))v(q)xe-1(x +a).

But O(c(2))? = £7(2)" (see Eqn. (369)), where dim W = 2n. Furthermore, by Proposi-
tion 134,

K(T(=1)(',2") = ((=1) do(a’ — "),
where (¢(—1))2 = ~v(1)™*". Hence, the formula for w(g) follows. O

6.9. An extension of w to Sp(W) x H(W). By the Heisenberg group we understand
the direct product H(W) = W x [ with the multiplication given by

(w,r) (W', ") = (w+w',r+r + %(w,w’)) ((w,r), (w',7") € HW)).

Set
T(w,r) = x(r)0w ((w,r) € H(W)). (373)
Then
T H(W) — S*(W)

is a continuous embedding of the Heisenberg group into the space of the tempered distribu-
tions on W. Since the metaplectic group acts on the Heisenberg group via automorphisms

g(w,r) = (qw,r) (5 €Sp(W), (w,7) € H(W)),

we have the semidirect product évp(W) x H(W), which we embed into the space of the
tempered distributions by

T(g, (w,r)) = TG (w,r) (5 € Sp(W), (w,r) € H(W)). (374)
Lemma 117 shows that
T(GT(w, r)aT(G™") = T(gw,r) (3 € Sp(W), (w,r) € H(W)). (375)
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Theorem 137. Let w=0Opo K oT. Then
w: Sp(W) x H(W) — U(L2(X))
is an injective group homomorphism. For each v € L2(X), the map
Sp(W) x H(W) 3 § — w(g)v € LA(X)

is continuous, so that (w,L2(X)) is a unitary representation of the group. In particular,

w(@w(w, rw(i™) = wlgw,r) (G €Sp(W), (w,r) € HW)). (376)
Explicitly, for v € L*(X) and x € X,
w(zo, r)v(x) = x(r)v(z —zp) (xg € X,r € F), (377)

w(yo, r)v(z) = x(r)x({yo, ))v(z) (yo €Y,r € F),
Hence, the restriction of w to H(W) is irreducible.
For a test function ® € C(H(W)) define a partial Fourier transform

¢, (w) = A@(w,r)x(r) dr (we W,r eF).
Then
trw(®) = ,(0). (378)

Thus the character of wl|uw) is equal to the the tensor product dg @ x of the Dirac delta
on W and the charcter x multiplied by the Lebesgue measure on F.

For test functions ¥ € C(Sp(W)) and & € C*(H(W)),
tr (W(W)w(®)) = (T()§Py)(0) = T(¥)(y). (379)
Proof. This is straightforward. For the irreduciblility it is convenient to check that the

only bounded operator on L%(X) that commutes with the action of the Heisenberg group
is a constant multiple of the identity. 0

6.10. The lattice model. Let I, denote the indicator function of the lattice £L C W.
Then the twisted convolution (323),

Sz (w) = ﬂw+£(w')x(%<w, o)) (w ' € W), (380)

Since we asume that the kernel of the character x is equal to op, we see from above that
1
Ol = X(§<l>w>)(5w|ﬂ£ (weW, lel). (381)

Thus d,,1,01, is a constant multiple of d,,0l,. Select a set of representatives A C W of the
cosets W/L so that we have the disjoint union decomposition of W,

W= J@+2). (382)
acA
We shall assume tht 0 € A. Let

fo=0alz (€ A). (383)
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The functions (383) form an orthonormal subset of L2(W). Let H C L*(W) be the Hilbert
subspace spanned by them,

H = {anfa; D eal? < oo} . (384)

acA acA

This subspace is invariant under the action of the Heisenberg group H(W) by left twisted
convolutions:

H>f—T(wnr)hfeH, (385)

where T'(w,r) was defined in (373).
We may assume that the complete polarization (354) is N.-orthogonal, so that

L=XNL+YNL (386)
so that
Ie(z +y) = Ixac(@)lvne(y)  (x€Xy€Y). (387)
Then a straightforward computation shows that
K(Iz)(x,2") = Ixqe () Ixac (2) (x,2" € X). (388)
With some more effort, using (380), we compute that
K(0wile)(z, 2") = vy (2)Ixz () (x,2" € X,w e W), (389)
where
Vu(®) = Ixazta,, (€)X ((w, $>)X(%<l‘w,yw>) (390)
with w = x,, + v, according to the decomposition (354). In particular
Uy = w((w, 0))Ixn, (weW). (391)
Thus
K(fo)(z,2") = va(z)ve(z)) (r,2' e X,a € A). (392)
Hence the set of the v, is orthonormal in L?(X). Furthermore the map
H > f— Opok(f)u € L*(X) (393)

intertwines the action of the Heisenberg group H(W). We notice that, since L*(X) is
irreducible under this action, so is H, and the v, form an orthonormal basis of L?(X).

Let Sp(W), C Sp(W) denote the stabilizer of the lattice. This is a maximal compact
subgroup of the symplectic group.

Lemma 138. The indicator function of the lattice L is an eigenvector for the action of
Sp(W) . via left twisted convolution:

t(g)blle = /(( e Xe(g) (W) dptg—1yw(u) - I (9 € Sp(W),) . (394)
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Proof. Let U = (¢ — 1)W. In Lemma 118 we may chose the complementary subspace Z
to be N-orthogonal to U, so that

L=UNLA+ZNL.

Then the formula (328) applied to ¢ = I, and w’ = u’ + 2’ reads

= Xe(g) (u/)x(§<u’, Z/>) /U Xc(g)(U>HUOL(U)HZOE(2,)X(_%<u7 (1 - C(.g))ul + Z,>) d:uU (u) :

Here u € £ and 2’ € L. Hence x(—3(u, 2’)) = 1. Thus the above quantity is equal to

Xl (XG0 Ezne) | vt (= (1= e9))u)) diao(w).

unt

Notice that (¢ — 1)£ C UN L is an open compact subgroup. Also, for v € (¢ — 1)L and
for € UN L we have (c(g)u,r) € op and (c(g)u,u) € op. Hence

| el (s (1= (o)) diao(w)
unt
- L el (g (L clg))u)) dia

reUm:/ g—1L

- TEUO;@_M Xe(9) (T)X(—%Oﬂ (1= c(g)u)) /<g_1)g x(—%(m (1 — c(g))u')) dpuy(u).
But
(u, (1 c(g))u'y = (1 + clg))u, ') = 2{g(g — 1) u, ) = 2((g — 1) u, g7 ) .
Thus

= |det(g—1: W/Ker(g— 1) — W|/ (w, —g ")) dyaw(w)

|det(g —1: W/Ker(g —1) = (g — YW)| - Io(—g ')
= [det(g —1:W/Ker(g —1) = (g = YW)| - Lc(u)
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Therefore
t(g)le(w)
= |det(¢g—1:W/Ker(g—1) = (g — DYW)| - Tynz (v )z (2) -
X @XGLE) Y eI (1= clg)))
reunc/(g—1)L
= |det(g—1:W/Ker(g —1) = (g — 1))W)| - Iz (w')
, 1
e (W) D Xeto) (X (=5 elg)u, 7))
reUnL/(g—1)L
= > X —7)ldet(g — 1: W/Ker(g — 1) = (g — HW)| - I (w')
reUnL/(g—1)L
— [ el — ) () Te(w)
ung
and (394) follows. O

Corollary 139. Denote by %(W)L C %(W) the preimage in the metaplectic group. Then

T(g)le = Oc(9): (€ Sp(W)z), (395)
where
0:(5) = 0(0) | Vet (@) ity () (5 € Sp(W)e)
((g—1)w)nL
The map O : Sp(W), — C* is a group homomorphism.
Lemma 117 shows that,
T(9)86atle = T(9)16.0T((9) T (9)0z = T(9)10a8T(())OL(9)Lz = 6,00,(9)Lc

Therefore (see Proposition 132),

T(§)f = Oc(@wra(9)f (G €SpW)e. f€H). (396)

Hence the map
H > f— Opok(f)uy 3 LAX) (397)
is a unitary equivalence of the representation (O, ® w1, H) and (w,L?(X)) of the group

Sp(W)_.
The entire group Sp(W) acts on the right hand side of (393). Hence it does on the
left hand side. The resulting representation of Sp(W) is called the lattice model of the

Weil representation (w,L2(X)). As we just computed, its restriction to Sp(W), is equal
to (@g & w11, H)
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