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0. Introduction

In the last thirty years, the problem of the analytic or meromorphic extension of the
resolvent of the Laplacian across its continuous spectrum has been studied for several
classes of noncompact complete Riemannian manifolds. Examples include asymptotically
hyperbolic manifolds, such as the real hyperbolic space and its convex co-compact quo-
tients [17,8,5], manifolds with asymptotically cylindrical ends [7,21], and Riemannian
symmetric or locally symmetric spaces of the noncompact type [7,8,1,22,18,19,25,20,13,
14].

The extension is obtained by considering the resolvent as an operator acting on a
suitable dense subspace of L?(X), the Hilbert space of square-integrable functions on the
considered Riemannian manifold X, rather than on L?(X) itself. When this extension
turns out to be meromorphic, then its poles are called the resonances of the Laplacian
of X. These complex numbers play the role of the eigenvalues for a Laplacian with dis-
crete spectrum and are of interest in physics as they are related to metastable states (see
e.g. [15,23,2]). Other motivations come from hyperbolic dynamics. For convex cocom-
pact hyperbolic manifolds, the meromorphic continuation of the resolvent kernel (and in
particular its poles and residues) plays a decisive role in the determination of the zeros
of the dynamical zeta function associated with the geodesic flow. Moreover, the resolvent
kernel for the (simply connected) hyperbolic space is the model used to construct the
general resolvent kernels (see [24, §1 and 4] and [6]). In higher rank, one may hope that
the meromorphic continuation of the resolvent of the Laplacian — maybe together with
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that of the resolvents of other invariant operators — will play a similar role for the Weyl
chamber flow.

The basic problems are the existence, location, counting estimates and geometric
interpretation of the resonances. These problems are nowadays well understood in the
case of Riemannian symmetric spaces of the noncompact type having rank one (see
[8,1,13]). The situation is dramatically different in higher rank, where the existence of
resonances has been proven so far only for one particular Riemannian symmetric space
of rank two (the space SL(3,R)/SO(3), see [14]). The purpose of this paper is to present
complete results for the class of rank-two symmetric spaces X which are direct products
X1 x Xg of two Riemannian symmetric spaces X; and Xy of the noncompact type and
rank one. These are the simplest cases of higher rank Riemannian symmetric spaces
of the noncompact type. Still, they present some interesting new phenomena which we
hope will shed some light on the general case. The guiding role of direct products in
the understanding of the general Riemannian symmetric case has also been pointed
out in [18]. Note however that there are no results in [18] hinting at the existence or
non-existence of resonances on direct products of Riemannian symmetric spaces.

Before presenting the main results of this paper, we review some background informa-
tion and give a more precise description of the problems we are looking at. Recall that a
Riemannian symmetric space of the noncompact type is a homogenous space X = G/K,
where G is a noncompact connected real semisimple Lie group with finite center and
K is a maximal compact subgroup of G. The (real) rank of X is the dimension of a
Cartan subspace of G: if g = € @ p is the Cartan decomposition of the Lie algebra g
of G, then a Cartan subspace is a maximal abelian subspace a of p. Geometrically, the
rank of X is the maximal dimension of a complete, totally geodesic submanifold of X
that is isometric to a flat Euclidean space R™ (see e.g. [3, §2.10]). The simplest examples
of Riemannian symmetric spaces of the noncompact type are the real hyperbolic spaces
H™(R) = SOy(1,n)/SO(n). Here G = SOy(1,n) is the generalized Lorentz group, i.e.
the connected component of the identity in the group of (n + 1) x (n + 1) matrices of
determinant 1 preserving the standard bilinear form on R"! of signature (1,n), and
K = SO(n) is the special orthogonal group of order n. They are Riemannian symmetric
spaces of rank one.

The (positive) Laplacian A of a Riemannian symmetric space of the noncompact type
X is an essentially self-adjoint operator on L?(X) with continuous spectrum [p%, 00|,
where p)2< is a positive constant depending on the structure of X. Its resolvent (A —u)~!
is therefore a bounded linear operator on L?(X) depending holomorphically in u € C \
[p%, +00[. Denote by (-, ) the inner product on L?(X). Let the resolvent act on the dense
subspace C°(X) of L?(X) consisting of the smooth compactly-supported functions. The
problem of extending the resolvent is then to see whether there is some Riemann surface
extending C \ [p%, +oo[ to which all functions ((A — u)~!f, g)2, where f,g € C°(X),

admit a meromorphic continuation in .
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As it is customary in the study of resonances, one adds a shift to the Laplacian to bring
the bottom of its spectrum to the origin of the complex plane and makes the quadratic
change of variable u = 22. Let C* = {2 € C: Im z > 0} be the upper half-plane and set

R(z) = (A= px — 27

Then the original extension problem is equivalent to meromorphically continue the func-
tion

Ct >z —(R(2)f,g)2 €C

across the real axis, for arbitrary f,g € C2°(X).

A natural strategy in this context is to use Fourier analysis. Indeed, the Plancherel
theorem for the Helgason—Fourier transform on X provides an explicit integral formula
for (R(2)f,g)2 for all f,g € L*(X). Moreover, if f € C°(X) then, by the Paley-Wiener
theorem, R(z)f is a smooth function on X. One obtains an explicit (though complicated)
formula for this function as an integral in the real spectral variables; see section 2.1.

The spectral variables of the Helgason-Fourier transform are the elements A € ag,
where aft is the complexified dual of the fixed Cartan subspace a. The elements of
the dual a* of a are real spectral variables. The Killing form of g endows a* with an
inner product (-,-) which we extend by C-bilinearity to af. In the spectral variables,
the resolvent R(z) becomes the multiplication operator by ((\,A) — 2%)7! a rational
function of A. Additional singularities, located along finitely many locally-finite infinite
families of parallel affine hyperplanes in ag, arise from the Plancherel density. They de-
termine our meromorphic extension and the residues. The Plancherel density is of the
form [epc(iX)enc(—iA)] 7!, where cyc is Harish-Chandra’s c-function and i denotes the
complex multiplication in af with respect to a*. Its explicit expression from Gindikin—
Karpelevic’s formula plays a major role in all computations; see (9) and (17).

When the Plancherel density has no singularities, the resolvent has a holomorphic
extension, either to the entire complex plane, if the rank of X is odd, or to a logarithmic
Riemann surface above C and branched at the origin 0, if the rank of X is even; see [25,
Theorem 3.3(2)]. Geometrically, the absence of singularities of the Plancherel density
corresponds to the condition that the Lie algebra g of G possesses a unique conjugacy
class of Cartan subalgebras. For instance, this happens when g has a complex structure
and, in rank one, when X = H?*"*+1(R) is a real hyperbolic space of odd dimension. For
a product X = X; x Xy of rank-one Riemannian symmetric spaces of the noncompact
type, this condition corresponds to the case where both X; and X5 are odd-dimensional
real hyperbolic spaces. In the general case, the condition can also be stated in terms
of the root system X of the pair (g,a), where a is a Cartan subspace of g. Indeed,
g has a unique conjugacy class of Cartan subalgebras if and only if ¥ is reduced and all
root multiplicities are even. See [10, Chapter IX, Theorem 6.1, and Chapter X, Exercise
F4].
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For all rank-one Riemannian symmetric spaces of the noncompact type X different
from H?"*1(R), the Plancherel measure is singular and the extended resolvent has first
order poles, i.e. the Laplacian of X admits resonances in these cases, see e.g. [13, Theorem
3.8] or subsection 1.3 below. One of the results of this article shows that the singularity
of the Plancherel density is not sufficient for the existence of resonances. In Theorem 25
we prove that the Laplacian of the product X of two Riemannian symmetric spaces of
rank-one has no resonances when exactly one of the two rank-one factors is an odd
dimensional real hyperbolic space H?"*1(R) for some n. In this case, the Plancherel
density of X is singular, but “not singular enough” to get resonances.

For arbitrary Riemannian symmetric spaces of noncompact type, the dichotomy of
the extension of the resolvent in the odd and the even rank situations, mentioned above
for the case of one conjugacy class of Cartan subalgebras, holds in general. Namely,
there is a constant L > 0 so that the resolvent R has a holomorphic extension across
the spectrum of X, either to an open domain of the form C\ —i[L, 4+00), if the rank
of X is odd, or to a logarithmic Riemann surface above C \ —i[L, +00) and branched
at the origin 0, if the rank of X is even. This was proven in [25, Theorem 3.2 and 3.3]
and [19, section 7]. The constant L depends on the structure of X. It is determined by
the condition that the Plancherel density r — [cuc(irw)cuc(—irw)]™! is a holomorphic
function of r € C\ i((—o0, —L]U[L, +00)) for all w € a* of norm |w| = 1. One can check
from [13, Corollary 2.2] that

mgs/2
2

L:min{%(m5+ )IBl; 8 €S, mgodd}, (1)
where Y} is the set of positive unmultipliable roots (i.e. the positive roots 3 so that
23 ¢ %) and mg denotes the multiplicity of the root 8. Observe that L = +oc0 in case
all root multiplicities are even.

The above results show that the region where the possible resonances are located,
is the half-line i(—oo, —L] on the imaginary axis. Understanding the extension of the
resolvent across this half-line is the crucial matter. This is the content of sections 3, 4
and 5 of this paper. For the case where none of the spaces X; and X is isomorphic to an
odd-dimensional real hyperbolic spaces (called below the case of two odd multiplicities),
the main result, providing the meromorphic extension of the resolvent across the negative
imaginary axis to a suitable Riemann surface as well as the location of the resonances, is
Theorem 22. For the case where exactly one of the spaces X; or Xy is isomorphic to an
odd-dimensional real hyperbolic spaces (called below the case of one odd multiplicity),
the main result, providing the holomorphic extension of the resolvent across the negative
imaginary axis to a suitable Riemann surface, is Theorem 25.

We refer the reader to the later parts of this paper for the precise statements of these
theorems. Here, we point out some features making these results special with respect to
those known at present on the resonances of the Laplacian on Riemannian symmetric
spaces of the noncompact type.
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Recall that resonances are known to exists only when X is either of rank one and
# H*1(R), or X = SL(3,R)/SO(3). In both cases, the Laplacian has an infinite se-
quence of resonances that are regularly spaced along i(—oo, —L]. The point —iL, which
by construction is the first radial value on the negative imaginary axis of the singularities
of the Plancherel density, is also the first resonance of the Laplacian. Its absolute value
squared L? agrees with the bottom p§ of the spectrum of the Laplacian. Furthermore,
for SL(3,R)/SO(3), the resonances occur at the branching points of the Riemann surface
to which the meromorphic extension of the resolvent across i(—oo, —L] takes place. On
the other hand, for the product X = X; x X5 in the case of two odd multiplicities, the
first resonance occurs at —ipy, the point of the negative imaginary axis with absolute
value squared equal to pg. But p§ = px, + px, > L? = min{p} , p%,}. Moreover, the
resonances are not regularly spaced along i(—oo, —px] and they are generally not among
the branching points of the Riemann surface to which the meromorphic extension of the
resolvent takes place.

If 2y is a resonance of the Laplacian, then the (resolvent) residue operator at zy is the
linear operator

Res,, : C°(X) = C*(X) (2)
defined by

(Res, f)(y) = Res.— [R(2)fl(y)  (f € CZ(X), y €X). (3)

If the meromorphic extension takes place on a Riemann surface, then the right-hand
side of (3) is computed with respect to some coordinate charts and hence determined up
to constant multiples. However, the image Res., (C:°(X)) is a well-defined subspace of
C>(X). Its dimension is the rank of the residue operator at zp. In the known rank-one
and SL(3,R)/SO(3) situations,

Res., (C2°(X)) = {f % oa,: £ € C2(X)}, (4)

where Ao € a* depends on 2y, ¢, denotes the spherical function of spectral parameter
Ao, and X denote the convolution on X; see 1.2 for more information on these objects.
For X = X; x X3, the expression of the residue operators is generally more complicated.
For instance, the convolution is in general taken with a suitable linear combination of
spherical functions. See (130).

The group G acts on the space (4) by left translation. We prove in Proposition 26
that this is a generally reducible representation of G with explicit decomposition as a
direct sum of finite-dimensional irreducible spherical representations. It follows, in par-
ticular, that all residue operators have finite rank, which might be unexpected for a
higher rank symmetric space. Also this representation theoretic aspect of the resonances
presents some new features compared to the known situations. Indeed, in the rank-
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one case with odd multiplicities, the representation spaces arising from the residues are
finite-dimensional spherical representations but they are always irreducible; in the case
of SL(3,R)/SO(3), they are irreducible and infinite dimensional.

This paper is organized as follows. In section 1 we collect some notation and prelimi-
nary results. The case of rank one is reviewed in subsection 1.3. In section 2, we write the
integral formula for resolvent of the Laplacian in polar coordinates on a* and, using [25,
19], we extend it holomorphically to a logarithmic Riemann surface above C\ i(—o0, —L]
and branched along (—o0, 0]. We then prove that, for arbitrarily fixed f € C°(X) and
y € X, the existence of the meromorphic extension across i(—oo, —L] of the resolvent
z — [R(2)f](y) is equivalent to that of a certain function z — [F(2)f](y). See (31),
Lemma 3 and Proposition 4. Section 2 follows quite closely the construction done for
SL(3,R)/SO(3) in [14, section 2].

The following three sections, which form the core of this paper, contain the analysis
leading to the extension of the function z — [F(2)f](y). To simplify our notation, we
will omit the dependence of this function on f and y. We will therefore indicate it as
2z — F(z). This function is defined by an integral over the unit circle St in a*. Since
a

* is a 2-dimensional real space, we can identify a* with C and use complex analysis.

The integrand of F is a meromorphic function on a*. By fixing z and deforming S! into
circles of different radius r > 0, we pick up residues when crossing the singularities of
the Plancherel density. Each residue is a function G, of the variable z. Here ¢ € Z>q
is a nonnegative integral parameter and the index j € {1,2} refers to the fact that
the residue comes from a singularity of the Plancherel density of X; or X;. One has
therefore to distinguish the case of two odd multiplicities from the simpler case of one
odd multiplicity, where one of the two Plancherel density is nonsingular.

We start with the case of two odd multiplicities, treated first in subsection 3.1 and
then completed in section 4.

The number of residue functions G, ¢ one picks up by deforming the circle S* depends
a priori on the fixed value z and on the radius r > 0 of the circle which is the new
contour of integration. In the last part of subsection 3.1 we make this dependence local.

The next step in the analysis is Lemma 9, where we suitably rewrite the functions
Gj,¢ as meromorphic multi-valued functions. This allow us, in subsection 4.1, to identify
the concrete Riemann surface M; , to which a given function G ¢ lifts and extends mero-
morphically. The extended function is denoted by éj?z. Its singularities are determined
in Lemma 15 and the residues at the singularities with respect to a coordinate chart are
computed in Lemma 16.

The Riemann surface M, is a 2-to-1 cover of C\ {0, £iL; ;}, with branching points at
z = *iL; . The branching points are related to the fact that G ¢ originates from taking
residues at a pole of the Plancherel density of X;. On the other hand, the singularities of
G ;¢ combine the value L; , with the contribution of all the singularities of the Plancherel
density of the other symmetric space. It is possible that there are two positive integers ¢,
and (s for which Ly 4, = Lap,. This explains why we introduce, in (100) and (102), some
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auxiliary functions G ), é(g) and the corresponding concrete Riemann surfaces My, to
take into account the fact that the L;, might not be all different.

In subsection 4.2 we put together the local extensions of the function F'. The main
result is Proposition 18. For each m € Zx( we construct some “sufficiently thin” neighbor-
hood of the interval —i[L,, Ly +1), where {—iLs}¢ez. , are the different branching points,
ordered according to their distance from the origin 0. Here Lo = L. For z € W, \ iR,
the function F' can be written as F(2) = F,,,)(2) +2>.,2, G (2), where F{,, is holo-
morphic. This provides a piecewise extension of F away from i(—oo, —L].

The meromorphic extension of F' across i(—oo, —L] is finally obtained in subsec-
tion 4.3. For a fixed positive integer N, we construct a Riemann surface My by “pasting
together” the Riemann surfaces M, to which all functions Gy, with £ = 0,1,..., N,
admit meromorphic extension. Moving from branching point to branching point, all the
local extensions of F' constructed in Proposition 18 are lifted to a neighborhood M, the
branched curve vy in My over the interval —i(0, Ly 41). The different pieces of F have
been constructed from intervals of the form —i[Lg, Ly 1) with the branching points of the
G(r)’s as endpoints only. So — despite the different nature of the branching points, of the
meromorphic functions G,y and their singularities — the structure of the local extensions
of F' is similar to the one we dealt with in extending the resolvent of the Laplacian of
SL(3,R)/SO(3). The same method used to prove [14, Theorem 19] therefore yields the
final formula for the meromorphically extended lift Fof F , given in Theorem 19. The
residues of F are computed in Proposition 21.

The final subsection 4.4 translates the results back to the resolvent. See Theorem 22.

In the case of one odd multiplicity, the various steps leading to the extension of the
resolvent can be easily deduced from the corresponding steps in the case of two odd
multiplicities we just described. Supposing that X, = H?"*1(R), there is one family
of residual functions G . They extend and lift to the same Riemann surfaces M g
considered above. But there are no contributions from the singularities of the Plancherel
density of X5. Hence the resulting functions 51,5 (and thus F ) turn out to be holomorphic.
These results are collected in subsection 3.2 and section 5.

The final section 6 studies the residue operators and provides their interpretation in
terms of representation theory.

1. Notation and preliminaries
1.1. General notation

We use the standard notation Z, Z>o, R, RT, C and C* for the integers, the non-
negative integers, the reals, the positive reals, the complex numbers and the non-zero
complex numbers, respectively. The upper half-plane in C is Ct = {z € C : Im z > 0};
the lower half-plane —C* is denoted C~. If X is a manifold, then C*°(X) and C2°(X)
respectively denote the space of smooth functions and the space of smooth compactly
supported functions on X.
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1.2. Analysis on Riemannian symmetric spaces of the noncompact type

In this subsection we recall some basic notions on the Riemannian symmetric spaces of
the noncompact type and their harmonic analysis. For more information on this subject,
we refer the reader to the books [11,12/4].

Basic structure theory Let X be a Riemannian symmetric space of the noncompact
type. Then X = G/K, where G is a noncompact, connected, semisimple, real Lie group
with finite center and K is a maximal compact subgroup of G. Let g and ¢ (C g) be the
Lie algebras of G and K, respectively, and let g = ¢ @ p be the Cartan decomposition
of g. A Cartan subspace of g is a maximal abelian subspace of p. Fix such a subspace a.
Its dimension is called the (real) rank of X. We denote by a* the (real) dual space of a
and by ag; its complexification. The Killing form of g restricts to an inner product on a.
We extend it to a* by duality. The C-bilinear extension of (-,-) to ag will be indicated
by the same symbol.

The set of (restricted) roots of the pair (g, a) is denoted by X. It consists of all § € a*
for which the vector space gg = {X € g: [H, X]| = B(H)X for every H € a} contains
nonzero elements. The dimension mg of gg is called the multiplicity of the root 5. We
extend the multiplicities to a* by setting mg = 0 if € a* is not a root. Recall that
if both 8 and (/2 are roots, then mg/; is even and mg is odd; see e.g. [10, Ch. X, Ex.
F.4., p. 530]. We say that a root 8 is unmultipliable if 28 ¢ Y. We fix a set X of
positive roots in . Define a% = {\ € a* : (\,3) > 0 for all 3 € X*}. We respectively
denote by ¥, and ¥} the set of unmultipliable roots and unmultipliable positive roots
in X. Furthermore, we denote by p the half-sum of the positive roots, counted with their
multiplicities: hence

p:% > (mﬁ+m§/2)5- (5)

gest

The Weyl group W of the pair (g, a) is the finite group of orthogonal transformations
of a generated by the reflections in the hyperplanes ker(3) with 5 € ¥. The Weyl group
action extends to a* by duality and to ag by complex linearity.

Differential operators Let D(X) denote the algebra of differential operators on X which
are invariant under the action of G by left translations. Then D(X) is a commutative
algebra which contains the (positive) Laplacian A of X. Moreover, let S(ac)V be the
algebra of W-invariant polynomial functions on af. Then there is an isomorphism I' :
D(X) — S(ac)W such that T'(A)(A) = {p,p) — (\,A) for A € a%. The joint eigenspace
Ex(X) for the algebra D(X) is defined by

Ex(X) = {f € C=(X) : Df = T(D)(\)f for all D € D(X)}. (6)

See e.g. [12, Ch. II, p. 76].
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The spherical function with the spectral parameter A € af is the unique K-invariant
function ¢, in the joint eigenspace £y (X) satisfying the normalizing condition ) (o) = 1,
where 0 = eK is the base point of X corresponding to the unit element e of G. It is
explicitly given by Harish—Chandra’s integral formula. See e.g. [11, Ch. IV, Proposition
24 and Theorem 4.3].

Harish—Chandra’s c-function For XA € af and 8 € ¥ we shall employ the notation

Let 8 € ¥ and set

2722T(2)p)
A+ TG+ )T (s + 5(ms + 752))

) = 5 ®)

where I'(t) = [;° 2'"'e™" dx is the gamma function. Harish-Chandra’s c-function (writ-
ten in terms of unmultipliable roots) is the function cuc defined on af by

e =< ] ean. (9)

0 is a normalizing constant so that cpc(p) = 1.

where ¢
The resolvent of A FEndow the Euclidean space a* with the Lebesgue measure normal-
ized so that the unit hypercube has volume 1. On the Furstenberg boundary B = K/M
of X, where M is the centralizer of a in K, we consider the K-invariant measure db nor-
malized so that the volume of B is equal to 1. Let X be equipped with its (suitably
normalized) natural G-invariant Riemannian measure, so that, by the Plancherel Theo-
rem, the Helgason—Fourier transform F is a unitary equivalence of the Laplacian A on
L*(X) with the multiplication operator M on L?*(a% x B, [cuc(iX)cuc(—iX)]™ dAdb)
given by

MF(\b) = T(A)ANFD) = ({0, p) + W A)FOB) (A b) €a* x B).  (10)

See [12, Ch. III, §1, no. 2]. It follows, in particular, that the spectrum of A is the half-line
[p%, +00l, where pg = (p, p). By the Paley-Wiener theorem for F, see e.g. [12, Ch. I,
§5], for every u € C \ [p%, +oo[ the resolvent of A at u maps C°(X) into C°°(X).

Recall that for sufficiently regular functions fi, fo : X — C, the convolution f; x f5 is
the function on X defined by (f1 X fa)om = (fiom) *x (foom). Here 7 : G — X = G/K
is the natural projection and * denotes the convolution product of functions on G.

The Plancherel formula yields the following explicit expression for the image of f €
C2°(X) under the resolvent operator R(z) = (A — p% — 2z?)~! of the shifted Laplacian
A — p%:
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d
CHC (i)\)CHC (—i)\)

R0 = [ 5= U x e (zeCyex). (11)

a*

See [13, formula (14)]. Here and in the following, resolvent equalities as (11) are given
up to non-zero constant multiples.

The convolution (f X ¢ix)(y) can be described in terms of the Helgason—Fourier trans-
form of f. Moreover, for f € C°(X), A € af and y = g-0 € X, by [12, Ch. III, Lemma 1.2
and proof of Theorem 1.3], f x ¢, is the spherical Fourier transform of the K-invariant
function f, € C°(X) given by

fy(gr) = | f(gkgr - o) dk.
/

It follows by the Paley—Wiener Theorem that for every fixed y € X the function (f x
vir)(y) is a Weyl-group-invariant entire function of A € af and there exists a constant
R > 0 (depending on y and on the size of the support of f) so that for each N € N

sup ¢~ A (L4 AN Y|(f x i) ()] < oo (12)
A€ag

FEigenspace representations and convolution operators The group G acts on Ex(X) by
left translations:

[Ta(9)f](z) = f(g"'z) (g€ G, zeX) (13)

The space € ¢ (X) of G-finite elements in £, (X) is a (possibly zero) invariant subspace of
Ex(X). (Recall that f € Ex(X) is said to be G-finite if the vector space spanned by the left
translates Th(g)f of f with ¢ € G is finite dimensional.) By definition, &, (X) = Ex(X)
and Eyxn.c(X) = Exc(X) for w € W.

The convolution operator

Ra: CEX)2 f—= fxpreCP®X) (14)

maps into the eigenspace representation space £, (X). Its image R (C° (X)) = {f x ¢a :
f € C*(X)} has been studied in [13, Theorem 3.2] and [14, Proposition 21]. More
precisely, Rx(C°(X)) is a non-zero Th-invariant subspace of €x(X). Its closure is the
unique closed irreducible subspace &) (X) of £x(X), which is generated by the translates
of the spherical function ¢y. Moreover, the space Rx(C5°(X)) is finite dimensional if
and only if €y ¢(X) # {0} is a finite dimensional spherical representation. This means
that there is some w € W so that wA — p is a highest restricted weight. (Recall that
an element p € a* is a highest restricted weight if j, € Z> for all & € £7.) In this
case, R(C (X)) = &x.¢(X) is the finite dimensional spherical representation of highest
restricted weight wA — p for some w € W.
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1.8. The rank one case

The space X is of rank one when a* is one dimensional. In this case, the set ¥T of
positive roots consists of at most two elements: 3 and (possibly) 5/2. The Weyl group
W is {+id}.

Recall the notation A\g = % If we view the real vector space a* as a real manifold

=

then the map
a*3A=>X3€R
is a chart with the inverse given by
Rz —axfea”. (15)
Also, the Lebesgue measure becomes
d(zp) = bdx (x € R), (16)
where

b=/ (B,8).

Moreover, formula (5) becomes p = pg/3, where

=G =2 (e 5%):

2 2
Notice that 2pg is a positive integer. Moreover, pg = (p, p) = pr% is the bottom of the
spectrum of the Laplacian A of X.

Remark 1. The following table gives the multiplicity data of the irreducible connected
Riemannian symmetric spaces of rank-one G/K. In the table, the symbol Hy denotes the
connected component of the identity in a given group H.

G K ot mg /o mg 0B
SOp(2n+1,1),n>1 SO(2n+1) {5} 0 2n n
SOp(2n,1),n >1 SO(2n) {5} 0 2n—1 n—1/2
SU(n,1),n>2 S(U(n) x U)) {B/2,8} 2(n—-1) 1 n/2
Sp(n,1), n >2 Sp(n) x Sp(1) {8/2,8} 4(n—-1) 3 n+1/2
Fy—20) Spin(9) {B8/2,8} 8 7 11/2

In the rank-one case, Harish—Chandra’s ¢ function reduces to a constant multiple
of the function cg, see (8). The Plancherel density can be rewritten as a polynomial
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multiple of a hyperbolic function by means of the classical formulas for the Gamma
function. Indeed, if mg is even define

2(ps—1)

P(z) = H (z—(pp—1)+k) and Q(z) =1.

k=0

If mg is odd, then mBTH < 2ps and we define

2p—2 T8/ g
m 1
P(x) = H (x—(pg—1)+k) H (z—( 2/2—5)—1—/{)
k=0 k=0
2p5— "4 2p5—1
= JI @-ps+k) J] @=ps+k)
=8t k=1

2

and

Q) = cot(m(x — ps))-
Notice that if @ # 1 then the product PQ is singular at
i(ps + Z)\{—i(pp — 1), —i(ps — 2),...,i(ps — 2),i(pp — 1)}.
The Plancherel density becomes

1
CHC (i)\)CHC (—i)\)

=coAs P(idg) Q(iAg) (A € ag), (17)

where ¢g is a constant depending on the root multiplicities.
To simplify the notation in the later parts of the paper, we introduce the functions

p(x) = P(i%) and q(x) = Q(z%) (18)

Remark 2. The function g is odd if mg is odd because 2pg € Z and the cotangent is odd
and m-periodic. It is obviously even when mg is even. Moreover, xp(z)g(z) is even since,
by (17), it is a constant multiple of [cuc(iX)cac(—iA)] ™! where A, = % . It follows that
the polynomial p is odd if mg is even, and even if mg is odd. Of course this can also be
seen directly. Indeed, suppose mg is odd. Then the first factor of P is odd if and only if
2pg —mg — 1 € Z>y, i.e. % € 27 + 1, whereas the second factor is odd if and only if
pg €7Z,ie. mg+ % € 27Z. Thus the two factors are either both odd (and this happens
if % € 27 + 1) or both even (if % € 2Z). In any case, P is even when mg is odd.
When mg is even, then pg € Z, so P is odd.
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The following theorem was proven in [13], see also [22]. Here we employ the notation
/2, B instead of c, 2« for the elements of 3. This choice allows us to unify the resulting
formulas. (In particular, there is no need of distinguishing, as in [13], between the cases
Maq = 0 and mo, # 0 when my, is odd.) When mg is even (and hence £/2 is not a root),
we are in a case of even multiplicities and odd rank, in which R(z) admits holomorphic
extension to the entire complex plane. We can therefore restrict ourselves to the case
where mg is odd.

Theorem 1. Suppose X has rank one and mg is odd. Then the resolvent R(z) admits
meromorphic extension from CT to the entire complex plane C, with simple poles at the
points

2z, = —i(pg + k)b (k € Z>o). (19)
The (resolvent) residue operator Ry : C°(X) — C*(X) given by

[Ri(F))(y) = Res.—, [R(2) f](y)
has image
R (C(X)) = {f X (pgtmp + [ € CE(X)},

where Y, 1)p @5 the spherical function of spherical parameter (pg+k)B. Endowed with
the action of group G by left translations, the image Ry, (C2°(X)) is the finite dimensional
spherical representation of G of highest restricted weight kf3.

Proof. This is [13, Theorem 3.8]. Notice that for k € Z>(, the element (pg + k)8 — p
is a highest restricted weight as ((p/g +k)38— p)ﬁ = (pg+k)Bs — pg =k € Z>o. (This
implies the integrality condition for 3/2 as well, since pg/o = 2ug for p € a*.) O

1.4. The functions ¢ and s
For r > 0 and a,b € R\ {0} set
D, ={z€C; |z| <7},
Eop = {€ +in € C; (5)2 + (1) <1}

Their boundaries D, and 0E, ; are respectively the circle of radius r and the ellipse of
semi-axes |al,|b|, both centered at 0. In particular, dD; is the unit circle S* = {z € C :
|z| = 1}. Moreover, the closure D, of D, is the closed disc of center 0 and radius r.

For z € C* define

c(z) = and s(z) = = jc(—iz). (20)
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Then ¢ : Dy \ {0} — C\ [-1,1] is a biholomorphic map. For 0 < r < 1, it restricts to a
biholomorphic function

¢: D1\ Dy = Ecrys0m) \ [-1,1] (21)
and to a bijection
c:0D, — 8EC(T)7S(T). (22)

Let c=!: C\[-1,1] — D1\ {0} be the inverse of the function c. We will need the following
lemma, proved in [14, Lemma 7].

Lemma 2. Let || = |{o| = 1. Then
(Ce™ (GR N [=1,1])) N (7GR \ [-1,1])) # 0
if and only if ( = £1.

Let /- denote the single-valued holomorphic branch of the square root function defined
on C\ (—o0,0] by

VRe® = VRe' (R>0, -7 <O <m). (23)

Then the function v/z 4+ 11/z — 1, originally defined on C \ (—oc, 1], extends to a holo-
morphic function on C\ [—1, 1] satisfying

V) + 1V (=2) - 1= —Vz+1vz—1. (24)
See e.g. [14, Lemma 5]. For z € C\ [—1, 1], we have by [14, Lemma 6]:

) =2 V2 +1Vz -1, (25)
soc M (2)=—Vz+1vz—1. (26)

Consider the Riemann surface
M = {(,¢) € C2,¢% = w? — 1} (27)
above C, with holomorphic projection map
m: M3 (w,() >weC. (28)

The fibers of 7 consist of two points (w, ) and (w, —() if w # +1. If w = +1, then the
fibers consist of one point (w,0).
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Let S C C and let S C M be the preimage of S in M under the map 7 given by (28).
We say that a function f : S — C is a lift of f : S — C if there is a holomorphic section
o :S — S of the restriction of w to S so that

fw, )= f(w) — ((w,¢) € a(S)).

Let ot : C\ [-1,1] > w — (w,("(w)) € M be the holomorphic section of 7 defined by
(T (w) = vw + 1yv/w — 1. Because of (25) and (26), the functions

(M3 (w,¢) »w—(eC, (29)
(soc™ M3 (w,() = —C€C (30)

are holomorphic extensions to M of the lifts of ¢! and soc™! for oF, respectively.
2. Direct products: extension away from the negative imaginary axis

From now on X = X; x Xy where X; and X, are Riemannian symmetric spaces of the
noncompact type and of rank one. To distinguish the objects associated with the two
spaces, we will add the indices 1 and 2 to the notation introduced above. (However, we
will write a1 ¢ rather than a;¢ or (a1)c.) Hence, we have

a*:a*li@a; <'7'>:<'a'>1@<'7'>27 A=A ®id+id®A2,
cac(A) = cuc,1(A1)enc,2(A2) (M €aje, A €a3c, A=A+ A2),

p=p1+p2=pp01+psl2, b1 =+ {(01,51), be=+/(B2,052)

and the Harish—Chandra spherical function

ea(y) = e1, (Y1) P20, (12)
(M1 €ajc, A2 €a5c, A= A1+ A2, y1 € X1, Y2 € Xo, ¥y = (Y1, 2))

Then px = {p,p) = (p1,p1) + (p2,p2) = bip}, + b3p3, is the bottom of the spectrum
of A.

As in the case of SL(3,R)/SO(3), treated in [14], it will be convenient to identify a*
with C as vector spaces over R. More precisely, we want to view aj and a} as the real and
the purely imaginary axes, respectively. To distinguish the resulting complex structure
in a* from the natural complex structure of af, we shall indicate the complex units in
a* = C and af by 7 and i, respectively. So a* = C = R + iR, whereas af = a* +ia*. For
r,s € Rand A\, v € a* we have (r +is)(A +iv) = (rA — sv) +i(rv + sA) € a§.
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2.1. The resolvent kernel

Introduce the coordinates (15) on each component of the real vector space a* = aj®aj.
Let f € C°(X),y € Xand z € C*. Using (17) and omitting non-zero constant multiples,
we can rewrite (11) as

REIW) = [ o=zt o)) g O

a*

1 . . . .
_/x%b§ 22— 22 (f X Pia p+iaa ) (Y)T 122 P1 (i21) P (i2) Q1 (i71) Q2 (ix2) dy ds.
2

The (-, -)-spherical coordinates on a* become elliptical coordinates on R? via the sub-
stitution

xlzicose, xgzlsine 0O<r, 0<0<2m).
b1 ba

In these terms (up to a non-zero constant multiple)

RE)IW) = [ b
0
where
2
F() = [[(F % 61 cont 1 o o) ) cos sin (31)
0

X p1(rcosB)qy (r cos 0)pa(rsin 8)gs(rsinb) db .

Here and in the following, we omit from the notation the dependence of F' on the function
feCP(X) and on y € X.
Recall the functions, (20),

c(w) = 5 s(w) = 5 = ic(—iw) (w e CX)
and notice that
) 0 ) dei@
0 = c(e' o= €D e do = &£
oS c(e"), sin : c(—ie"), i

For z € C and w € C* define
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V(W) = (F X iz cw) rig e(—iw) ) (¥) (32)
¢z (w) = —zzc(w)s(w—w)pl (ze(w))q1 (ze(w))p2 (ze(—iw)) g2 (zc(—iw)). (33)
Then
F(r)= / Y (W) P (w) dw . (34)
|w|=1

Notice that ¢(—w) = —c(w). Hence, by Remark 2 and the Weyl group invariance of the
spherical functions with respect to the spectral parameter, we have

¢—z(w) = ¢z(w) d)z(_w) = ¢z(w) ’ (35)
¢z (w) = ¢ (w) ¢:(—w) = —¢z(w). (36)
For j =1,2 let
Ljo— {bjpgj = /{pj, p;) %f mg; € 22+ 1, (37)
400 if mg, € 22
and let

5 = {z’bj«pﬁj +Z50) U (=ps, = L)) if mg, €22+ 1, 38)

) if mg; € 27.

(The index 0 in (37) will play a role later in this paper, where L, will be the first
element of an infinite series L, ¢. See (54).)

2.2. Holomorphic extension

We start our extension procedure with a two step holomorphic extension of R(z) to
a logarithmic Riemann surface branched along (—o0, 0].

Lemma 3. The function F(r), (34), extends holomorphically to

Pz) = / - (W) (w) dw (39)
|w]|=1
where

zeC \ i((—OO, —L] U [L, +OO)), L= min{Ll,o,Lg,o}.

The function F(z) is even and F(2)z=2 is bounded near z = 0.
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Proof. The holomorphic extension of F to C\i((—oo, —L]U[L, +00)) is a consequence of
the fact that p;g; has singularities only at points of .S;. Since ¢, (w) and ¢,(w) are even
functions of z, so is F(z). Finally, (33) implies that F(z)2? is bounded near z = 0. O

Let f € C2°(X) and y € X be fixed. The following proposition, which is the analogue
to [14, Proposition 2, (a)], reduces the study of the meromorphic extension from C* to
C\ (—00,0] of the resolvent z — [R(z)f](y) to that of the function z — F(z). Recall
that we are omitting the dependence on f and y from the notation. We will do this for
the resolvent as well, writing R(z) instead of [R(z) f](y).

Proposition 4. Let f € C°(X) and y € X be fized. Fiz xo > 0 and yo > 0. Let

Q={z€C;Rez >z, yo >Imz >0}
U=QU{zeC;Imz < 0}

Then there is a holomorphic function H : U — C such that
R(z) = H(z) + i F(2) (z € Q). (40)

As a consequence, the resolvent R(z) = [R(z)f](y) extends holomorphically from C* to
C\ ((—o0,0] Ui(—o00,—L]).
Proof. Since

2r 1 1
2 + )
-z r—z r+z

we have

2R(z):/ F(r) dr+/ F(Ti dr, (41)
0 0

r—z r—+

where the first integral is holomorphic in C \ [0, +00) and the second is holomorphic in
C\ (—00,0].

Let 4+ be a curve in the first quadrant that starts at 0, goes to the right and up above
2o = xg +1Yyo, and then becomes parallel to the positive real line and goes to infinity. We
suppose that @ is in the interior to the region bounded by 74 and the positive real axis.

Let M, m be two fixed positive numbers. The convolution defining the function ¥, (w)
in (32) can be written in terms of the Helgason-Fourier transform of the function
f e CP(X); see [12, Ch. III, Lemma 1.2 and proof of Theorem 1.3]. Therefore, by
the Paley—Wiener theorem for this transform (see [12, Theorem 5.1, p. 260]), ¢, (w) is
rapidly decreasing in the strip {z € C; |Im z| < M}. See also [14, formula (22)]. Moreover,
¢-(w) is a polynomial function of z times 1 (zc(w))qz (zc(—iw)). This latter function is
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bounded in the half plane {z € C; Re z > m}. These estimates allow us to apply Cauchy’s
theorem: for z € @, we have

/ F(r) dr — /% d¢ +2miF(z), (42)

r—z
0

where the first integral extends holomorphically from the interior of @ to U. The propo-
sition then follows, with

oo

H(z):% /F(T)dr+/f§idg . O

r4+z
0

As in the case of SL(3,R)/SO(3) in [14], the extension of R(z) across (—oo,0] can be
deduced from the results of Mazzeo and Vasy [19] and of Strohmaier [25]. Another option
is to rewrite Proposition 4 with the region @ replaced by {z € C; Rez < —x¢, yo >
Imz > 0}.

Let log denote the holomorphic branch of the logarithm defined on C\ |—o0,0] by
log1 = 0. It gives a biholomorphism between C* and the strip Sy, = {Tr € C: 0 <
Im7 < 7w}. As above, f € C(X) and y € X are fixed and omitted from the notation.
Set 7 = log z and define

1 dX
(M) =R(E") = | % i - o - 4
Fstr) = R = [ e Ul oy
Polar coordinates in a* now give
+00 1
Rlog(T) = / W F(€t>€2t dt . (44)

Since F is even, the function ¢t — F(e') is im-periodic.

Proposition 5. Let f € C°(X) and y € X be fized. The function Riog(T) = [Riog(T) f](y)
extends holomorphically from Sy r to the open set

Uleg = C\ U (m(n + 1) + [log(L), +oo))
n€eZ\{0}

and satisfies the identity:

Riog (T 4 i) = Riog(T) + imF(e7) (1 € Ulog \ (ZTF(%) + [log(L), —|—oo)) . (45)
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Consequently, the resolvent R(z) = [R(z)f](y) extends holomorphically from C \
((foo, 0] Ui(—o0, fL]) to a logarithmic Riemann surface branched along (—oo, 0], with
the preimages of i((—oo, —L]U[L, +00)) removed and, in terms of monodromy, it satisfies
the following equation

R(2e*™) = R(z) + 2i7 F(2) (z € C\ ((—00,0] Ui(—00, —L] Ui[L,400))).

Proof. This is [25, Proposition 4.3] with f(z) = F(x)z for = € [0,+00); see also [19,
Theorem 1.3]. Recall that F(0) =0. O

Proposition 4 shows that all possible resonances of the resolvent R of the Laplacian of
X are located along the half-line i(—oo, —L]. Because of (40), the possible meromorphic
extension of R across this domain is equivalent to that of the function F. In fact, we
shall see that the function F', and then the resolvent, extend further along the negative
imaginary axis to a Riemann surface above C. The extension is holomorphic except
when both multiplicities mg, and mg, are odd. In the latter case, we shall prove that
the extension is meromorphic, with simple poles, and first pole (i.e. the first resonance)
occurs at —i(L1 0 + Lay). Observe that Ly g + Lo > L = min{L; o, L2}

If both X; and Xy have even multiplicities, then Proposition 5 completely describes
the holomorphic extension of the resolvent to a logarithmic Riemann surface above C;
see [25, Theorem 3.3(2)]. Therefore, in the following, we shall assume that at least one
of the numbers mg, or mg, is odd.

3. Contour deformation and residues

The following proposition is a consequence of the Residue Theorem. Recall from (38)
the definition of the sets S; and Ss.

Proposition 6. Suppose z € C\ i((—oo, —L]U[L,00)) and r > 0 are such that
(S1USy)N zaEC(T)ys(r) = 0. (46)

Then

where
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and Z;UO denotes the sum over all the wy such that
zc(wo) € 51N 2(Ee(ry st \ [=1,1]) (48)
or
ze(—iwg) € S2 N 2(Ec(r) sy \ [=1,1]). (49)

Both F, and G, are holomorphic functions on the open subset of C\i((—oo, —L]U[L, c0))
where the condition (46) holds. Furthermore, F, extends to a holomorphic function on
the open subset of C where the condition (46) holds.

Let z € C*. By Lemma 2 (with {, = z% and ¢ = 1), there is no wy satisfying both
zc(wp) € iR and zc(—iwp) € iR. In particular, there is no wy which satisfies both (48)

and (49). This implies that the set of singularities of the functions w — g1 (zc(w)) and
w — g2 (zc(—iw)) are disjoint. Hence, we deduce the following lemma.

Lemma 7. With the notation of Proposition 6 we have
S a(wo) Res gu(w) = 3 wu(wn) Res 6.(w)+ > w.(wz) Res 6. (w),
where
ze(wy) € 81N 2(Eery s \ [—1,1]) (50)
and
ze(—iwz) € S2 N z2(Ecr)s¢ry \ [=1,1]). (51)

The remainder of this section is devoted to the explicit computation of the function
G, occurring in (47). We have to distinguish the case when both multiplicities mg, and
mg, are odd, from the case when one of them is even.

3.1. The case of two odd multiplicities

In this subsection we suppose that both multiplicities mg, and mg, are odd.

Lemma 8. With the notation of Proposition 6, (50) and (51), we have for z € C\
i((—o0, —L] U [L,+00)),

Res ¢.(w) = %Zc(wl)Pl(ZC(wﬂ)pz (ze(—iw1)) g2 (2c(—iwn)) (52)

WwW=w1

and
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Res ¢.(w) = Z?—ch(—iwg)pl (zc(wg))pg (zc(—iwg))ql (zc(wg)) (53)

w=ws i

Proof. Let w; be satisfying condition (50). As observed before the proof of Lemma 7,
the function ¢y is not singular at zc(—iwy ). Furthermore,

1 z 1 1
R = Res = coth (7(— +1 =
e o (0) = s oot (n () 95)) = §
So (52) follows from (33). Similarly,
. 1
Res ¢ (zc(—zw)) =———
w=ws T c(w2)w,
So (53) follows, too. O
For j € {1,2} and ¢ € Z>o we define
Lj,é = bj (,05]. + g) . (54)

Under the conditions (50) and (51) there are ¢; = £1 and ¢; € Z>( such that
ZC('LUl) = ielbl(pgl +€1) = 7:61L17gl , (55)
ZC(—iU)g) = iEng(pﬁ2 + 62) = Z'EQLQ’EQ . (56)

If0 # 2z € C\i((—00,~Lje] U[Lje,+00)), then X (pg, +¢) € C\ [~1,1]. We can
therefore uniquely define w™, wy € D; \ {0} satisfying

ze(wi) = il g, (57)
ze(—iwi) = +ilay . (58)

Notice that, since the domain E¢(,y s \ [~1,1] is symmetric with respect to the origin
0 € C, the element wj occurs in the residue sum of Lemma 7 if and only if w;™ does.

Lemma 9. For j € {1,2}, { € Z>q and 0 # z € C\ i((—o0, —Lj,)] U[Lj ¢, +00)), with the
notation introduced above, we have

Res ¢.(w) = Res ¢.(w)  and  v(w}) = (). (59)

Define
Gj(z) = wz(wj) fies.+ ¢.(w) = wz(wj_) fies.i o (w).

Then Gj ¢ is holomorphic on C\ i((—o0, —Lje] U{0} U[Lje, +00)). Ezplicitly, if
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Cluo =2 L;0p;(iL;e) (60)

then Cj ¢ # 0 and
Gra(2) = Crotha (7 (522) )pa (iz(s 0 ™) () ) o (iz(s 0 <7 (H22) ), (61)
Gaale) = Cagvs (17 (424) ) iats 0« (22 ) (s ) (429)) . (62

Proof. Recall from Remark 2 that if mg, is odd, then the polynomial p; is even and the
product p;g; is odd. We see from (57) that c(w)) = —c(w;) = c(—wy). So wi = —wy .
Similarly (58) yields wy = —w, . Thus, for j = 1,2,

c(w;) = —c(w;') and c(—iw; ) = —c(—iwl). (63)

J J

The first equality in (59) follows then from the formulas in Lemma 8. The second one is
a consequence of the definition (32) and the fact the spherical functions are even in the
spectral parameter.

The explicit formulas for G ; and G2 ¢ are obtained from Lemma 8, (57) and (58), as
well as from

c(—iw) = —i(so c_l)(i%) and c(wy) =i(so c_l)(i%) .
Recall the sets S; (j = 1,2) from (38).
Proposition 10. For j = 1,2, for0 <r <1 and z € C\ i((—oo, —L] U [L, +00)), define
Sjret ={0 € Z>o: +iLjy € z(Ec(rysm \ [-1,1])} - (64)
Let W C C be a connected open set such that
(S1US2) NWIE() sy =0 (65)
Then
Sjrzt =€ Lo : £ilje € WEe(ry s(r)} (z € W\iR), (66)
and hence Sj, .+ = Sjrw,+ does not depend on z € W \ iR. Moreover,
F(z)=F.(2) +2mi G, (2) (z € W\iR), (67)

where

Gr(z) = > Gre(2) + > Ga,0,(2) - (68)

£1E€51,r,w,+US1,rw,— Lo €S2 rw,+US2 rw,—
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Proof. Let j = 1,2. The condition (65) implies that for any fixed ¢ € Z>o and € € {£1},
the set {z € W : eiL;, € zEC(T)ys(T)} is open and closed in W. Since W is connected, it
is either @ or W. Hence, for every z € W, we have

€ib; (pﬁj + Zzo) N ZEc(r),s(r) = eib; (pgj + Zzo) N WEc(r),s(r) .
Moreover, if z € C\ iR, then
Z‘Ebj (pﬁj + ZZO) N ZEC(T),S(?") = iEbj (pﬂj + ZZO) N Z(Ec(r),s(r) \ [_17 1]) :

Hence, for z € W \ iR, the equality (66) holds and thus S}, . + depends on W but not
on z.
Notice that wy and ws respectively satisfy (55) and (56) if and only if

—1/. Lig
wy =c¢ (zel ;. 1) and 4 € S1y+ US4z,

. 1/7. L
Wy = 1C 1(262 2;2) and {y € 52’7,2,4» @] SQ’T’Z’, .

Formulas (67) and (68) follow then from Lemmas 7 and 9. O

Corollary 11. For every iv € iR and for every r with 0 < r < 1 and ve(r) ¢ i(S1 U S2)
there is a connected open neighborhood W, of iv in C satisfying the following conditions.

(1)

( ) Sjmwv,Jr = {f S ZZO : Z'Lj’g S ivEc(r),s(r)}’ s
(3) Sjrw,.+ = Sjrw,,—

(4) the equality (67) holds for z € W, \ iR with

Gr(2) =2 Z G, (2)+2 Z G2, (2). (69)

L1ESL r Wy, + L2€S2 r Wy +
Proof. Clearly,
(Sl U Sg) N ivaEC(T),S(T) =0. (70)

Hence, we may “enlarge” the point iv to a connected open neighborhood W, of iv
satisfying (65).
If z € W, \ iR is sufficiently close to iv, we have

{E (S ZZO : ’L'ij S iUEc(r),s(r)} = {E S ZZO : iLj,é S ZEC(T),S(T)}v

and, by Proposition 10, the set on the right-hand side of this equality is S, w, +.
Observe that, since the domain iv (EC(T))S(T) \[-1, 1]) is symmetric with respect to the
origin 0 € C, we have z% € (EC(T)’S(T) \ [-1, 1]) if and only if —z% € i (Ec(r)’s(r) \
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-1, 1]) The open neighborhood W, can be chosen so that this property is preserved
when iv is replaced by W,. Hence S, w, + = Sjrw,,—. Thus (69) follows from (68). O

The following lemma allows us to make explicit the sets S;, w, + appearing in (69).
Recall that |z| denotes the largest integer not greater than z € R.

Lemma 12. Let j = 1,2 be fized and let v € RT be such that v > bjps,. Select an
0 < r < 1 satisfying (70) and define

Sjrw = {t e Z>o;iL; 0 € ivEC(T),S(T)}
= {f € Z>o; pPp; + le I/jEC(T),S(T)}, (71)

where v; = b%' Then the following properties hold.

(1) Sjrw=10,1,...,N;,} for some N;, € Z>y.
(2) If r is chosen so that
i 1
c(r) < Lyl +1 (72)
Vj
(or even c(r) < % if ps, € Z+ %), then N;, < |v;] — |ps,].
(3) Suppose that pg, € Z. Then Nj, > |v;] — pg,. Thus

Njo = V5] — pg;

if (72) is satisfied.
(4) Suppose that pg, € Z+ 5.
If lvj] + 3 <vj, then Nj, > |v;] — |pg,]. Hence

Njw = vj] = Lps; )

if (72) is satisfied.
ek
If lvj] 4+ % > v; and c(r) < LD]J%, then

Njw=|vj] = lpg;] = 1.

Proof. To simplify notation, in this proof we shall omit the indices j.

Notice first that, for u € R, we have that iu € wEg(, g if and only if u < c(r)v,
and iu ¢ WE() o) if and only if u > c(r)v.

In particular, since v > bpg and c(r) > 1, we have c(r)v > v > pg. Hence 0 € S; ;- ,,.
Since ivE¢( (r) 18 @ bounded convex set containing 0 € C, the set Sj ;. , is of the form
given in (1) for some N, € Z>o.
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Observe also that v > bpg implies v > pg > |pg|. So |v] > |pg] and |v]|—|ps]| € Z>o.
The inequality N, < |v]| — |pg], i.e. |v] — [pg)] +1 & S}, is equivalent to ps +

(lv] = lps) +1) ¢ vEc(r) s(r)» 1€ ps + ([v] = [ps) +1) > ve(r).
We have

] +i+1 ifppezZ+1

pﬂ+(LVJ—LPBJ+1>:{LyJ+1 if pg € Z.

In both cases,

ps+ (vl =lpsl +1) 2 [v] +1>c(ro)v
if (72) holds. This proves (2).
Suppose now that pg € Z. Then
ps+ (lv] —pg) = v] <v<c(r)v.

Hence |v| — pg € Sjrv, i.e. Ny > [v] — ps. The equality (3) follows then from (2).
Finally, suppose pg € Z + 1.
If [v] + 1 <, then

1
ps+ (W] = lpsl) = lv] + 5 v <c(r)v.
Hence |v| — |pg| € S}, and the first claim of (4) follows then from (2).
el
If [v] + 1 >vandc(r) < m% Then

1

ps+ (1)~ Lps)) = L) + 5 > clrv.

Hence |v] — |pg] > Ny. On the other hand,

ps+ (1)~ lps) =) = lv] — 5 <v < clrv.

So |v] — |pg] — 1> N, and the equality follows. O

Corollary 13. Keep the notation introduced above, and set for j € {1,2} and m € Z>¢:

Ijm = bjpg; +bjlm,m+1) = [Ljm, Ljmi1) -

PB; +m+1

Suppose that v € I; . Let 1y, be such that 0 <1y, <1 and c(rp,) = FryET
J

m

Y Giula) =D Giuz)  (rm<r<1, z€W,\iR).

LESj w4 £=0

. Then
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Proof. This is a consequence of (2) in Corollary 11 and Lemma 12. Indeed, suppose

first that pg, € Z and v; = = € pg, + [m,m + 1). Then, with the given choice of r,
J

Njo = lv;] - PB; = (m+p5j) — Pp; =M.

Similarly, suppose now that ps, € Z + % If vj € pg, + [m,m + %)7 then N;, =

lvil = lps,) = (m+ Lps,]) = Lps, ] = m. If v; € pg, + [m+ 1,m +1), then N;, =

) = lps,) = 1= (lps, ] +m+1) = lps, ] —1=m. ©

Corollary 13 and formulas (69), (61) and (62) give therefore the explicit expression of
the function G, (z) in (67) in the case of two odd multiplicities.

3.2. The case of one odd multiplicity

In this subsection we assume that only one of the two multiplicities mg, and mg, is
odd. (Recall that the case where both multiplicities are even is covered by [25, Theorem
3.3(2)]. See also Proposition 5 above).

Without loss of generality, we shall assume that mg, is even. Hence

s, €Z and L =bapg, = /{p2,p2).

Moreover, the Plancherel density (17) for the symmetric space Xz is a polynomial be-
cause ¢o is the constant function 1. Therefore, the second sum on the right-hand side
of the displayed formula in Lemma 7 does not appear. The computations for the local
meromorphic extension of the function F near the imaginary axis, done in subsection 3.1,
apply, in a simplified version, to the case of mg, even as well. The following proposition
summarizes the results. Recall from (38) that S1 = iby ((pm, + Z>0) U (—pm, — Z>0))-
Moreover, as in (60),

0175 = %Ll)@pl(iLl)g) with LLg = bl(pﬁl -‘rf) .

Proposition 14. For every iv € iR and for r, with 0 < r < 1 and ve(r) ¢ Sy, there is a
connected open neighborhood W, of iv in C satisfying

SN anEc(r),s(r) = (Z),
so that for z € W, \ iR we have
F(z) = F.(2) + 27iG,(2) ,

where F.(z) and G(2) are as in Proposition 6.
If v >bipg, and v € Iy = b1pg, +bi[m,m~+1) = [L1 m, L1 mt1) withm € Z>o and

pﬁjerJr%
C(’l") < W’ then
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m
G.(z) = QZGL[(Z’), (74)
£=0
where
Gre(z) = Crotba (7 (2) pa (2(s 0 a7 (H12) ) (75)
and Cy ¢ # 0.
4. 0dd multiplicities: meromorphic extensions

In this section we determine the meromorphic extension of the resolvent in the case
in which both multiplicities mg, and mg, are odd.

4.1. Extension of the functions G,

Fix j € {1,2} and £ € Z>¢. Then

Mye = {20 e 0 x @\ -y - = (T) 1) (76)

z

is a Riemann surface above C*, with projection map m;, : M, 3 (2,{) = z € C*.
The fiber of m;, above z € C* is {(2,(), (2, —()}. In particular, the restriction of 7; ; to
M; ¢\ {(£iL;¢,0)} is a double cover of C* \ {£iL;}.

Lemma 15. Suppose that mg, and mg, are odd. Then, in the above notation,

1Ly,

Gie:Mig> (2,0 — I;—lLl,zm(iLl,z)ibz( — Q)p2(—iz¢)ga(—iz¢) € C  (77)

is the meromorphic extension to My ¢ of a lift of G1 ¢, and

iLj,e —¢))p1(=izQ)q1(—iz¢) € C (78)

~ b ) )
G2y : Moy > (2,() = ;2 Loy p2(iLae) (i(

is the meromorphic extension to Ma, of a lift of Gay.
The function G1 ¢ has simple poles at all points (z,() € My ¢ such that

z=iy /L2, + L3, (79)

where m € Z>q. The function éu has simple poles at all points (z,¢) € Ma ¢ such that

z =i \/ L%,Z + L%,m’ (80)

where m € Z>g.
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Proof. The map
a;:g :C\i(— o0, =Lj g U[Lj¢ +00)) 3z — (z, Cj'e(z)) €M,

where

L L
:z<z>=w—“+1\/l—“—1, (81)

z z
is a holomorphic section of 7; ¢ and, on the domain of O';-FZ ,

Giuoa), =G, (82)
by (25), (26), (60), (61) and (62). So, éj,g is a lift of G; . Its meromorphic extension

follows from (29) and (30).
The poles of Gy 4 are the points (z,() € M; ¢ such that

p2(—12¢) g2(—i2¢) (83)

is singular (and hence simple poles). They are such that there is an m € Z>g and e = £1
with

7’LZ< = 62iL27m. (84)

By definition of M, g,
L2
2 1,0

e (85)

Formula (79) is equivalent to
- =1} ,+1},, z#0.
So z € iR and, by (85),
L3, L3
P —1=——""_ <. (86)
L3, + 15, L3, + L5,

Therefore ¢ € iR and (z, () satisfies (84).
Conversely, one can easily check that for every m € Z>¢, the element (z,¢) defined
by (79) and (84) is in M , and makes (83) (and hence G ¢) singular.

The computation of the singularities of G5 ¢ is similar. O
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For 41,05 € Z>g, set

200,05 = Z\/Ll A + L2 A (87)

and

L3_j7£3—j

PR B N 88
CJ1£11Z2 L% 21 +L%’e2 ( )

where j € {1,2}. Then the points of the fiber of 24, 4, in Mj s, are (£2¢, 1,,€Cj e, 0,)
with e = 1. For fixed j € {1,2} and ¢; € Z>( the set

Uje, e =1{(2,0) € My, ; £Imz > 0} (89)

is an open neighborhood of all the points (£z¢, ¢,,€(j ¢, .0,) € M; ;. Moreover, the fol-
lowing maps are local charts:

Lj/j

Vet

Lemma 16. For j = 1,2 the local expressions for éj’gj in terms of the charts (90) are

Kje; & ° Uj,lj;l: B (Z,C) —(eC \ i((—oo, —1] U [1, -‘r-OO)), z = =1 (90)

(él,él © ’51_,%1,1) (©)

b y 1,0
= j:;l Ly, p1(zL1,z1)P2(\/CQ+1)CI2<\L/CQLJ LI 21 ( /C2 1¥ C) (91)

2+1

and

(G 0 Kz g, +)(C)

b
=5 L il (85 o (F85)0, 1 (OV/PFTF0). 02

241

With the above notation, the residue of the local expression of CNT'Ml at a point (z,() €
My ¢, with z = %z, ¢, s

Res (Gyy oko!
C:iCl,el,zz( 1,6 1,51,i)(<)

b1 . .
= :l:zﬂ'_2 Ll,fl p1 (ZLLEl )p2(2L2,£2)(f X Qo(pﬁl +€1)/31+(p52+€2)ﬂ2)(y) . (93)

The residue of the local expression of 62742 at (z,() € My, with z = £z, 4, is
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Res (Goy, okt
C:iggyel)lb( 2,62 2,@2,:‘:)(C)

ba

5 L2,0, P1(1L1,0,)P2(1L2,0,) (f X @(p5,+01)81+ (0, +£2)82) (Y)- (94)

1T

The constants
biLa,g, p1(ila e, )p2(ilaye,)
baLo ¢, p1(iL1,e,)p2(iLlae,)
appearing in the above formulas are positive.

Proof. Recall that

Pa1Bi+a2B = Pra1frtrafas

and that the polynomials p; and p; are even when mg, and mg, are odd.
Let (2,¢) € My, with z = £z, ¢, with ¢3 € Z>o. Then, as in (84) with m = {a, we
have —iz{ = ieaLa 4, for e € {£1}, and

T

1 1
Res ¢qo(z)= Res = coth(m(— +1ipg,)) = —
s

£:i62L2,22 $:7;52L2Y22 2 bQ

We see from (77) and (91) that the residue of él’gl at (z,Q) is

b . .
ﬂ:ﬁ L1 g, p1(2Ln,¢,) p2(t€ala g,) . (w),
where
wz(w) = (f X ‘piﬁc(w)B1+i%c(—iw)ﬁ2)(y),

with

1Ly 0, tL1 ¢, +€2L2 4,
2 C —

z +iy /LT, + L3,

Observe that

+i,/L? L2 :
w-! = 1,65 + 2,02 _ ZLLgQ — €2L2752
iL1,0, + €2L2 4, +iy /12, + 12,
12 )2

So
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w4 w! Ll,gz

2 b
Vet L3,

w—w- €2L2’(2
T

21 L2 + L2 ’
\/ “1,42 2,09

and hence
zc(w) =1Ly 4 and zc(—iw) = —ieaLa g, .

Since ii = —1, this verifies (93).
The proof of (94) is similar, using

Pz (iw) = (f X @iz c(—iw) pr+ig c(w) 52) ()
where

Loy

—C and 20 =—€1Ll1 4,

with €; = £1.

For the positivity of the constants in (93) and (94), notice that, omitting indices as
in the notation from section 1.3, we have p(ibx) = P(—x) = P(x) since P is even when
mg is odd. If £ € Z>(, then pg + ¢ is bigger than all roots of P, and P is monic. Thus
P(pg+¢)>0. O

4.2. Piecewise extension of F
For j € {1,2} set I; _1 = (0,b;pg,) and, for > 0,
Ij,m’ :bjpﬁj +bj[l',.’[+].) (95)

Notice that if x = m € Zxo, then I; , = [Ljm, Ljm+1). So (95) extends the notation
introduced in (73). (We shall need it for € Z>q and & € —3 + Zx.) We also define

Lj’_l =0 and Ij,_1 = (0, Lj’o) .

Let v € (0,+00). Then there exists a unique pair (mi,ms) € Z>_1 X Z>_1 such
that v € I, N Iz m,. Suppose first that (mq,ma) # (—1,—1). Then, according to
Corollaries 11 and 13, there exists 0 < r, < 1 and an open neighborhood W, of —iv in
C such that

F(z)=F. (2)+2 Zl G (2)+2 22 Ga,(2) (z e W, \iR), (96)
£1=0 £2=0
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where the function F;., is holomorphic in W, and, as usual, empty sums are equal to 0.
We can extend (96) to v € I; 1 NIz 1 = (0,L = min{Lq,9,L2o}) by choosing W,
to be an open disk centered at —iv whose intersection with R is entirely contained in
I, _1 N I,_; and by setting F,. (z) = F(z) for z € W,,.

Notice that for (mi,me) € Z>_1 x Z>_1 \ {(—1,—1)} the left boundary point of
Iy N Ig p,, if this interval is nonempty, is max{L1 m,, L2m, }. Moreover, Li ,,,, and
L3, can be equal.

Let m € Z>(. Denote by I° the interior of the set I. By shrinking W,, if necessary, we
may assume that W, is an open disk centered at —iv such that for j € {1,2} we have

—ile, ifvelf,,,
W, NiR C 7 7 (97)
—il° ., ifv=Lj,.
2

Suppose W, N W,» # 0. By (97), if v € I?,, then v' € I?

im ims and if v = L;,;, then

v €12, Uljm,. Only the first case can occur if m = —1.
So, let (my,m2) € Z>_1 x Z>_1. Comparing (96) for v € Iy, N I2.m, and for
v’ € (0,+00) with W, N W, # (), we obtain for z € W, N W,/ \ iR

0 if 0 € Iy, O Iy,
N 2G1m, (%) if v="Lim, €135, and v €I}, | NIzm,, (98)
2G2,m, (%) ifv=_Lom, €I}, and v € I, N 13, 1,

2G1m,(2) +2Gomy(2) ifv=Lim =Lom, and ' €17, 1 NI5,, ;.

Notice that, by the above discussion, these four cases cover all the non-overlapping
possibilities.
Now we set for (mq,mg) € Z>_1 X Z>_1

Wiy ma) = U W, .

VEIL mq N2, moy

Moreover, for all (mq,mg) with Iy, N T2, # 0, we define a function F,,, m,) on
W(ml,mg) by

Flonyma) (2) = Fr, (2) ifvelim Nilzm, and z € W,

The first case of (98) ensures that F(p,, m,) : Wim,,ms) — C is holomorphic.
We collect the above considerations in the following proposition (cf. [14, Cor.18]).

Proposition 17. For every integers (mi,ma) € Z>_1 X Z>_1 for which I y, NI m, # 0,
we have
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F(2) = Flonyma) (2) + 2 Gr,(2) 42 ) Gag(2) (2 € Winnymy) \iR),  (99)
61:0 2220

where F(y,, m,) @8 holomorphic in Wiy, m,), the G, are as in Lemma 9, and empty
sums are defined to be equal to 0.

It will be more convenient to use a different parametrization for the intervals parti-
tioning —i(0, +00). Let {L¢}32, be the set of the distinct L;,,, where j € {1,2} and
¢; € Z>o, ordered according to their distance from 0. Notice that Ly = L. We also set
L_;=0.

Let (m1,mg) € Z>_1XZ>_1. Then I} 4, N2 m, # 0 if and only if there is 7(mq, msa) €
Z>¢ such that (1177711 N Ig7m2)o = (LT(ml’m2)7LT(ml’m2)+1). In this case, L’r(ml,m2) =
max{L1 m,,L2m,}. The correspondence (mq,mg) — 7(m,ms) is a bijection between
the set of pairs (mq,mg) € Z>_1 X Z>_; for which Iy ,,, N I3, # 0 and the set Z>_;.
We define

W(T(mhm2)) = W(ml,mz) and F(T(m1,m2)) = F(m1,m2) .

Furthermore, for all £ € Z>_, we set
G = G, if Ly = L, for a unique pair (j,4;), (100)
Giy4, +Gay, if Ly =Ly = Loy, for some 41,45

Then we have the following restatement of Proposition 17.

Proposition 18. For every integer m € Z>_1, we have

F(2) =Fm)(2) +2) _Glz) (2 € Wi \iR), (101)
£=0

where F,,y is holomorphic in W,,, the G gy are as in (100), and empty sums are defined
to be equal to 0.

Recall the Riemann surface M, to which the fixed lift of G, extends as a mero-
morphic function. To unify the notation, we will write M instead of M; ¢, if Ly = Lj 4, .
Notice that this is well defined when L, = L; 4, = Loy, for some ¢;,¢;. Likewise, the
projection map and the fixed chart map will be written respectively 7, and k; instead
of wj e, and kjyg;.

By (100), the function Gy can be lifted and extended to a meromorphic function
é(@) on My. Specifically,

é(z) _ {(}jygj N %f Ly = Lj,; for a unique pair (j,¢;), (102)
Gy, +Goy, if Ly = L1y, = Lo, for some 41,05 .
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The singularities of G/, are at most simple poles located at points (z,() € M, where

i\JL3+L3,, (mé€Zs), if Ly = Lj, for a unique (j,€;) = (1,41),
iJL3+L3,, (mé€Zso), if Ly = Lj, for a unique (j,€;) = (2,42),

7 L? —+ L2 and ¢ L? —+ L2 (ml, mo € 220)7

1,m1 Q,MQ

if Ly = L1y, = Loy, for some 1,45

(103)
4.3. Extension across the negative imaginary axis

The meromorphic continuation of F' across —i(0,+o0) will be done inductively, on
certain Riemann surfaces constructed from the M,’s. First, we will lift to these Riemann
surfaces the local extensions of F' determined in Proposition 18. Then, we will piece
together these lifts along the branched curve lifting the interval —i(0, Ly ), where N is
a positive integer. We will be moving from branching point to branching point following
the method developed in [14, §3.4]. However, in contrast to the situation discussed there,
our branching points are in general not evenly spaced. So additional care is needed.

Let N be a fixed positive integer and define

M(N) = {(Z7C) eC” XCN+1;C:(CO7""<N)7 (ngf) GMZ, éeZZO; OSESN}

(104)

Then M(y) is a Riemann surface, and the map
TNy s My 2 (2,¢) »2€C™ (105)
is a holomorphic 2¥*+1-to-1 cover, except when z = —iL, for some ¢ € Z>o with 0 <

¢ < N. The fiber above each of these elements —iL, consists of 2" branching points of
M ). Recall the choice of square root function ¢, (z) introduced in (81). Making this
choice for every coordinate function ¢, on My yields a section

O'EFN) tz (z,Cgr(z), .. ,C]J\r,(z))

of the projection m(yy. For v € RT we let ¢, (—iv) = {; (—iv+0). Then by [14, Lemma 6]
we have

Ley? -1 ifo<wv<L
H(iv) = ) = (106)
2
i1—(5)" ifv>1L,.
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We now construct a local meromorphic lift of F' to M by means of the right-hand
side of (101) for every m with —1 <m < N. Observe that we are considering My as a
Riemann surface above C~ to avoid the (known) logarithmic singularity of F' at z = 0.

For 0 < ¢ < N consider the holomorphic projection

T(v,0 My 3 (2,€) = (2,¢e) € M. (107)

Then the meromorphic function

Gy =G omw,e : May = C (108)
is holomorphic on (W(N))‘l(c— \ iR). Moreover, on C~ \ iR,

G(N,é) o 0?}\7) = G(@)

by (82). Therefore, CNJ(N,@ is a meromorphic lift of G,y to My).

Using the right-hand side of (101) with F{,,) constant on the z-fibers, we obtain the
requested lift of F' to W(]\})(W(m) \ iR).

The next step is to “glue together” all these local meromorphic extensions of F' to get
a meromorphic extension of F' along the branched curve in My, covering the interval
—i(0, Ly 41)-

An arbitrary section of 7y corresponds to a choice of sign ig’r for each coordinate
function. More precisely, with every

e=(co,...,en) € {F1}NT! (109)
we associate the section
oc: C™ \i(—o00,—L] = M
of m(ny given by

o:(z) = (z, EOCJ(Z), . ,ENCX}(Z)) . (110)

(Hence U(JrN) corresponds to ¢ = (1,...,1).)

To separate the study of the regular points from that of the branching points —iLy,
we exclude the latter from the open sets W(,,) introduced in subsection 4.2. Hence, we
define for m € Z>_,

o
W= U m
VE(Lm,Lm41)

where the W, are chosen as in (97). Then W,y = W, U W(’m) and W(’m) NiR =
—i(Lym, Lm+1) contains none of the —iL,. By shrinking the disks W), if necessary, we may

m
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-1
assume that T(N)

particular, each of these copies is a connected set. We denote by U, . the copy containing

(W('m)) is the disjoint union of 2¥*! homeomorphic copies of W('m). In

O’E(W(Im) \ iR). Likewise, we may assume that, for every m € Zx(, the preimage under
m(n) of the open neighborhood W, is the disjoint union of 2N homeomorphic copies of
the disk Wy, . These homeomorphic copies can be parameterized by the elements (109)
with one component ¢, removed. We denote by e(m") the resulting element. Observe
then that e(m") = &’(m") if and only if € and ¢’ are equal but for their m-th component,
which can be +1. Modulo this identification, we can indicate the connected components
of ﬂ'(—]\}) (WL,.) by U.(mvy with e € {£1}¥ T, Furthermore, we define U,(;,vy = @ for
m = —1 and every ¢ € {£1}V+1.
We want to construct a meromorphic lift of F' along the branched curve

N 1 (0,Lyy1) 2 v = (—iv, £ (—iv), ..., £ (—iv)) € M(ny - (111)

Observe that {Us(m\/) UUne : €€ {F1IPV*H meZ,-1<m< N} is a covering of

N
M"/N:ﬂ-(_]\})( U W(m)>

m=—1

consisting of open connected sets. Moreover, UZ:_l Wimy ViR = —i(0, Ly41).

Theorem 19. For m € {—1,0,...,N}, e € {£1}" ! and (2,() € Usmv) U Un,c define

F(2.0) = Fm)(2) +2) G0 +2 > [Gve(2.0) — Gz —0)] .
=0 m<l<N
with e, = —1

(112)

where the first sum is equal to 0 if £ = —1 and the second sum is 0 if eg = 1 for all
¢>m. Then F is a meromorphic lift of F' to the open neighborhood M. of the branched
curve yn lifting —i(0, Ly 1) in M.

The singularities off7 on M, are at most simple poles at the points (z,¢) € M)
for which there exists (£1,02) € Z>o such that L3, + L3, <Ly, and

_ i ]r2 2
z=—1 L1,€1+L2,€z'

Proof. Formula (112) can be obtained as in the proof of [14, Theorem 19].

Recall from (103) that the singularities of C?'(N@ (z,¢) = é(z)(z, ¢¢) occur above values
of z € i(—00,0) with |z| > Ly. Therefore the second sum on the right-hand side of (112)
is holomorphic on U, vy UUp, c and the possible singularities of F on this domain come

from Y, ) G(n,0)(2,¢). They are the elements (z,¢) € M, with z given by (103). The
condition L} , + L3 ,, < L%, is necessary for the point (2,¢) to be in M. O
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To have a more precise description of the singularities of F , let us order them according
to their distance from the origin 0 € C. Let (z(x))kez., be the sequence so obtained.
For a fixed k € Z>o, let S(; ) denote the set of all (1,6;) with ¢; € Z>( for which there
exists o € Z>q so that L%,Zl + Lg’e2 = |2(1)|?. The correspondence (1,¢1) — (2,2) so
obtained is a bijection of S(; 1y onto a subset S(3 ) of pairs (2,£2) with ly € Z>o.

Let N € Z>g be chosen so that |2(4)| < Ly+1. Then there is m € {0,1,..., N} such
that |z(x)| € [Lm, Limy1). By (112), the possible singularities of F' at points of My,
above z(yy are those of

(k) ~
Z@ G(N,f)(zv C) )

where ng) denotes the sum over all £ € {0,...,m} for which there exists (j,¢;) €
S,k U Sia,k) so that Ly = Lj .. Observe that, by (108) and (102), this is equal to

Y G X Gl

(4,:45)E€S (1, k) US(2,x)

= Z (él,él (ngel) + 52,32 (Zvcéz)) ) (113)

(1,£1)€S(1 1)

where in each summand we choose the element (2,/2) € S(, 1) associated with the fixed
(1,41) € Se1py-

Let m € {0,1,..., N} be fixed. For every £ € Z>o with 0 < ¢ <m and € € {£1}V+1,
we consider the chart

Rm,e,l * Ua(mv) U Um,s > (Z, <) - C@ eC \ i((—OO, _1} U [17 +OO)) (114)

Its inverse is given by

L,
(2,0) = /f;lg (C) with z=—i——— (115)
s ,E /C£2 + 1
Notice that
Km,e,l = K¢ O T(N0)|U, vy UUm.c (116)

in the notation of page 1511 and (107). Moreover, by (110), (106) and the definition of
Uc(mvy U Upm,.e, we have

CZ = Hm,s,i((za C)) = 55C;(Z) .

We shall write £, . instead of K, ¢ m. The local expression of Fon Ue(mvyUUm, e will be
computed in terms of x,, .. However, to compute its residue at a singular point above 2,
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with |2(4)| € [Lm, Lim+1) we will need to pass to some charts i, ¢ with 0 < £ < m, to
use the results from Lemma 16. The following lemma examines the change of coordinates.

Lemma 20. Suppose m € {0,1,..., N}, |24)| € [Lm, Liny1) and 0 < £ <m. Then

é(Nve) ° K:n}a = (é(l) o "izl) o (Hm,e,f o K;L}g) . (117)

-1
m,e

The map Km,ee © K is a bijection of Km e(Us(mvy U Un,e) onto H[(W(N’Z)((Ue(mv) U

Um’e)). Let ¢ e0 denote its inverse. Then

Gmoe,t(Co) = emGh(— W —sm\/ 7= \/<Z+1+1\/——\/<4+1—1

Let (z(k),c(k’s)) denote the point in U vy U Uy, e above 2y and let Cék’e) be the value

of its (g-coordinate. Then
V0Izw? = L
G5 = et (2y) = e — (118)

E

S, (¢F) = (O (119)

and

2 \/lzw P = L

S VOO (120)
Ly Tzw®— L2,

S et (C) = erem

Proof. The equality (117) is a consequence of (108) and of the definition of U, (;,vyUUs, ¢,
whereas (118) and (119) follow from (106), since iz = |z(k)| > Lm > Lg. Notice

that ¢ms£((€) = % (CeQ +1) — 1. So ( mse) (Ce) =2 % C¢. On the other hand,
( maé) (Ce) = 2(¢ms£) (Ce)Pm.,e.e(Ce). Hence

(k,e) ( meﬁ) (C(k 6)) L2 <(k5 L72n \ |Z(k)|2 7L?

DG 7)) = m il m =73 e Fwl - 2,
by (118) and (119). O
Proposition 21. Keep the above notation. Furthermore, set for k € Z,
Sty ={(l1,62) € Z24; LTy, + L34, = l2|*}, (121)

and, for l1,0y € Z>o,



J. Hilgert et al. / Journal of Functional Analysis 272 (2017) 1477-1523 1517

Cry 0, = p1(iLa g, )p2(ila g, ) (b —= + by 7=1) (122)

Ay, €2) = (pg, +01)B1 + (ppy + £2)B2 - (123)

Then Cy, 4, s a positive constant, and the residue of the local expression ofﬁ with respect
to the chart (Us(mvy U Un e, Km.c) at the point of M(ny above 2y and in the domain of
this chart is

~ iasmL2
Res (Fory')(Cm) = Z Cry 0 (f X Paer,00))(y) - (124)

(k&) m,€ - / 2
Cm=tm 2wl =L iyesa

Proof. By (113),

Res (F okt ) (Cm) = Z(k) Res (é(Nj) 0 Kl ) (Cm) -

Cm= (k <) ¢ Cm= ’5711::,5)

Recall that if f is meromorphic in the disk D,.(b) = {z € C: |z —b| < r} and p is a

diffeomorphism defined on Dg(a) with b = ¢(a), then Reg f(z) =Res(fop)(2)¢'(2). See
2= z=a

e.g. [9, Ch. VI, Theorem 3.2]. Hence, by Lemma 20 and (108),

Res (Govey o i) Gn) = Res (G © ke © bme) () ce(G7)
Cm_c < CZ:C[ )

L2 |Z(k)|2 L2 . _
=T e e Rey (G0 )(G).
€ ‘

Write (o, ex = Cék’e) and €50, = e if Ljg, = L;. Then, by (113) and the above
computation,

S Res (@ o minle) Gn)

Cm=C®
L (k) 5@ 1
,/ —L? Res G o
|Z(k - L7, Ge=¢{* o G or )

—% S S [B P E Res G 6]
|Z(k>‘2_L?2"ﬂ (1,61)€S(1 ky d=1 It i g, szsk Gie) ﬂf b
1,k

The residues from Lemma 16 and the fact that |z, [> = L%7£1 + L%jz yield (124). Notice
that the sign of the residue at (j ¢, . x cancels the factor €;,,. O

Remark 3. Finding the list of the singularities z(y) = —i|z()| of F and, for each of them,
determining the set S(1 1), is the problem of finding which positive reals can be written
as a sum of squares L7 , + Lg,@ with Lj,; in the lattices b;(pg, +Z>o) (j = 1,2), and
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in how many different ways. This is a variation of the classical problem of finding the
positive integers which can be represented as a sum of squares of two integers and in
how many ways. See e.g. [16, section 6.7.4].

Notice that the first singularity occurs at 2y = —iy/L3 o + L3 o = —i+/{p, p) and in

this case 51,y contains only (1,0).
4.4. Meromorphic extension of the resolvent

Recall that C~ = {z € C;Imz < 0} denotes the lower half plane, L; o and Lsg
are as in (37), and L = min{L; o, L2 o}. In this subsection we meromorphically extend
the resolvent z — [R(2)f](y) (where f € C2°(X) and y € X are arbitrarily fixed) from
C~ \i(—o0, —L] across the half-line i(—oo, —L]. As before, we shall omit the dependence
on f and y from the notation and write R(z) instead of [R(z)f](y). This simplification
of notation will be employed wherever it is appropriate.

The meromorphic extension of the resolvent will be deduced from that of F' obtained
in the previous section. In fact, Proposition 4 shows that on an open subset of the upper
half-plane we can write

R(z) = H(z) + mi F(z), (125)

where H is a holomorphic function on a domain containing C~.

We keep the notation introduced in subsection 4.3.

The resolvent R can be lifted and meromorphically extended along the curve vy in
M, . Its singularities (i.e. the resonances of the Laplacian) are those of the meromorphic
extension F of F and are located at the points of M., above the elements z(). They
are simple poles. The precise description is given by the following theorem.

Theorem 22. Let f € C°(X) and y € X be fized. Let N € N and let yn be the curve in
Mny given by (111). Then the resolvent R(z) = [R(z) f](y) lifts as a meromorphic func-
tion to the neighborhood M., of the curve yn in M(yy. We denote the lifted meromorphic

function by Rixy(2,¢) = [Riw(2,0) f] ()-
The singularities of R(n) are at most simple poles at the points (z(k),C(k’E)) € Mn
with k € Zso so that |zl < Lyi1 and e € {£1}NT1. Explicitly, for (m,e) €

{0,1,..., N} x {£1}N+1,

Rin)(2,Q) = H(nme) (2, Q) + 2711 Y Gny(2,C)  ((2:0) €Usrnv) U Unm.e), (126)
=0

where I;T(Mm,s) is holomorphic and é(Nvg)(Z, ¢) is in fact independent of N and e (but de-
pendent on f andy, which are omitted from the notation). The singularities of R(ny(2, ()
in Ugmvy U Unp e are simple poles at the points (z(k),(j(k’s)) belonging to Ug(mvy U Upn e
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The residue of the local expression of é(N) at this points is im times the right-hand side

of (124).

Remark 4. Unlike the case of SL(3,R)/SO(3), the resonances usually do not coincide
with the branching points of the Riemann surface My to which the resolvent lifts as
a meromorphic function. In fact, one can check from the table in Remark 1 that, when
Xo = X; and mg is odd, none of the singularities happens to be at one of the branching
points —iL; unless X; = SU(2n,1)/S(U(2n) x U(1)) (which is the only case where pg is
an integer).

5. One odd multiplicity: holomorphic extensions

In this section we show that when only one of the two multiplicities mg, and mg, is
odd, then the resolvent of the Laplacian on X; x Xy admits a holomorphic extension to
a suitable Riemann surface above C*. As before, we assume without loss of generality
that mg, is even.

Fix { € Z>¢. Then, as in (76), we consider the Riemann surface above C*

M= {20 € C % (C\ fi—i)) : 2= (iIT)" 1)

z

with projection map m ¢ : M1y 3 (2,{) = 2z € C* and branching points £(iLq ¢, 0).

Notice that Lemma 15 holds in the present situation with g2 = 1 and gives the lift G ¢
of G1,; to My ¢. Since now gz is holomorphic, G ¢ turns out to be holomorphic as well.

Lemma 23. Suppose that mg, is odd and mg, is even. Then, in the notation of subsec-
tion 3.2,

il1,e
z

6175 : MLg =) (Z,C) — %L17gp1(iL17g)p2(—ZC)¢z( — g) eC (127)

is the holomorphic extension to My ¢ of a lift of G1 .

For the piecewise extension of F' along the negative imaginary half-line —i[b1 pg, , +00),
recall from Proposition 14 that for v € I1 ,,, = bipg, + bi[m1,m1 +1) = [Ljm, Ljmt1)
with m € Z>¢ there exists 0 < r, < 1 and an open neighborhood W, of —iv in C such
that

F(z)=F, (2)+ 227”: G1.(2) (z € W, \iR), (128)
=0

where the function F,. is holomorphic in W,,. As before, (128) extends to Iy, _1 = (0, L1 o)
by allowing empty sums. By possibly shrinking W,,, we may assume that W, is an open
disk around —iv such that



1520 J. Hilgert et al. / Journal of Functional Analysis 272 (2017) 1477-1523

—il1 forvely,,,

—i(Iy,m — b—l) for v =Ly .

WUm‘Rg{
2

In addition, for 0 < v < by1pg, we define W, to be an open ball around —iv in C such
that W, NiR C (0, b1p51)~
If v € I, vV > bipg, and W, N W, # 0, then we obtain for z € W, N W,y

0 for v' € It p,
F (2) =F,(2) + for
2G ;m,(2) for v €I, 1.

Now we set

Wy = |J Wo  (meZx),
vE€Il m

Wey= |J W
vely 1

For m € Z>1 we define a holomorphic function F{,,) : W,y — C by

F, (z) form € Zso,v €l andze W,

F(m)(z) = _
F(z) form=—1andzec W_y.

We therefore obtain the following analogue of Proposition 17.

Proposition 24. For every integers (my,mg) € Z2271 we have

F(2) = Fimy(2) +2 Y Giu(2) (2 € Wi \iR), (129)
£1=0

where F(,,) is holomorphic in Wiy, the G1 ¢ are as in (75), and empty sums are defined
to be equal to 0.

We can continue F' across —i[0, +00) inductively, as in the case of two odd multiplic-
ities. The situation is however easier, either because there is only one regularly spaced
sequence of branching points (there are no branching points of the form —iLs 4, since
they originated from the singularities of the Plancherel density of X3), or because the
continuation turns out to be holomorphic (because of Lemma 23).

Let N be a fixed positive integer and let My be defined by (104) with M, replaced
by My, for 0 < ¢ < N. Then My is a Riemann surface which is a 271-to-1 cover of
C~, except when z = —iL; with £ € Z>p, 0 < £ < N. The fiber of the latter points
consists of 2" branching points of M(y).

For 0 < /¢ < N define
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Gnvey =Greomne,

where mn ¢ : M(ny 3 (2,() — (2,{¢) € My . Furthermore, define as in section 4.3, the
open sets Up e, Usmvy (with m € Zxg, e € {£1}N*1), the branched curve vy lifting
—i(0, L1,n41) to M), and the open neighborhood M., of vx in M. Then we have
the following analogues of Theorems 19 and 22.

Theorem 25. Let f € C*°(X) and y € X be fized. Let N be a positive integer. Then
the function F from Proposition 14 (which depends on f and y) admits a holomorphic
extension F to M, given by (112). The resolvent R(z) = [R(z)f](y) of the Laplacian
lifts and extends holomorphically to the function E(N) given on M, by the formula

Riny(2,¢) = H(z,¢) +imF(2,(),

where }NI(Z,() = H(z) is a lift of the holomorphic function H of Proposition 18. Conse-
quently, the Laplacian has no resonances.

6. The residue operators

In this section we come back to the case where both multiplicities mg, and mg, are
odd. By Theorem 22, for every positive integer N, the resolvent of the (shifted) Laplacian
of X = X; x Xy admits a meromorphic continuation ]TE( ~) on suitable Riemann surface
M(n). The extended resolvent has simple poles (i.e. resonances) at the points of My,
above the negative purely imaginary values z() (k € Z>0) introduced in section 4.3.

Associating with f € C*°(X) the residue at the point (z(k),C(E’k)) of the extended
resolvent R(yy(z)f yields a continuous linear operator

Resy 1 C2°(X) = C°(X),
where

Resvif= Y, Cow (fXoreen)  (F€CE(X) (130)
(61,£2)€5 s

and Sy, Cr, 05, Pa(e,05) are as in (121), (123) and (122), respectively. Notice that Resy
is independent of the choice of the point in the fiber of 2.

The element A(¢y,¢2) given by (123) is a highest restricted weight of X. Indeed, for
j =1,2 we have (A({1,02) — p)p, = {; € Z>o. Recall the operator R from (14). By the
properties of the eigenspace representations given in subsection 1.2,

Rt ) (C2 (X)) = Exer,0).6(X) = € +0)81,6(X1) @ E (s, +2)82,0 (X2)

is the finite dimensional irreducible spherical representation of G of highest restricted
Weight )\(51, 62)
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We therefore obtain the following proposition.

Proposition 26. Let N be a positive integer and let k € Zx>q be so that |z(k)| < L?V+1'
Then the (resolvent) residue operator Ry x at (21, ((E’k)) € M(n) has image

Resy 1 (C° (X)) = ey t2)e500) Erier ), (X)

= @(51,@2)€S(k) (g(pﬁl +Z1)[31,G(X1) ® g(pﬁ2+fg)ﬁ2,G(X2)) .

In particular, Resn . has finite rank and is independent of the choice of the point
(z(k),C(E’k)) in the fiber of z(y in M(yy.
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