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Howe correspondence and Springer correspondence for dual
pairs over a finite field

A.-M. Aubert, W. Kragkiewicz, and T. Przebinda

ABSTRACT. We study the Howe correspondence for the unipotent representa-
tions of the irreducible dual reductive pairs (G’,G) = (GL,,/(Fq), GLn(Fq))
with n/ < n, and (G',G) = (Spy(Fy), 0F )(Fy), where Fq is a finite field
with ¢ elements (¢ odd), and O;n is the F4-split orthogonal group. We show
how to extract a “preferred” irreducible representation of G from the image
by the (conjectural in the second case) correspondence of a given irreducible
representation of G’.
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1. Introduction

In case of a dual pair (G, G) defined over a finite field, the integral

; O(g'g) Oe(g')dg’ (g€ G),

where O is the character of the Weil representation and II'¢ is the representation
contragredient to IT', is a finite sum which obviously converges and defines a class
function on G. This class function decomposes into a sum of several irreducible
characters Op. In other words Howe correspondence often does not associate a
single irreducible representation of G to a given irreducible representation IT" of G’
and the situation is quite complex.

Then the following question arises naturally: is there a “preferred” representa-
tion among the irreducible representations of G which correspond to IT'? It is the
aim of this article to propose a candidate for such a preferred irreducible represen-
tation, assuming that I’ is unipotent.
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Let Fy be a finite field of ¢ elements of characteristic p. As a consequence of
our main result (assuming here for the simplicity of the exposition that p of is large
enough), we obtain that, in the following situations

(1) the dual pair is of type IL, i.e., (G',G) = (GL,/ (F,), GL, (F,)), and II' is
unipotent;

(2) the dual pair is (G/,G) = (Spy(F,), 0%, (F,)), where OF (F,) denotes the
split orthogonal group, and II’ is unipotent and belongs to the principal
series of G/,

the preferred representation is an irreducible representation Il..s of G that corre-
sponds to II" by Howe correspondence and is the unique such representation the
wave front set of which contains the wave front set of any irreducible representation
of G which correspond to II' (see Corollary [I4]).

More generally, we consider an irreducible dual pair (G’, G) over F,, with p odd
(without further assumption on it). As shown in [AM93|, Howe correspondence
for this pair induces a (non-bijective) correspondence between unipotent representa-
tions of G’ and G. This correspondence between unipotent representations has been
described in [AMR96) Théoreme 5.5] in the case of (G', G) = (GL,/ (F,), GL, (Fy)).
Recall that unipotent representations of G’ are parametrized by partitions of n/'.
Assume that n’ < n. We will prove that the unipotent representation of G, say
IIrer, that is parametrized by the joint partition ' U (n — n') (see Definition [),
occurs in the image by the correspondence of the representation of G’, say IT’, that
is parametrized by p’. Moreover, every representation II of G which occurs in the
image of I’ is parametrized by a partition of n which is larger than p/ U (n—n') for
the usual order on partitions. It follows that the closure of the unipotent support
of each such representation II contains the unipotent support of Il cf.

In the case of ortho-symplectic dual pairs, the correspondence between unipo-
tent representations has been described conjecturally in [AMR96], Conjecture 3.11]
in terms of a (in general non-bijective) correspondence between irreducible repre-
sentations of two Weyl groups.

In [KS05] Theorem 5.15], Kable and Sanat have proved the validity of the con-
jecture for the dual pair (Sp,(F,), SO3,,(F,)) in the case of unipotent representations
that belong to the principal series. Let O, (F,) denote the non-split orthogonal
group, and let ¢ = +. The conjecture for the dual pair (Sp,,, (Fy), 05, (F,)) has
been also confirmed computationally in [AMR96] for n,n’ < 11 up-to a slight
ambiguity in the principal series case O3, (F,) (in which case we have only the
restriction of Weil Representation to Sp,,, (Fy) - SO3,, (F,)).

We will compute explicitly that correspondence between representations of
Weyl groups in the case where one of them is Wy = W(B3) (see Proposition[), give
its translation into a correspondence between u-symbols and extract a bijective cor-
respondence which behaves well with respect to unipotent classes (see Theorem [IT]).

For instance, for unipotent representations in the principal series of split groups,
assuming the validity of the conjectural description of the correspondence in this
case, and that we have n > 3 and n’ = 2, we prove that the representation of G, say
IIver, that is parametrized by the pair of partitions (&',7" U (n —n’)) of n, occurs
in the image by the correspondence of the representation of G’, say II', that is
parametrized by the pair of partitions (¢/,7’) of n’. Moreover, every representation
of G which occurs in the image of IT’ is such that the closure of its unipotent support
contains the unipotent support of II.¢ (see Corollary [I2]).
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the case of dual pairs of type II.

2. Unipotent representations

Let G be the group of F,-rational points of a connected algebraic reductive
group G over IF‘q, defined over F,, and let F': G — G be the corresponding Frobe-
nius map so that G = G (fixed points by F).

To each G-conjugacy class of pairs (T, #) where T is an F-stable maximal torus
in G and 6 is an irreducible character of T = T¥, Deligne and Lusztig attached a
virtual character RS (6) of G, [DL76].

Recall that the uniform class functions on G are, by definition, the complex
linear combinations of Deligne-Lusztig characters RS (6). Recall also that an irre-
ducible representation of G is called unipotent if its character has non-zero scalar
product with RE (1) for some T. If G = GL,,(F,), then the uniform class functions
span the space of all class functions on G. For G arbitrary, it is not the case in
general: for instance, the character of the cuspidal unipotent representation 6o of
the symplectic group Sp,(F,) defined by Srinivasan is not uniform.

Because we will need to include the case of orthogonal groups, it is necessary
to extend the definition of R () to the case when G is a disconnected reductive
algebraic group. In this case, we put R§(6) := IndS.(RS’ (0)), where G° denotes
the identity connected component of G and G° := (G°)¥. We will call uniform
class functions all the linear combinations of RS (#). An irreducible representation
of G is called unipotent if its character has non-zero scalar product with R (1) for
some T.

Since the cyclic group F,* is of even order, |F,*/F,*?| = 2. Therefore there are
exactly two non-equivalent non-degenerate symmetric bilinear forms on the vector
space F,*", see [JacT74, Theorem 6.9], one is split and the other one is not split.
Let O3,,(q) = O3, (F,) (resp. O,(q) = 0,,,(F,)) denotes the corresponding split
(resp. non-split) orthogonal group. See [DM91l sec. 15.3] for more details. Also,
we shall write Sp,,,(q) := Spa, (Fy).

We recall some results from [Lus80]. The group Sp,,(¢) has a unipotent
cuspidal irreducible representation if and only if n is a triangular number, that is,
n = k?+k for some k € N. The group SPa(k2-4+k)(¢) has a unique unipotent cuspidal
representation. Similarly, the group SO3,,(¢), with ¢ € {—,+}, has a unipotent
cuspidal irreducible representation if and only if n is a square, that is, n = k2 for
some k € N. The group SO35;2(q) has a unique unipotent cuspidal representation,
say II;. It follows that O%,,(¢) admits unipotent cuspidal representations if and
only if n = k? for some k € N, and that 03,2 (¢) has exactly two unipotent cuspidal

representations, H}C and H};. (Indeed, we have Ind(s)g’iiq(z)ﬂk = HL + H}vl. Both H}C

and II}] have the same restriction to SO5;2(g) and thus differ by tensoring with the
determinant character of O3,;.(¢).) See [Lus77, Theorem 8.2] or [AM93] Theorem
5.1] for the details.

Let M := Spyg2ypy X T (resp. M := 05, x T), where T is a split torus
of G = Sp,,, (resp. G = 05,), and let IIM be a unipotent cuspidal irreducible
representation of M. The representation IIM is the tensor product of the unipotent
cuspidal representation of Spy (2. 1 (resp. H}C or HE) with the trivial representation
of T. On the other hand, M is an F,-rational Levi subgroup of an F,-rational
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parabolic subgroup P of G and the commuting algebra Endg(Ind$ (ITM)) (where
the cuspidal representation II™ of M is trivially extended to the unipotent radical
of P, that is, IndS (ITM), also denoted by R (TIM), is the usual Harish-Chandra
induction) is an Iwahori-Hecke algebra of type By, with 72 := n — (k? + k) (resp.
n:=mn — k?), see for instance [Lus80] or [AMR96), § 3.A]. Hence the irreducible
representations of G which occur in Ind$ (IT™) are in bijection with Irr(W;), where
W; = W(Bj) = (Z/2Z)" x &5 (cf. [Car93], Chapter 10] or [Lus84, Corollary 8.7]).

We will denote by HgM’p the irreducible representation of G which corresponds
to p € Irr(Wy,) by this bijection.

We put
Spi= {Spon(q) : meN} and O := {05,(q) : n €N},

We call Sp (resp. OF) a Witt tower of symplectic (resp. orthogonal) type. Let T,
T’ be two Witt towers, one is of symplectic type and the other one is of orthogonal
type.

For a finite group H let SR(H) denote the free abelian group generated by the
irreducible characters of H. Thus the subset of the irreducible characters Irr(H) C
R(H) is a base of R(H) over Z. Let G/, be an element of 7’ and let G,, be
an element of 7. Denote by wy, », the projection onto the space of the uniform
class functions on G}, x G,, of the pullback of the character of the oscillator
representation (determined by one fixed character of the field F,) via the map
Gl xGn3(9.9) = 99 € SPayym(q). By Howe correspondence for the dual pair
(Gl,/, Gy,) we shall understand the map

(1) 9% . R(GL,) — R(Gp)

defined by

(2) W/ .m = Z H/ ® 9Gm (H/)
welrr(c’ )

(See [AMRO6], (1.4)], where %= (II') was denoted by Og,, (I').)

Let I’ be a cuspidal irreducible representation of an element G/, of 7’. Then
there exists G,, € T such that §%= (II') is a cuspidal irreducible representation of
Gy, see [AMR96, Theorem 3.7]. Moreover (see loc. cit.), the image by Howe
correspondence for the dual pair (G, Gynyr), with I,1 € N, of each compo-

. . . . G,/"Ll ’
nent of the Harish-Chandra parabolic induced representation RG;”/J;IT, (IT') (where
/

T’ is a split torus in G, ;) belongs to the Harish-Chandra parabolic induced
representation Rg::*xlT(GG’" (IT')) (where T is a split torus in G,4q).

Using the description of the uniform part of the restriction of G,, x G/, of the

Weil representation obtained by Srinivasan in [Sri79], Adams and Moy proved that
Howe correspondence sends unipotent representations to unipotent representations,
[AMO93] Theorem 3.5], and that the unique cuspidal unipotent representation of
the group Spy(,2,44)(g) corresponds to the representation ! of O5,.(q) if € is the
sign of (—1)* and to the representation H}H_l of Og(kﬂ)z(q), where ¢ is the sign of

(—1)**1 otherwise, [AM93], Theorem 5.2]. (In fact this defines the representations
11} and II}!.)

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



HOWE CORRESPONDENCE AND SPRINGER CORRESPONDENCE 21

3. Dual pairs of type II

In this section we will consider the case of the dual pair (G',G) = (GL,(q),
GL,(q)). We assume that n’ < n. The characters of the unipotent irreducible
representations of G are in bijection with the irreducible characters of the symmetric
group &,,, hence in bijection with the partitions of n. Let p, denote the irreducible
representation of &, which corresponds to the partition p of n. Define

(3) pu = | Z pﬂ' RGL” )’

ceS,

where T, is a maximal torus of type o. Then R,, is a unipotent irreducible
character of G, and each such character is of this form for some partition p of n
(see for instance [DM91] sec. 15.4)).

Recall that a partition of a positive integer n is a finite sequence A = [A\; >
Ag > -+ > A, > 0] of integers A; such that Zle A; = n. Let ht(\) denote the hight
of the partition A (that is, the largest ¢ with A; # 0). Flipping a Young diagram of a
partition A of n over its main diagonal (from upper left to lower right), we obtain the
Young diagram of another partition !\ of n, which is called the conjugate partition
of A. Thus, for A = [A; > A > -+ > A\i], we have A = [PA; > Ay > .- > t)],
where | = Ay and ‘A, = [{i : 1 <i<k,\ >j} for1<j<lL

A=A > > >NJand = [ > po > -+ > py| are any partitions, we
write p C X if the followings holds: ht(u) < ht(A\) and p; < X; for all 1 < i < ht(p).
If we identify A and p with their Young diagrams, this means that the diagram of
1 is contained in those of A. Removing the boxes of A which belong to p, we obtain
a skew diagram which we denote by A — p.

We will also need to consider the intersection partition of A and u:

AN = [min(A, p1), - ., min(Amink,h) > Bmink,n))] -

We have g C X if and only if ANy = p.

Let v =[v1 > vy > -+ > vpy,] C ANp. Then we denote by pa=,,(v) the partition
(Vi) {izni=p,) and we put

ANT = pa=p (AN ).

We will say that A and p are close if for each ¢ we have |\; — p;| < 1.

For later use, we will now introduce some more notation. If A = [A; > Ay >

- > M| is a partition of n and g = [ > pe > -+ > uyp] is a partition of m,

by adding zero parts if necessary we can assume that h = k, and we define the
partition A @ u of n+m as

ANBu)i =N +p, forl<i<ek.

For a partition A and for any integer 4, let n;(A) be the numbers of j > 1 such that
Aj = 1.

DEFINITION 1. Let AU u be the unique partition of n +m such that
ny( AU p) =n;(N) +ni(p), for each i > 1.

We observe that (A @ pu) = ‘AU and {(AU p) = A @ tu. Also, for any
L eN, wehave (L)Up=[yu >--->L>---> ] (or [L>p >--->por
[ > > > L)).
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Consider R(S):=€D,,>, R(Sn) (it is a free Z-module with basis [, Irr(&r)),
and define a map 6°: R(&) — R(S) by

pr= > FCE 0T )y,

ty close to tu’

where, if v = [r%,...,1%], we have put f(v) = [[, a;, and where the empty
partition is sent by f to 1 (in accordance with [AMR96! proof of Lemma 5.4]).

THEOREM 2. [AMR96], Théoreme 5.5] Howe correspondence between unipotent
characters of GL,/(q) and GLy(q) is given by the map

GL,, GL,
Rp“, — Rae(p“/).

The following result is a direct consequence of Theorem 2L

THEOREM 3. Let (n',n) be a pair of positive integers with n' < n. Let p'
be a partition of n'. The unipotent representations of GL,/(q) and GL,(q) with
characters R, and Rpu/u(nfn/)’ respectively, correspond by Howe correspondence.

Moreover, any representation of GL,(q) which belongs to the image of R, by
Howe correspondence is of the form R, where p > (p'U(n—n')), where > denotes

the usual order on partitions.

PROOF. We note that the unipotent representation R occurs in the

image of R, , by Howe correspondence. Indeed we have

Pu'U(n—n')

(WU —n) =)o,
the partitions (u') and *(1/ U (n — n’)) are close, and, since
‘()N U (n—n")) =0,

we have f(*(p/) N=H(p' U (n—n')))=1.

Now, !(4/U(n—n')) is the largest partition in the set of partitions of n which are
close to *(y/). Hence, if R,, belongs to the image of RPM by Howe correspondence
we have tyu <ty U (n—n')), ie., u>p/ U(n—n'). O

4. Ortho-symplectic dual pairs

4.1. A correspondence between Weyl groups. Let (n1,n2) be a pair of
positive integers. Let k be an integer such that 0 < k? + k < ny and k2 < ngy, and

let TI;” denote the unipotent cuspidal representation of Spy2,y). We denote by

ex, the sign of (—1)%.

It follows that:
ek

~ Howe correspondence for the dual pair (Spy,,, (q), O35,
SP2n1
SPy 1241y X T

(¢)) induces a cor-

respondence between irreducible components of R, (IP®1) and
irreducibl ts of RO (Ml @ 1)
irreducible components o ot r (i ,

— Howe correspondence for the dual pair (Spy,, (q), O35 (¢)) induces a cor-

. . Spsy,, .
respondence between irreducible components of RSp2( L )XT(HZP®1) and
2(k2+k
O;k+1
irreducible components of R_z;%,

2(k4+1)2

(T ®1).
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All these irreducible components are unipotent, see [Lus84. (8.5.1)].
Let ko € {k,k + 1}. We set

(I itk =k,
(4) ko " H? if ko —
k1 1 ko =k+1,

(5) ﬁl(k) =ni — (kQ + k), ’ﬁg(kg) = MNgo — (kg)z.

Then Howe correspondence for the dual pair (G, G’) = (Spa,, (¢), O;ff? (¢)) induces

a correspondence, @S’G/7 between Irr(Wp, (1)) and Irr(Wp, 1)), defined as follows.

DEFINITION 4. We will say that the representations p € Irr(Wpy, 1)) and p' €
Irr(Wi, (r,)) correspond by @G ¢ if the character of 11S

non-zero scalar product with wy, n.,.

G/
ret, @ HHE;@’p, has a

In particular, taking k = ko = 0, we obtain a correspondence between Irr(W,, )
and Irr(W,,,).

Let sgngp 7@ Wi — {£1} denote the unique character whose restriction to the
normal subgroup (Z/27Z)"™ of W is the product of the sign characters and that
is trivial on the subgroup &5. The kernel of sgnep 5 is isomorphic to the Weyl
group W(D,,). The restriction of the character sgnqp ; to the subgroup Wy of
W;, equals the character sgnep ;1. Because of this, we will denote sgngp, 7 simply

by sgnqp.

A conjectural description of the correspondence GS’G/ was stated in [AMR96].
It can be formulated as follows:

CoNJECTURE 1. The representations p € Irr(Wpy, 1)) and p' € Trr(Wa, (1,))

correspond by @kG’G, if and only if p® p' has a non-zero scalar product with

Z Z In dWﬂlevcl)/n o, (0 ®@sgnep) ®Indwn2x(il;5) Sy (T @ 58ICD)
0<r<N’ pelrr(w,.)

(resp. Z Z IndW”lX(';‘), e (o® )®Indw"§<“;§) S (o ®sgnep)),
0<r<N’ zelrr(w,)

where ko =k (resp. ko =k +1).

We put
(6) N/ = mln(ﬁl(k)7’r~12(k2)) N = max(ﬁl(k),ﬁQ(kg)), and L:=N — N/.

In Conjecture [l G stands for a symplectic group and G’ for an orthogonal group.
However we would like to consider Howe’s correspondence () in any of the two
directions. Therefore we will consider the following cases and keep in mind that
Conjecture [Il applies to any of them:

Case 1:
(a) G/ O2IEk2+N')( ) and G = Sp2(k2+k+N))(q)'
(Here we have N’ = na(k) and N = 7y (k).)
(b) G'= Sp2(k2+k+N’)(Q) and G = O;’Ek2+N (q)-
(Here we have N’ = 7y (k) and N = ny(k).)
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Case 2: G’ = Spy (214 n)(q) and G = O;’(“Z’k1+1)2+N)( ).
(Here we have N’ = ny(k) and N = np(k 4+ 1).)
Case 3: G' = O;’(“(kl+1)2+N,)(q) and G = Spys24 k1 n)(9)-

(Here we have N’ = nig(k + 1), N = 7y (k).)

Let (£,m) be a pair of partitions of N, i.e., £ and 7 are two partitions with
|€] + |n| = N. The irreducible representations of Wy are parameterized by the
pairs of partitions of N (see [Lus77]). The trivial representation of Wy corre-
sponds to ((N),0) while the sign representation corresponds to ((, (1)) and the
representation afforded by the character sgncp, = sgnep x corresponds to (0, (V).

DEFINITION 5. We define 6™ N : Irr(Wp+) — Irr(Wy) by

/ Per(yuy in Cases 1 and 2,
0NN (per ) = B
pyuey in Case 8.

THEOREM 6. If Conjecture [l holds, then the representations per € Irr(Wp)
and QN"N(pf,m/) correspond by @S’G .

In order to prove Theorem [6] we will need to introduce some more combina-
torics.

Removing the boxes of A which belong to u, we obtain a skew diagram which
we denote by A — p. Then a generalized tableau of shape A — u is a filling of the
boxes of A — p with positive integers such that the entries are weakly increasing
from the left to the right along each row and strictly increasing down each column.
Tableaux of shape A\ are examples of generalized tableaux. Let T be a generalized
tableau. Let n; = n;(T) denote the number of occurrences of the integer ¢ in 7T
The weight of T is defined as the sequence (n1,na2,...). The word w(T) of T is the
sequence obtained by reading the entries of T' from right to left in successive rows,
starting with the top row. On the other hand, any sequence a = (a1, as, ..., a;) with
a; € {1,2,..., N} is called a lattice permutation if, for 1 < j <land 1 <i< N-—1,
the number of occurrences of ¢ in (a1, as,...,a;) is not less than the number of
occurrences of ¢ 4 1.

Let A, u, v be partitions such that |A| = |u| + |v|. The Littlewood-Richardson
coefficient Cu ., is defined as the number of generalized tableaux T' of shape A — u
and weight v such that w(T) is a lattice permutation.

The Littlewood-Richardson rule (¢f. for instance [GP0OO0L 6.1.1, 6.1.6]) says that

IndgévXGNip‘L@p” ZCMVp)"

where the sum runs over all partitions A of V.
A similar rule occurs in the group W,, = W(B,,) (¢f. [GP0O0, 6.1.3]):

W
(7) IndWivaN,g (pfhm ® pfzﬂ]z) = Z Cé, 6 Czl,nz Pems
(&m)

where the sum runs over all pairs of partitions (§,n) with |£| = || + |&2] and
Il = Im|+ [nel.
PROPOSITION 7. We have

(8) Indi ™oy, (Perm @1) =Y pens
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where the sum is over all partitions § of N — |ni| = N — £ + |&1| whose Young
diagram is obtained from that of &1 by adding N — ¢ boxes, with no two boxes in the
same column. In particular p(n_yyue, n, occurs in ().

In a similar way, we have:

w
(9) IndefXWNJ (Pey,m @ sgnep) = prl,m
n

where the sum is over all partition n of N —|&1| = N —£4|n1| whose Young diagram
is obtained from that of m by adding N — € boxes, with no two bozes in the same
column. . In particular pe, (N—ryun, occurs in (H).

PrROOF. As already mentioned, the trivial character of Wy_; corresponds to
the pair of partitions ((N — £),0). Hence we have to consider certain generalized
tableaux T of shape & —¢&; and weight (N —¢). The integer 1 occurs ny (T) = N — ¢
times in T'. It follows that all the entries of T" are equal to 1 and so the condition of
w(T) is empty. On the other hand, the fact that the entries of T have to be strictly
increasing down each column implies that there is at most one box in each column
of T'. The first equality follows. The second equality is proved in an analogous way,
using the fact that sgnep ,—p = pp,(v—¢)- O

The following special cases of Proposition [1] will be used in the proof of Propo-
sition [8

EXAMPLE 1. Assume ¢ =1 and N > 2. We obtain
Indw™ew,_, (21,0 ® 1) = pvy.0 © P(V-1,1).0,
Indw oy, (P0.1) ® 1) = pv—1).1)»
Indyy e, (P(1).0 @ s81cp) = P(1),(N-1)5
Indw ™, w,, , (P0,(1) ® s8hcp) = Po,(v) © Po,(N-1,1)-
EXAMPLE 2. Assume ¢ =2 and N > 3. We obtain
Indw™, wy s (P20 ® 1) = p(v).0 ® P(V-1,1),0 B P(N—2,2),05
Indw oy, (01200 ® 1) = p(v—1,1).0 B P(N—2,12),0,
IdwXew_, (P).0) ® 1) = pv-1),1) ® Pv—2.),01)5
Indw ey, (P0.2) @ 1) = pv—2,(2)
Indy Sy, (P0,12) ® 1) = p(v—2),12),
Indw™, w, (P(2).0 ® sgnop) = p(2).(N—2);
Indw;\’wa,z(P(Pw ® sgnop) = P(12),(N—2)5
Indw o, (P(1),(1) @ 880ap) = 1), (v—1) B (1), (N=2,1)s
IndngwN,2(P®,(2) ® sgnep) = po,(v) D Po,(N—1,1) D Po,(N-2,2)»
IndngWN_g(p(D,(lz’) ® sghcp) = Po,(N—1,1) D Po,(N—2,12)-

PrROOF OoF THEOREM [@ It follows easily from the description given in Conjec-
ture [I combined with Proposition [7 O
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In the case when N’ = 2 we will describe Conjecture [Il in a more explicit
manner. For j € {1,2,3}, and N > 2, let 0J2.’N: Irr(W2) — ZIrr(Wy) be the
maps defined by (where in each case, the underlined representation p¢ ,, is equal to

0N (per)):
Py P2).0
Pa),(1) PQ).(1) D Py,
07%: paze P(12),0 )
Po.2) T P02 D 2p0,2) © Po,2)
Po.12y = po2) D pe.az) D P 2)
P20 = P@.0 D P11 D P2
P 7 P, D o) D pe,a2)
03%: Pz P20 B P
Po,(2) Po,(2)
Po,(12) Po,(12)
P20 P2),0
PO, 7 P@0 D Pa),a) P Paz)e
03%: pazye P(12),0 )
Po.2) P D P D P2
Po,12) P, D Po,a2)
P20 P(2),(N-2)
P(),(1) 2p1),(N-1) © P),(N-2,1)
07N pazye = P(12),(N—2) , ifN2>3,
Po2) + 3pp,N) D 2pp(N-1,1) D Po,(N-2,2)
Po,(12) > poN) DB 2pp (N-1,1) D Po,(N-2,12)
P Po.(N) D p),(v-2) D Pa),(N-1)
Py, Py (N-1) D P),(N-21) D po, ) D Po,(N-1,1)
QS’N: pa2y0 Pa2),(N—2) D pa),(N-1) , i N >3,
Po,(2) Po,(N) D po(N-1,1) D Po,(N-2,2)
Po,(12) Po,(N-1,1) D P (N-2,12)
P20 PNY,D D p(N-11)0 D P(N-22)0
P,y = Pe D PN-1,1)0 D P(Nv-1),01) D P(N-2,1),1)
02N pazyy P(N-1,1),0 D P(N-2,12)0 , if N>3.
Po,(2) PNy,0 D p(v-1),1) D P(N-2),2)
Po,(12) P(N=1),(1) D p(N-2),(12)
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PROPOSITION 8. We assume that N' =2, N > 2 and that Conjecture [l holds.
Then Howe correspondence for the dual pair (G',G) is given by the map

01" if G’ = O3f4a9)(4) and G = Spygua i) (a),
2N
h if G' = Spy(rz1hr2) (@) and G = Ogy2, 3y (0),

03N if G = SPa(k2+k+2)(q) and G = O;’E(lirl)erN)(q)

2,N
03 if G = ;’Z(;§+1)2+g)( ) and G = sz(k2+k+N)(Q)'

Proor. We will consider the three cases listed after Conjecture [I] separately.

Case 1:
The combination of Conjecture [[l and Example [ gives

P20 = Ind%& Wy o (P(2),0 @ 880cp)

— IndV» (1®sgnep) @ Ind!V~ ( ® sgnep)
P(l),(l) WixWn_1 g CD WoxWpn_o p(1)7(1) g CD
pane Ind&//;VXWN—z(p(l2)a@ ® sgncp)

Po,(2) P@,(N)@Ind%foN,l(SgDCD ® SgHCD)@Ind%foN,Q(Pw,(z) ® sgngp)

W W
P, (12) IndWiVxWN,l(SgnCD ® sgngp) @ Indwivwa,2(Pw,(12) ® sghep)-
Using the computations done in Examples [ 2 we obtain the map Gf’N.

Case 2:
The combination of Conjecture [Il and Example [ gives

pP2)0 — sgicp @ IndwleN (1®sgnep) @ Indw w W, (1 ®sgnep)

P,y — Ind%xWN L (sgngp @ sgnep) @ Ind%vxw,\,,g(p(l),(l) ® sgncp)

pazye = IndgNgp,  (1®sgnep) ® Indyy, ,(p02),0 © sgnep)
o) Indyy™, vy, (Po,(2) ® sgnep)
Pp,(12) Ind%ngN,z(Pw,(P) ® sghcp)-

Using the computations done in Examples [l Bl we obtain 95 N
Case 3:
The combination of Conjecture [[l and Example [ gives

P20 Indyy Y, g, (P20 ® 1)
P, Indy™, (1@ 1) @ Indyy, . (P, ® 1)
P(12),0 — Ind%;VXWN72 (p(12)7@ X 1)

po2) = pvye © IndyN o (sgnep ® 1) @ IndyY, o (pp,2) ® 1)

Po,(12) Ind%ivaN,l (SgnCD X 1) D Ind%g]xWN,2 (p@1(12) [ 1).
Using the computations done in Examples [l 2], we get 0§’N. a
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4.2. Symbols and u-symbols. We will recall part of the formalism of sym-
bols due to Lusztig. (See [Lus84] and references there.)

A symbol is an ordered pair A = of finite subsets (including the empty

A
B
set 0) of {0,1,2,...}. The rank of A is defined to be

rank(A) := Y a+» b- {(%)QJ :

acA beB

where for any real number r we denote by |r| the largest integer not greater than
r. The defect of A, to be denoted by def(A), is defined to be the absolute value of
|A| — |B|. There is an equivalence relation on such pairs generated by the shift

A\ ({oju(A+1)

B {0}u(B+1))"
We shall identify a symbol with its equivalence class. The functions rank(A) and
def(A) are invariant under the shift operation, hence are well-defined on the set

B
non-degenerate otherwise. The entries appearing in exactly one row of A are called
singles.

There is also a notion of u-symbols due to Lusztig related to unipotent classes.
Let (&,n) be a pair of partitions of N. We ensure that £ has exactly one more
part than n by adding zeros as parts where necessary. Let m denote the number of
parts of n. We then attach to (§,n), where £ = (§4 > & > -+ > &, > &ny1) and
n=(m >1m > >1nm), asymbol A = Ag, of defect 1 and two u-symbols A;’,”

and A;" to be defined by

of symbol classes. A symbol A = (A) is said to be degenerate if A = B, and

A — (5m+1 Em +1 Em—1+2 .. El+m>
e m Mm—1+1 Nm-2+2 -+ m+m-—1 )
Auvsp Pa— £m+1 £m + 2 Em—l + 4 t et 51 + 2m
&m o Nm + 1 Mm—1+3 e m42(m—1)+1 )
pwor_ (Emtt EmH2 EmoaHd o G42m
&n Mm+1 Nm + 2 Nm—1 +4 eoom+2m)7

where in the orthogonal case we arranged for the two partitions to have the same
length m + 1. The symbol A¢ , is called special if

Emt1 < <€m+1<Nm-1+1<&1+2< - <m+m-1<& +m.
Similarly, A;7" is called distinguished if
i1 SN +1<En+2<Nm 1 +3< - <m+2(m—1)+1< 6 +2m,
and AZ" is called distinguished if
Emtl S M1 SEm+2<y +2< - <G+ 2m <y 4 2m.

We observe that the fact that Ag , is special implies the distinguishness of A7}

The set of all the symbols (resp. u-symbols) which contain the same entries with
the same multiplicities as a given symbol (resp. u-symbol) is called the similarity
class of the latter. If A, A’ belong to the same similarity class, we will write
A~gim/A’. Each similarity class of symbols (resp. u-symbols) contains exactly one
special (resp. distinguished) element.
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We will now recall the algorithm described in [Car93| §13.3]. To each partition
A= (A1 > Xy > -+ > \p) we attach the sequence of B-numbers
(10)
AT = (AT < A5 <2 <), defined by A} := Ap_jy1 +j— 1, for 1 <j <k

For instance, we have
(N)*:(N)v (N_la 1)*:(1aN)7 (N_2a2)*:(27N_1)7 (N_2a 15 1)*:(1a25N)

Recall that a partition X is called symplectic (resp. orthogonal) if each odd
(resp. even) row occurs with even multiplicity. For N a given integer, let PP(N)
(resp. P°"(N)) denote the set of symplectic (resp. orthogonal) partitions of N.

Consider a symplectic or orthogonal partition A of N and the corresponding
group Gpy. We ensure that the number of parts of A has same parity as the defining
module of Gy, by calling the last part 0 if necessary. Thus Ay > Ao > -+ > Agg
(resp. A1 > Ay > -0 > Xok+1) if Gy = Spyn(Fy) or Oan(F,) (resp. Gy =
O2n41(Fy)). We then divide A* into its odd and even parts. Let the odd parts and
the even parts of A* be

207 F1 <265 +1<--- <2 +1 (vesp. 2§51 +1) and 257 <25 <--- < 2y,
respectively. Then we have
0<& <& <-- <& (resp. Gyy) and 0 <y < <o <

Next we define §; := &;_;,; — (k—1i) and n; :=n;_; | — (k—1) for each i. We then
have & > &iy1 2 0, m; 2 mi1 > 0, and [€] + || = n.

Thus we obtain a map
(11) @: A (&)
from PSP(2N) or P°"(2N) (resp. P°"(2N + 1)) to the set of pairs of partitions of
N, which is injective.

A pair of partitions (&g, 70) of N is in the image of the map (I of a symplectic

partition, say )\ZE o (resp. an orthogonal partition, say )\237770) if and only if the

u-symbol AP (vesp. g% ) is distinguished, see [Car93, page 420].
DEFINITION 9. If (£, 7) is not in the image of the map ¢ defined by (), we put
A, = Ag L (resp. A =g ), where AP (resp. Ag) ) is the distinguished

0570 0570
u-symbol in the similarity class of AP (resp. Az’zr).

We will use the computations done in the following exeamples in the proof of
Theorem [0

EXAMPLE 3. Let N > 2 and 1 < h < 2. We have

u,s h N-—-h+2 u,or h N—-—h+2
A(Nlih,h),@ = ( 1 ) and A(th,h),(b = (0 9 ) ‘

o A?}\?gmm is distinguished. Because (N —1,1)* = (1,N) and 0* = (0,1),
we obtain )‘?IID\;il,l),(i) =(0,2,3,2N+1), that gives )\?l])\,im)_’w = (2N-2,12).
o A'NY o0 g is not distinguished. The distinguished u-symbol in its similar-

(N—2,2)
ity class is
1 N u,s
( 2 ) = A(NI:Q,I),(I,O)'
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Because (N—-2,1)* = (1, N-1) and (1,0)* = (0,2), we obtain )\?5’\;*72)1)7(1_’0)
=(0,3,4,2N — 1), that gives )‘?E)V—QQ),(Z) = /\??\/—2,1)7(1) = (2N —4,2?).

o For h=1,2, the distinguished u-symbol in the similarity class of Al(l]’\(;r_hvhw

18
0 2 — AWor
h N—h+2)  T0.(N-hh)

Because (0%)* = (0,1) and (N — h,h)* = (h, N — h + 1), we obtain

B {(1,2,3,2]\7) ifh=1,

/\*,or
(1,3,4,2N —2) ifh =2,

(02),(N—h,h)

that is,

(2N —3,13)  ifh=1,

A =m0 = A6, = {(QN ~5,22,1) ifh=2.

EXAMPLE 4.

7 1 3  N42 o 1 3 N+2
A‘(lz\iliz,ﬂ),@:( 1 3 ) and Al(lz\(f)—z,ﬁ),m:(() ) 4 )

. A?j\?gzylz)’w is distinguished. Because (N —2,12)* = (1,2, N) and (03)* =
(0,1,2), we obtain )\?5’\;*_2 120 = (0,2,3,4,5,2N+1), that gives )\?5’\,_2 12),0
— (2N — 4,1%).

. A?j\?izl?),@ is not distinguished. If N > 3, the distinguished u-symbol in
its similarity class is

0 2 4 — AWOr

1 3 N+2) “0nN-212)
We have /\3%\,_2,12) = (1,2,3,4,5,2N), that gives AlN—212)0 = (2N —
5,1%).

EXAMPLE 5.

0 2 N 0 N
u,sp o u,or _
ANIa) a2 = ( 9 4 ) and Ao 12) = (1 3) '

o AP ).(2) 18 distinguished if N > 4, (N = 2,0)* = (0,N — 1), (1%)* =

(N-2
(1,2). Hence )\Sp’im (12) = (1,2,4,2N — 1) and A} = (2N —

(N (N-2),(12)
4,2,12).

. A?I’\‘;iQ),(lg) is not distinguished if N > 4. The distinguished u-symbol in
its similarity class is

0 3Y) _ suwor
(1 N)—Au),uv—z,l)-

(1,0)* = (0,2), (N—2,1)* = (1, N—1). Hence \°"* (1,2,5,2N—

(1),(N=2,1) —
2), and Ay _o 12y = (2N = 5,3,1?).
EXAMPLE 6.
0 N N -2
u,sp o u,or _
AN ) = ( 3 ) and  Aiy_g) () = ( 9 > :
. )\?5’\;*72))(2) = (4,2N —3), and )\?IID\FQ),(Q) = (2N —4,4), when N > 3.
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o AN a2y = (5:2N = 4), and X% _,) o) = (2N = 5,5).

EXAMPLE 7.

u,s 0 N+1 u,or N -1
A p1)(1)_< 9 ) and A 1)(1)—< 1 >

. A?;\?Iil),(l) is distinguished, )\?5’\;*71)’(1) = (2,2N — 1), and )\?I;V N =
(2N — 2,2).

. A‘(I;\?r_l) (1) 18 not distinguished. The distinguished u-symbol in its similar-
ity class is Al(li()),r(N—n' We have )\‘()]r\}*_u(l) = (3,2N —2), and AN—1),1) =
(2N - 3,3).

EXAMPLE 8.

0 4 2
u,sp . u,or _
Ay v- 2)( N1 ) and Ay (- 2)(N—2>'
AI(IQ; (n_g) s not distinguished if N > 6. Then the distinguished u-symbol
in its similarity class is

0 N-1 s
< 4 ) A (N-3),(3)"
We have (N —3,0)* = (0, N — 2) and (3,0)* = (0,4). Hence \}}

(0,1,8,2N = 3), and \(3) (y_o) = (2N —6,6).
. )\C(’r)*(N 2 = = (5,2N —4), and )\(2) (N—2) = = (2N —5,5), N > 5.

()(N 2) —

EXAMPLE 9.
u,8 1 N u,or 1 N
Aszl)(l)—< 9 ) and AN21)(1)_<0 3>'
Al(lj\? 2.1),1) 18 distinguished if N > 2, (N=2,1)* = (1, N=1) and (1,0)" =
(0,2). Hence )\(IJD\} 21),(1) = (0,3,4,2N — 1), and )\(N 21)(1) = (2N —
4,22).

A?I\?r 2.1),(1) 18 not distinguished if N > 4. The distinguished u-symbol in
its similarity class is

0 3 u,or
(1 N) A (1),(N=2,1)"
Hence Aor (N—21) = =(1,2,5,2N — 2), and /\‘(3{)7(]\,_271) = (2N —5,3,12%).

ExamMPLE 10.

AWSP 0 2 5
D,(N-2,1) = 2 N+1
is not distinguished if N > 5. The distinguished u-symbol in its similarity class is

AWSP 0 2 N +1
(N=3),(2,1) — 9 5 .

We have /\(N 3).21) = = (1,2,6,2N — 3), and hence /\?113)7(]\,_271) = (2N —6,4,12).
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ExaAMPLE 11.
Au ,Sp O 2 4
0,(N-2,2) = 3 N+1

s not distinguished if N > 4. The distinguished u-symbol in its similarity class is

ALSP 0 3 N+1
(N-3,1), (12) 2 4 .

We have /\(IIJ\, 31),(12) = =(2,3,4,2N — 3), and /\% (N—2,2) = = (2N —6,23).

EXAMPLE 12.

Ausp 0 2 4 6
(N-2,12) = 2 4 N+3

is not distinguished if N > 3. The distinguished w-symbol in its similarity class is
AWSP _ 0 2 4 N +3
(N-3),(1%) — 2 4 6 :
Hence >‘(2) (N—2,12) = =(1,2,3,4,6,2N — 1), and /\(A (N—2,12) = = (2N —6,2,1%).

ExXAMPLE 13.

1 3
AW vz = ( N-1 )

is not distinguished if N > 5. The distinguished u-symbol in its similarity class is
A“ﬁpg 1.2y We have )\(N 31),2) = = (0,3,6,2N — 3). Hence )\(12) (N_2) = (2N —
6,4,2).

4.3. Howe correspondence and unipotent orbits. Let Fq be an algebraic
closure of F,, and let N(G) denote the set of unipotent classes of G. This set is
partially ordered by the relation @; < O, meaning that O is contained in O, the
closure of Oz. The unipotent orbits in the corresponding algebraic groups over F,
are parameterized by partitions A of the dimension of the defining module. The
partition A is symplectic (resp. orthogonal) if G = Spyn(F,) (resp. Oazn(F,) or
O2n41(Fy)).

To the representation pg , of Wy we shall associate the u-symbol AP (resp.
A& of the group G = Spyy (Fy) (resp. G = 0352 (Fy)).

For the groups Sp,y (F,) and Oan41(F,), we associate the representation pe
to the orbit O()\), where (£,7) := ¢(\), with ¢ defined by ().

Consider the group OzN(IF‘q). In this case the unipotent orbits are parame-
terized by partitions A of 2N where the even rows occur with even multiplicities.
We attach to such a partition A the ordered pair of partitions (£,7) defined by
(&,m) := ¢(A). Then we associate to O()) the representation py¢.

Let S(G) denote the set of u-symbols attached to G. Let

072 S(04(Fy)) = N(Spy(F,)) and 977 : S(Spy(Fy)) — N (0a(F,))
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TABLE 1. Unipotent classes and the corresponding similarity
classes of the u-symbols for Sp,(Fy)

04 o AL,

\

2 u,sp u,sp
02 « A a) Ayt
017 & AT,

\

o) <« AB”?%)

TABLE 2. Unipotent classes and and the corresponding similarity
classes of the u-symbols for O (F,)

0B,1) < {AG A}
|

02%) « At
|

O & {AG) 0 Mg}

be defined by (where in each case, if the input symbol is indexed by &', 7/, then the
underlined orbit in the output corresponds to the representation §%% (permy))

Aoy O4) AGE = {0B,1),02%)
Ay = 0@ AGT = {0(3,1),0(2%),0014)}
ﬁf:i:/\é%{@ — 0(2,1%) | ﬁf:i:/\‘(ﬁiﬁﬂ > {0(22),0(1*)}
Ay = {0(2%),004} Ay = o(1%)
Let
957 S(Spy(Fy)) = N(Oa(F,)) and 932: S(O4(F,)) — N(Spy(F,))
be defined by
A = {0(3,1),0(2%),03,1)} ALYy e {0(4),0(22)}
ASy = {02%),0(3,1),0(1)} Ay = {04),02%),0(2,
052 Ay {o(1h),02%)y Wit AL, = {0(2%),0(1Y)}
A(‘D‘ig) — 0(3,1) A‘Q‘:‘();) — 0(4)
Aoy = oa) gy 02 1?)
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If N >3, let 050+ S(04(F,)) = N(Spyy (Fy)) be defined by

Ay O(2N —6,6)
A + {O(2N —4,4),0(2N — 6,4,1%)}

VR Ay = {O@2N -2,2),02N —4,2,1%),0(2N —6,2%)} .
ASyy = {O@2N -2,2),0(2N - 4,2, 12),0(2N - 6,2,1%)}
Aglizy = O(2N —6,4,2)

A~ O(2N - 5,5)
Ay~ {O(2N - 3,3),0(2N —5,3,1%)}

Ty ALYy e O(2N —5,3,1%) :
Ay = {O2N - 1,1),002N —3,1%),0(2N — 5,22 1)}
Ay = {O(2N —1,1),0(2N —3,1%), O(N —5,1%)}

Agly = {O(2N —1,1),0(2N —5,5),0(2N —3,3)}

Ay = {O(2N =3,3),0(2N —5,3,1%),0(2N — 1,1), 02N - 3,1°)}
3N A‘(ll’sj)’ﬂ — {O(2N —5,3,12),O(2N - 3,3)}

gy + {O(2N —1,1),0(2N —3,13),0(2N —5,2%,1)}

Ay = O(2N —3,13),0(2N —5,1°)}

If N >3, let 937 : S(04(F,)) — N(Spyn(F,)) be defined by

Ay + {O(2N),0(2N —2,2),O(2N —4,4)}

A5V = {O(2N), 02N —2,1%),0(2N —2,2), O(2N — 4,2°)}
93N A;E;;Zm = {O(2N - 2,2),02N —4,2,1%)}

A@;&?) > {O(2N),0(2N —2,1%),0(2N — 4,22)}

Ay — {O(2N),0(2N — 4,1}

Notice that in each case, for NV > 3, the underlined orbit is in the closure of
any orbit in the set.

Howe correspondence over finite fields is not bijective on the level of the irre-
ducible characters. Nevertheless, Theorem [[Q]below shows that it should be possible

to extract from @S’G/ a bijective correspondence at least when N’ = 2, given by
the map #*" introduced in Definition [

THEOREM 10. We assume that N' = 2, N > 2 and that Conjecture [l holds.
Then Howe correspondence for the dual pair (G', G) induces the map
9. i (GLG) =
oy i (E6) =
9N if (G1,G) =
93N if (G,G) = O3kt 1)2+2) (@) SPa(k 4143 ()
Moreover, if N > 3, then the following holds:

O;](ck2+2) (a), Sp2(k2+k+N) (9)).
SPo(rz 1 k+2) (@) 0542 vy (@)
Sp2(k2+k+2) (q)a O;Iz;kl+1)2+]v) (Q));

o~ o~ o~ o~
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Let per € Tir(Wa), and let pey my = 0% (peray). Then every irreducible rep-
resentation pe n of Wy which corresponds to pe .y by @?’G satisfies
(12) Ocono < Ogn-

REMARK 1. Proposition B and Theorem [I0 are unconditional (since Conjec-
ture [ is known to be true, see [AMR96], § 6]) for the following triples (G/, G, k):
e in Case 1. (a):
~ (Og (9),SPa(n12)(9), 1) where 2 < N <9;
= (015(), SPa(v 16)(4), 2) where 2 < N < 5;
e in Case 1. (b):
~ (Spg(a), Oy 41y(9), 1) where 2 < N < 10;
_ (Splﬁ(q),O;r(N+4)(q),2) where 2 < N < T7;
e in Case 2:
- (Spg(q),O;(NH)(q), 1) where 2 < N < 7;

— (Sp16(9), 0%,(q), 2);
e in Case 3:

- (0%5(q), SPa(n42)(), 1) where 2 < N <9;
= (022(); SPa(n46) (), 2) where 2 < N < 5.
Proor. We will use the examples studied in Section and we will also need
the following additional computations:

N

o AP, = <_> We have AP ) = (2V).

.8 0 2 0 N +1 u,s
o A@,(?v) = < N1 ) ~sim < 9 ) = A(Npil))(l). Example [0

gives )‘3:??\7) = (2N —2,2).

S 0 4 0 N -1 .
u,Sp = ~a; = AWSP -
. A(g),(Nfz) = ( N1 ) sim ( 4 ) A(N72),(2). Exam
ple B gives A?S),(Nﬂ) = (2N —6,6).

u,s 0 2 4 0 2 N+2\ . ..
° A&(%—l,l) - ( 2 N +2 )NSim( 9 4 ) is dis-

tinguished if N > 2. Example [ gives )\E,I’(]\F1 = (2N —4,2,12).
s 0 3 0 N .
* A(1)1,D(N_1) = ( N ) ~sim ( 3 ) = A(N§2)7(2). Example
gives )\l(ll’;f’(Nfl) = (2N —4,4).

r N 0 .
° Al(lj\?m = (0) ~sim (N) Hence /\?v,@ = (2N —1,1).

u,or 0 or
* Ayiiny = <N) Hence Af'y = (2N — 1, 1).

u,or 2 u,or 3 or
. A(2)7(N,2) = \Ny_ 2) NsimA(N72)7(2). Example [0 gives )\(2)7(N_2) =
(2N - 5,5).
r 1 ,or . r
* Al(li()),(N_l) = (N B 1) NsimAl(lJ\?_l)7(l). Example [0 gives /\‘()1)’(N71) =
(2N — 3,3).
u,or 0 3 . or
] A(l),(N—2,1) =14 N>' Example [@ gives )\(1)7(1\,7271) = (2N —5,3,12).
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u,or 0 2 . .
o Ay N—11) = (1 N+ 1). Example [3] gives )\8’(1\,71’1) = (2N —3,13).
r 0 2
© Ayin_22) = (2 N)' Example Bl gives A"y 54 = (2N = 5,2%,1).
u,or 1 3 u,or . or
. A (12),(N—2) — <O N) = A(n 2),(12)" Example [ gives )\(12%(]\,_2) =
(2N — 5,3,12).
AT 0 2 4 E le [ gi AT = (2N
* 0,(N—-2 12) —\1 3 N+2) Xample i3l gives 0,(N—2,12) — ( -
5,15).

We will consider the four cases above separately.

Case 1 (a): The map Hf’N induces the following correspondence between u-symbols:

Agyg  — AGn-2)
Ay = A -y A -2}

(13) A%y + A“ff)’ (N—2) , ifN>3.
Auor = {AS?MA“SN 11)’A8?N 22)}
Tt ST S ey

Here and in the rest of this proof the underlined symbols correspond to the repre-
sentations pey no = 02 (per ).

Combining the above computations with Example [0 Example[II] ExampleI2]
and Example [[3] we obtain the following closure order on the unipotent classes of
Span (Fy) occurring in the above correspondence:

Oy (N) = O(2N — 2,2)

Oy, (N—1) = O2N —4,4)

-

O(2),(N—2) = O(2N —6,6) Op (N—1,1) = O2N —4,2,1?%)

012y (n_2) = O(2N — 6,4,2)

\

Oy, (N—2,1) = O2N - 6,4,1%)

O (N—2,2) = O2N —6,25%)

4
Op (N_2,12) = ON —6,2,1%)
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Hence ([3) induces 19?5 and the second assertion of the Theorem follows in the
case 1 (a).

Case 1 (b): The map Qf’N induces the following correspondence between u-symbols:

Aoy = A2
A‘(117?,)(1) = {A?f\‘l)il),(l)’A?J’\?iz,n,u)}
(14) Al(lizl)),w = Al(lj,\(f)r_2)7(12) , if N >3.
A;:?g) = {A?f\?)r,m’ A](lf\(r)il,l),w’ A?j\(f)iz,z),@}
Ay = AR 0 AN 1).0 ANC2,12) 00

We obtain the following closure order on the unipotent classes of Oan(F,)
occurring in the above correspondence:

Oy (ny = O(2N —1,1)

O(1),(N—1) = O@2N — 3,3)

/ \

Oy (N—1,1) = O@2N —3,1%) O(2),(N—2) = O(2N —5,5)

—_ o

Oy, (v—2,1) = O(12) (n_2) = OCN = 5,3, 1%)

Op (N—2,2) = O(2N —5,2%,1)

— 5
Op (N_2,12) = O(2N —5,1%)

Hence ([I4) induces 19?:,])\] and the second assertion of the Theorem follows in the
case 1 (b).

Case 2: The map Qg’N induces the following correspondence between u-symbols:

Agle = {AGR),00 A2y, A1), )
Ay = AR A2, ARy 0 AN 11,00
(15) Al(ll’?i@ — {Al(l}\?r_g)’(12)aAl(1]’\(f)r_1)7(1)} , if N >3.
Agfﬁ) = {A?f\(f))r,m’ A](lf\(r)il,l),w’ A?j\(f)iz,z),@}
Apitey = AN 0 AN 2020}
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We obtain the following closure order on the unipotent classes of Oay(F,)
occurring in the above correspondence:

Oy (ny = O@2N —1,1)

Oy, (N—1) = O2N —3,3)

/ \

Op,(N—1,1) = O(2N —3,1%) O2y (N_2) = O@N — 5,5)

-

02y, (n—2y = O),(N—2,1) = O(2N = 5,3,1%)

Op,(N—2,2) = O(2N — 5,22, 1)

Op (N—2,12) = O(2N —5,1%)

Hence (I8) induces ﬁg’N and the second assertion of the Theorem follows in the
case 2.

Case 3: The map 9§’N induces the following correspondence between u-symbols:

Ao~ (AR AR 11,00 AN 2,2).0)
Au1())r(1) = {A](lvsp AFJ\?p 1,1),0° Au]\sr 1),(1) Au N 1), (1)}
(16) (e ~ (AR 11,00 AN 0,120} , N 23
Ay, ?zr) = {A‘(Ji\?})),mv/\uz\?p 1),(1) A(UJ\? 2),(2) )
0oy AL Ale, o)
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We obtain the following closure order on the unipotent classes of Spyy (F,) occur-
ring in the correspondence above.

O(ny.0 = O@2N)

O(n—1),(1) = O(2N —2,2)

/ \

O(n—1,1),0 = O(2N —2,1?) O(N_2),(2) = O2N —4,4)

_—

O(N-2,2),0 = O(N-2,1),(1) = O(N — 4, 22)

O(n_2y,12) = O2N —4,2,1%)

O(n_212y9 =O@N —4,1%)

Hence (I8) induces 93" and the second assertion of the Theorem follows in the
case 3. g

Property (I2) shows that the map o> plays a special role in Howe corre-
spondence. We will now restrict our attention to it and see how it relates to
(19)].

Let sgn := sgn ® sgngep denote the product of the sign character sgn = pp (1)
of the group Wy by the character sgncp = pg, (), i€

SEN ® pe.y = pre,ty-

Then, when ko = k, let %7  be the map defined by

= twist

(17) o, N __ )sgno >N o sgn if G/ symplectic,
Ttwist ) 5om 0 02N o sgn if G/ orthogonal.
We obtain
2N pa2yme n  if G' symplectic,
(18) Qtwist(pflvnl) = (et . /
per(12ygy  if G' orthogonal.
In the case where k& = 0 and ¢ = +, we have ny(k) = ni, n2(k) = no,

N = max(ni,n2) and N’ = min(ny,ns). Hence Howe correspondence between
the irreducible components of the unipotent principal series of the groups G and G’
(where (G, G') = (Spa,(q), 03, (q)) or (G, G') = (03, (), P2, () is given by the
correspondence @8} ‘¢ between irreducible characters of the groups Wy and Wy,

and (I8) coincides with [AKP13| (19)].
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5. Howe correspondence and wave front set

Recall (see [Lus92|, [GM99], [AAQT]) that for every irreducible character
of the Fg-points G = GT of a split connected reductive group G defined over F,
(assuming that the characteristic p of F, is “good for G”: for instance, if G a
symplectic group or a split special orthogonal group, then p must be odd) there is
a unique rational unipotent class O in G which has the property that there exists
u € Orn(q) such that x1(u) # 0 and O has maximal dimension among classes with
that property. The class Ory is called the unipotent support of x1. It coincides with
the class defined in [Lus84] §13.3].

More precisely, suppose II is unipotent. Then there exists an irreducible repre-
sentation p of the Weyl group W of G such that the scalar product between y and
the almost character R, (which is defined as a certain linear combination of Deligne-
Lusztig generalized characters in [Lus84l page 347 and (4.24.1)], and coincides with
the virtual character in Eqn. [B) when G = GL,(g)) is non-zero. Moreover, if p’ is
another irreducible representation of W such that y; has non-scalar product with
R, then p and p’ belong to the same family of characters of W (see [Lus84), Theo-
rems 5.25 and 6.17]). Thus, we can associate with x a unique family of characters
of W, or equivalently, a unique two-sided cell in W. Let pspe be the unique special
character in this family (for G of classical type a family of characters of W cor-
responds to a similarity class of u-symbols, and the symbol corresponding to pspe
is the unique distinguished wu-symbol in that family, [Lus84, (4.5.6)]). Then the
class Op coincides with the unipotent class corresponding to pspe by the Springer
correspondence for the group W. In particular the unipotent class Op is always
special.

Moreover, every rational unipotent class @ on which x1 does not vanish (i.e.,
such that there exists u € O(q) with x(u) # 0) satisfies

(19) O < O,
see [AAO7, Theorem 6.1].

Suppose Il is an irreducible unipotent representation of a split group G, such
as OF (q) or Spy,(q), which belongs to the principal series. The algebra of the
endomorphisms of the principal series which commute with the action of G is the
Iwahori-Hecke algebra, whose irreducible representations coincide with the irre-
ducible representations of the Weyl group W. Hence, as we remarked previously,
there is a one to one correspondence between the irreducible representations of W
and the irreducible representations of G which occur in the principal series. Given
an irreducible representation p of W we denoted by II, the corresponding represen-
tation of G. Furthermore, the almost character R, has a non-zero scalar product
with the character of IT,. (This follows from [Lus84) Theorem 4.23]. For an explicit
argument see pages 297 and 298 in [Lus84].)

If the group G is disconnected and II be an irreducible representation of G =
G, we define the unipotent support of II, denoted Oy, to be the union of the
rational unipotent classes O C G of maximal dimension, such that O N G has a
non-empty intersection with the support of the character xri.

Let II = II,,, be an irreducible unipotent representation of O, (¢q) which
belongs to the principal series, where (£,7) is a pair of partitions of n. Two cases
can occur: the restriction IlIgo of II to SO, () is either irreducible, or is the direct
sum of two nonequivalent irreducible representations HISO and HISIO. The latter case
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arises if and only if the restriction of the representation p¢ ., to the Weyl group of
the special orthogonal group splits into the sum of two inequivalent representations,
i.e. the partition (£,7) is such that £ = 7, see [Car93, Prop. 11.4.4].

(%) We recall (see for instance [Spa82]) that any rational unipotent class O in
O3, is either a rational unipotent class in SO3,, or is the disjoint union of a rational
unipotent class O(u) in SOJ and a rational unipotent class O(sus™!) in SO, ,
with v € SO3, (¢) unipotent and some s € Og,(q) \ SO2,(q). Both these classes
have the same dimension.

LEMMA 11. If Ilgo is irreducible then

(20) On = On,, -
If Tlso = HISO @ HISIO, then
(21) On = OHISO U OHISIO.

In both cases, O is a single unipotent class in O;’n.

PROOF. Let us assume first that IIgo is irreducible. Then the restrictions of
the two characters xm and xmg, to SO2,(q) are equal. In particular, xm.,(9) =
x11(g) = x1(s9s™1) = X114 (8957 1) for any g € SO2,(g) and s as in (x). Let O(u)
be a rational unipotent class in O;n, as in (x). We see that, with the notation of
(%), the restriction of x11 to O(u) NSO, (¢) is non-zero if and only if the restriction
of x11 to O(sus~') NSO (q) is non-zero. But the classes O(sus™!) and O(u) have
the same dimension. Therefore, if that dimension is maximal among the unipotent
classes which have a non-empty intersection with the support of x.,, we get a
contradiction. Thus the unipotent support of IIgp is the unipotent class in O;‘n
which is also a single unipotent class in SOJ . Hence, (20) follows.

Assume now that Ilgg = Héo &) HISIO. In this case the representations HISO
and HISIO are permuted via the action of the group element s, as in (), and so are
their unipotent supports. More precisely, Xy (u) = XHISO(S’LLS_l), O, = O(u),
Omy, = O(sus™!) and the right hand side of (ZI)) is a single unipotent rational
class in Og,. (Since, as we noticed before, £ = 7, these classes have the same set of
elementary divisors and hence the same dimension, see [Car93, page 399]. They
are described explicitly in [Car93l § 13.3, Type D;]).

Let u € SOZ (¢) N On be such that yi(u) # 0. Since yi(u) = X, (u) +
X, (u), we see that that xyp_(u) # 0 or xmu_ (u) # 0. Hence, On = O U

I .
HSO

Since ([I9) holds for the representations of SOz, (q), we see from Lemma [TT] that
it also holds for the representations of OF, (q).

COROLLARY 12. Let H;Jg’,n' be an irreducible unipotent representation of G' =
Spy(q) (resp. G' = Of (q)) which belongs to the principal series of G'. Let n > 3,
and let (&9,m0) := (¢',(n—2) U 7).

Assume that Conjecture [ holds. Then every representation of G = OF (q)
(resp. G' = Spa,,(q)) which occurs in the image of II' by Howe correspondence for
the dual pair (G',G) is such that the closure of its unipotent support contains the
closure of the unipotent support of llg, p, .
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Proor. This follows directly from ([I2) and from the fact that, for the map
19?’” with n > 3, the underlined orbit in the output set is contained in the closure
of each orbit in that set. O

Recall Alvis-Curtis Duality Dg: R(G) — R(G) (JAlv79], [Cur80], [Aub92]),
which is defined for representations of G = G, when G is connected.

Let IT be an irreducible unipotent representation of Osp, := O;’n(q), as in
Lemma [ If IIgo is irreducible, define Do, (II) to be the unique irreducible
representation II of Oy, such that Ilgo = Dso,, (1:150). If lIso = iy & IIEL, let
Do,, (IT) to be the only irreducible representation II of O, (¢) such that Ilgo =
Dso,, (Il§s) & Dso,, (I55). Then in both cases, Do,, (Il,, ) = IL,, ... In other
words, Do,, (I1,) = Il,gsm, see [Lus84, (6.8.6)]. Hence, Oy = O, if and only
if ODO%(H) = Oig 1. Also, tensoring with the sign representation of the Weyl
group translates via Springer correspondence to an order reversing involution on
the special unipotent orbits, see [Car93| pages 389, 390]. By combining this with
Corollary [21 ([I8), (I7) and [AKP13| Proposition 5], we deduce the following
theorem.

THEOREM 13. Consider the dual pair (G' = Sp,(q),G = 03,,(¢)) with n > 4.
(This is a dual pair in the stable range with G’ the smaller member.) Assume that
Congecture [ holds.

Let 7' be an irreducible representation of G’ such that Dg:(7') is unipotent and
belongs to the principal series of G'. Then there is a unique irreducible represen-
tation Tprer of G such that Da(mpret) corresponds to Dg:(n") via Howe Correspon-
dence for the pair (G',G) and the unipotent support Or . of Tpref contains in its
closure the unipotent support of any irreducible representation m of G such that
Dg(m) corresponds to Dg/ (7).

Let N, XN be the partitions describing the rational unipotent class Oy and
Orpree» Tespectively. Then X is obtained from X' by adding a column of length 2N —4
to X', as in [AKP13| Theorem 1].

Lusztig has proved in [Lus92, Theorem 11.2], under the assumption that p
is large enough, that the closure of the unipotent support of II coincides with
the wave front set (as defined by Kawanaka in [Kaw87]) of its dual. Recall that
Dq,, (q) maps the unipotent character R, to the unipotent character Rptu‘ Hence
Theorem [l and Theorem [I3] imply the following result.

COROLLARY 14. Let (G',G) be one of the dual pairs (GL,/(q),GLy(q)) or
(Sp4(q), 03 (q)) with n > 4. In the latter case, we assume that Conjecture [ holds.

Let TI' be a unipotent irreducible representation of G’ that belongs to the prin-
cipal series of G'. Then there is a unique irreducible representation s of G such
that I,er corresponds to II' via Howe Correspondence for the pair (G', G) and the
wave front set of Il,.e¢ contains the wave front set of any irreducible representation
IT of G such that II corresponds to I1'.

ProoOF. Let (G,G’) = (Sp,(q),0%,(q)). We put 7' := Dq/(I'). Since D¢ is
an involution, we have II' = Dg/ (7). Then we apply Theorem [I3] to the represen-
tation 7/, and we set

Hpref = DG(T"pref)-
From Theorem [I3] it follows that IIp.¢ corresponds to II' by Howe correspondence,
and that the unipotent support O of Tprer contains in its closure the unipotent

Tpref
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support O, of any irreducible representation 7 of G such that D¢ (7) corresponds
to Dg/(n') = II'. Setting II := Dg(w), and using the fact that the closure of O,
coincides with the wave front set of Dg(7) = II, we get that the wave front set of
II,.cf contains the wave front set of any irreducible representation II of G such that
IT corresponds to II'.

A similar argument using Theorem Blinstead of [[3 gives the result when (G', G)
is of type II. |
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