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iv TOMASZ PRZEBINDA

P p:
fo € Z > >0
(q) TCEY r p,q s P> Qg
1 if x>0
sgn X = 0 if x =0
-1 if x <0
n n
Iul = 'zi aj for a = (al ’azy-'yun) € Z+
j=1
Mp (F) = the space of matrixes with p rows and q columns with entries in
b

F, F= R or C.

col(wl,wz,..,wp) = a typical element of Mp l(F), F = Ror C.

f
azjf = sz for f e C[zl,zz,..,zn].

[X,Y] = XY - ¥X for X,Y in any ring

U(V) = the group of unitary operators on a Hilbert space V.

Hom G(V,Vl) = the space of continuous operators from the linear topological

vector space V to the linear topological vector space V1

intertwining the (given) representations of the topological

group G on V and on vl respectively

Vx = the space of continuous linear functionals on the linear

topological vector space V.
G0 = the connected component of identity in the topological group G.

G = the set unitary equivalence classes of irreducible unitary

representations of the topological group G.

Int g(x) = g x g_1 for g,x in a group G

g = the Lie algebra of a Lie group G
g = the complexification of g
A(g,h) = the set of roots of the Cartan subalgebra h, in the complex,

reductive Lie algebra g [Wa, 111]
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THE OSCILLATORY DUALITY CORRESPONDENCE FOR THE PAIR 0(2,2), Sp(2,R) v

+ +
IA(gh) =12 a, for A (g,h) C A(g,h)
o€h (g, h)
p(n) =p(n,a) = % sum of the roots of a in n,

where P = MAN is a Langlands decomposition of a parabolic subgroup of a

reductive Lie group G. [Wa 1.2, V1 0.2].
GL(n)c)’ GL(“)‘)) O(p3q)) 0(“)) SP(n,c), Sp(nyk)) U(n,n); U(n) - are

concrete matrix groups as defined in [He Ch IX §4]

I, = the matrix in M, n(R) with 1 on the diagonal and 0 elsewhere.
>

CONFLICTING NOTATION:
b is either a representation of a compact group or is the real number

equal to the area of the disc with radius one.

is either a quasicharacter of a Cartan subgroup (2.3.11) or

I'(z) = f x* 1 e™ dx for z€ C, Re z > 0
0
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ABSTRACT

We calculate this correspondence and show that the unitary representations of

0(2, 2,) are mapped to unitary representations of Sp(2, R) .

Key words and phrases: Howe's correspondence, unitarity, example
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INTRODUCTION

The theory of representations of real reductive groups enjoys extremely rapid
growth these years. In the early seventies Langlands [La] has reduced the
problem of classification of the (infinitesimal equivalence classes) of the
irreducible admissible representations of such groups to the analogous problem
for tempered representations. Later Knapp and Zuckerman [K-Z2] have described
the tempered representations and provided a unitarity criterion [K-Z1] for

admissible representations in Langlands picture.

In the early eighties Vogan [V4] and later Wallach [Wl] have proven a
theorem about unitarizibility of the Derived Functor Modules invented by
Zuckerman. This led to the classification of the unitary dual of GL(n,D) for

D=R, Cor H [V3].

In the meantime Howe [H2] has shown that for a real reductive dual pair
G,G' (1.1.2) there is a bijection between some irreducible admissible
representations of G (a double cover of G) and some such representations of
G' (a double cover of G') - see (1.2.15). We call this bijection the
OSCILLATOR DUALITY CORRESPONDENCE.

The role of unitarity in this correspondence is still obscure. Adams [A]
had identified the (unitary) representations of 0(p,q) corresponding to the
disprete series representations of Sp(n,R) for 2n < min {p,q}. His methods
rely (among others) on Repka's theorems about decomposition of the tensor
product of holomorphic and antiholomorphic discrete series representations of

Sp(n, R) [R].

The object of this paper is to provide the full description of the
Oscillator Duality Correspondence for the pair 0(2,2), Sp(2,R). We do it in
Chapter 3. Since Repka's results do not apply to our example, the
computations are sometimes technically unpleasant. The result however is

simple. Roughly speaking (for the precise statement see (3.6.5)).

(I.1) The Oscillator Duality Correspondence induces the identity map on the
(appropriately identified) sets of character data for these groups -
except the case when a discrete series representation of 0(2,2)

corresponds to a non-discrete series representation of Sp(2,R).

vii
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viii THE OSCILLATORY DUALITY CORRESPONDENCE FOR THE PAIR 0(2,2), Sp(2,R)

Some other properties of this correspondence are summarized in (3.6.6) and
(3.6.7). Moreover we would like to draw the reader's attention to the Theorem

(C.7), in the Appendix C, where (again roughly speaking) we show that
(1.3) the determinant representation of the group 0(p,q) occurs in the

pairing with Sp(m,R) if and only if p+q < m.

In Chapter 2, §4, §5 we list the unitary duals of Sp(2,R) and 0(2,2)
respectively. The reader will find the negessary calculations based on [K-Z1]

and [K-Sp] for Sp(2,R) in the Appendix A. A surprising conclusion from a

comparison of these lists with the description of the Oscillator Duality

Correspondence is the fact (3.6.11) that

(1I.2) the unitary representations of 0(2,2) correspond to unitary

representations of Sp(2,R).

We have also checked (not included in this paper) that (I.2) remains true if
one replaces 0(2,2) by the Lorentz group 0(l1,3). It is also known [P1l] that
for any real reductive dual pair the Oscillator Duality Correspondence maps
hermitian representation of one group to hermitian representations of the

other group (and vice versa).

Recently Jian Shu Li [Li] has shown, using Mackey's theory, that the
Oscillator Duality Correspondence maps the whole unitary dual of 0(p,q) into

the unitary dual of Sp(n,R) for p+q < n. This result holds for groups over

any local fields!

All the above should convince the reader that the Oscillator Duality
Correspondence may become an important tool for the, still distant,
classification of the unitary dual of a real classical group (since all of

them fit into the framework of Howe's theory of reductive dual pairs).

Finally I can't resist the temptation to mention that Stanislaw Ulam [The
Scottish Book] has noticed the following phrase of Shakespeare's in
Henry VIII: '"Things done without example, in their issue are to be feared."
Ulam's interpretation seems to be that this is an "anti - 'new math'"

statement. Most probably our paper will add a drop to this controversy.

Acknowledgments

I wish to thank my thesis advisor, Roger Howe, for instructing me in
the basics of the representation theory, for employing me in his project,
for guidance during its realization and for numerous corrections in this

text,

Licensed to Univ of Oklahoma. Prepared on Fri Nov 3 21:38:48 EDT 2017for download from IP 129.15.14.45.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms



TOMASZ PRZEBINDA

I would like to thank Gregg Zuckerman and George Seligman, each for
their extraordinary cooperation and for supplying me with some not too
easily accessible 1literature. I wish to thank Anthony Knapp for
commnicating his classification of the unitary dual of Sp(2,R) and M. W.

Baldoni Silva for a helpful conversation.

A great deal of motivation for this paper was provided by a two-year
seminar with Roger Howe, Jian-Shu Li, Roberto Scaramuzzi and Siddhartha

Sahi. It was a great pleasure of mine to study together with them.

I would 1like to thank Mrs. Barbara Paisecka-Johnson, Mr. Edmund
Sulkowski and Yale University for the financial support which made this

research possible.

Finally, I am deeply indebted to Andrzej Hulanicki for his invaluable

guidance during my undergraduate years in Wroclaw.

Licensed to Univ of Oklahoma. Prepared on Fri Nov 3 21:38:48 EDT 2017for download from IP 129.15.14.45.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms



This page intentionally left blank

Licensed to Univ of Oklahoma. Prepared on Fri Nov 3 21:38:48 EDT 2017for download from IP 129.15.14.45.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms



CHAPTER 1
THE OSCILLATOR DUALITY CORRESPONDENCE

In sections 1 and 2 we recall the notion of a reductive dual pair
(1.1.2), list the basic properties of the oscillator representation (1.2.6)
and quote Howe's Duality Theorem (1.2.15). 1In paragraphs 3 and 4 we review
various models of the oscillator representation, illustrate them on

examples and relate them to each other.

Section 5 is devoted to a clarification of the notion of a lowest

degree K-type (l1.5.16) introduced by Howe in [H2].

§1. Reductive Dual Pairs
Let (W, <, >) be a finite dimensional symplectic vector space over a

commutative field. Denote by

(1.1.1) Sp(W, < , >) = Sp(W) = Sp the isometry group of the form
<, >

(1.1.2) Def. [H3, H5] . A pair of subgroups G, G' of the symplectic

group Sp(W) is called a reductive dual pair if

(l.1.3) G' 1is the centralizer of G in Sp(W) and vice versa, and
(1.1.4) both G and G' act reductively on W .

These pairs have been classified [H4, H5] over fields of characteristic

different than two.

(1.1.5) Example. Let us inject any element g of the group 0(2, 2)
into the group Sp(8, R) (see "Notation" for the definition of these

groups) by the map

1

(1.1.6) g~ diag (g, g, H7, (gt)-l) .

Define an imbedding of Sp(2, R) into Sp(8, R) by lifting of the

following homomorphism of Lie algebras:

Received by the editors June 17, 1988.
Partial support: NSF Grant DMS8503781
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2 TOMASZ PRZEBINDA

Fxll 0 x,1 0 yI 0 yI 0]

0 Xll 0 XZI 0 —yll 0 —yzl

rx1 X, ¥, y2- x,1 0 xI 0 yl 0 yI 0
(1.1.7) Xy X, Yy Y, T 0 x,1 0 x,I 0 -y,I 0 -y,I
ViV "X TXg le 0 VZI 0 —xll 0 —X3I 0

Vo VY, X, X, 0 —le 0 —VZI 0 —xll 0 —x3I

- i} v,1 0 v,I 0 -x,I 0 -x,1 0

i 0 —v21 4] —VAI 0 -x21 0 —xh{d

Here 1 = 12 .

One checks easily that the images of 0(2, 2) and Sp(2, R) form a
reductive dual pair in Sp(8, R) . It will be convenient in some of our
future calculations to use another orthogonal matrix group isomorphic to
0(2, 2) . Namely let 02’2 denote the group of real matrixes of size 4

preserving the symmetric bilinear form on Ré defined by the matrix

(1.1.8) F = .

This group is isomorphic to the group 0(2, 2) via

(1.1.9) the conjugation by c = —%:: 12 ! inside GL(4, R) .
V2 12 —12

The matrix

(1.1.10) C = diag (¢, ¢, ¢, ¢)

belongs to the maximal compact subgroup

(l.1.11) 0(16) N Sp(8, R)

of Sp(8, R) .

We realize 0, , , Sp(2, R) as a reductive dual pair in Sp(8, R) by the
b

following commuting diagram of group homomorphisms:
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THE OSCILLATOR DUALITY CORRESPONDENCE FOR THE PAIR 0(2,2), Sp(2,R)

0 (1.1.6)

2.2 > Sp(8, R) < Sp(Z‘, R)

:

(1.1.12) (1.1.9) Int C l id

(1.1.7)

0(5,2) U—'Lﬁ Sp(S,VR) < Sp(2, R)

where 1id stands for the identity map and the unmarked arrow for
(nt ¢) ' o (1.1.7) o id .
§2. The Oscillator Representation.

(1.2.1) Def [H4 ChIl §3] . The Heisenberg group attached to the real

symplectic vector space W 1is the smooth manifold

H(W) = We R
with multiplication

(wy, o)(w', ') =(w+ w', r+r' + VZ <w , w'>)
where w, w' €W and r, r' € R .

The symplectic group Sp(W) acts on H(W) by automorphisms leaving the
center Z(H(W)) of H(W) pointwise fixed:

(1.2.2) g(w, r) = (gw, 1) (g € sp(W), (w, r) € H(W) .
Therefore
(1.2.3) the unique connected two fold covering group §p of Sp,

usually called the metaplectic group acts on H(W) and we

may form a semidirect product of Lie groups.

(1.2.4) Sp x H(W) .
Let

(1.2.5) x be a non-trivial unitary character of the abelian group

z(H(W)) .
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4 TOMASZ PRZEBINDA

(1.2.6) Theorem [H5]. Up to a unitary equivalence there is only one
unitary representation w of the group (1.2.4) satisfying the following

conditions:
(1.2.7) the restriction of ® to H(W) is irreducible,

(1.2.8) w restricted to Z(H(W)) 1is a multiple of y ,
~ ~ -1
(1.2.9) w(ghw(hu(g) = = w(g))
for he H(W) and g€ Sp covering ge Sp(W) .

One of the most striking properties of w 1is expressed in Howe's Duality

Theorem (1.2.15). Before stating it we fix some additional notation.
-

For any group G — Sp let

(1.2.10) ¢ be the preimage of G in §p .

If G 1is a reductive Lie group let

(1.2.11) R(G) be the set of infinitesimal equivalence classes of
continuous irreducible admissible representations of G on locally convex

topological vector spaces.

-] ~
Denote by w the smooth representation of Sp associated to @ and let

(1.2.12) R(é, w) be the set of elements of R(G) which can be realized
as quotients of the smooth representation W by mm(E)—invariant closed

subspaces.

Consider a reductive dual pair G, G' in Sp . It is not hard to show
that G and ¢' commte with one another. The identity maps from G to

itself and from G ' to itself induce a homomorphism

(1.2.13) Gx &' » G+ 8 % .

~ ~V ~ ~
Hence we may regard mm|G « G as a representation of Gx G . It is well

known [F] that R(G x G') = R(G) x R(G') . The identification associates
to I € R (E) and I' € R (é') the outer tensor product

I®Mn'e R (E X E') . The topology of I & n' is not uniquely determined
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THE OSCILLATORY DUALITY CORRESPONDENCE FOR THE PAIR 0(2,2), Sp(2,R)

but the infinitesimal equivalence class is. 1In this sense

(1.2.14) R(ﬁ- E', w) 1is a subset of the cartesian product

R(E, w) x R(?;', w) .

~

It can be verified that the projections of R(G+ G', w) onto R(E, w)

and R(E', w) are surjective.

~

(1.2.15) Theorem [H2]. The set R(G « G', w) is the graph of
bijection between R(G, w) and R(G', w) . 1In other words, for each
T e R(G, w) there is a unique N' e R(G', w) such that

~

(1.2.16) nen'e RG+ G, w)

and vice versa. Moreover for NI and II' as above

v

(1.2.17) dim Homy %o , T ®N') =1 .
(1.2.18) Def. The function I + I' defined by (1.2.16) is called the

Oscillator Duality Correspondence.

It is known that the representation W can be realized on a Schwartz
space S ([H4, H5],. (1.3.16)) and that the action of the group %p

extends from S to S*-the space of tempered distributions.

(1.2.19) Proposition. For each element I ® II' of R(G .+ G, w)
there is a unique irreducible G . G submodule V of S* realizing
it ® M' , and conversely each irreducible ¢+ G' submodule V of S*

~

corresponds to an element I ® I' of R(C . G, w) .

Proof: Let wc denote the contragradient oscillator representation of
%p realized on S . Assume that V = S* is a closed w(ﬁ . E')—

irreducible subspace. Then the topological dual V¥ 1is a quotient of S

by a closed mc(ﬁ . E’)—invariant subspace N . Since S* 1is a reflexive

topological vector space, it follows from [Ke - Na, Ch. 5, 20.2 (ii)]that
V 1is reflexive. Therefore V* does not contain any closed non-trivial

subspaces invariant under the contragradient action of G. 6. Thus
(1.2.20) V* represents an element of R(E . E', wc) .

Conversely, let N S'S be a wc(E . E')—invariant

Licensed to Univ of Oklahoma. Prepared on Fri Nov 3 21:38:48 EDT 2017for download from IP 129.15.14.45.
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6 TOMASZ PRZEBINDA

closed subspace such that S/N 1is irreducible. Denote by V the
annihilator of N in S* with the contragradient action of G+ G' . Then

again by reflexivity of N

(1.2.21) V is a closed (G « G)-irreducible subspace of S* .

Combining (1.2.20) and (1.2.21) we see that

(1.2.22) the set of V*'s, for V's described in the proposition, is

a set of realizations of all elements of R(E . G, wc] .

Since by [Pl Theorem 5.5}, R(G . G', wc) = R(G « G', m)c = the set of
infinitesimal equivalence classes of contragradient representations of

G.C , the statement (1.2.20) completes the proof.

Q.E.D.
§3. The Mixed and the Schrddinger Models
Let
(1.3.1) W= W W, be a decomposition of W into an orthogonal

1 2
sum of two symplectic spaces, and

(1.3.2) Wl =X® Y be a complete polarization of Wl .

The statement (1.3.2) means that X, Y are maximal isotropic subspaces

of Wl and W, is a direct sum of them. Denote by

(1.3.3) PY the parabolic subgroup of Sp(W) whose elements

preserve Y , and by

(1.3.4) NY the subgroup of PY which acts trivially on Y and on
(ve w?_)/y .

As explained in [H4 Ch I §9], the center Z(NY) of the group NY is
isomorphic to the abelian additive group SZ*(X) of the symmetric bilinear

forms on X (g(x, x') = <x, gx'>, g€ Z(NY) x, X' € X) . Moreover if we

define the map
* : Hom (W, ¥) » Hom (X,W,) by

(1.3.5) {Tw, x> = <w, T*x> (xex, wew)
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TTHE OSCILLATOR DUALITY CORRESPONDENCE FOR THE PAIR 0(2,2), Sp(2,R) 7

then a straightforward calculation shows that for T, T' € Hom (Wz, Y) the

map
(1.3.6) Xx X3 ((x, x') —> <x, (IT'* - T'T*)x'>€ R

is a symmetric bilinear form on X .

We can thus define a group structure on

(1.3.7) Hom (wz, Y) x $7(X)

by introducing the following multiplication:

(1.3.8) (T, BY(T', b') = (T + T', b+ b+ Y, (IT'* - T'T*))

*
with T, T' € Hom (wz, Y) and b, b'E€ g2 (X) . Having developed the

above notation we can quote a result from [H4 Ch I §9] which says that

2%

(1.3.9) NYZ Hom (W,, Y) x $7(X) .

Put

(1.3.10) MX,Y = Px N PY .

Then MX v preserves the decompositions (1.3.1), (1.3.2) and by Witt's
theorem

(1.3.11) My y = GL(OX) x Sp(W,)

by restriction. It is well known that
«3.12 P, = = .
(1.3.12) y = Mg,y Ny and MX,Y n Ny {1}

Combining (1.3.12), (1.3.11), and (1.3.9) we obtain an isomorphism
~ 2%
(1.3.13) L. (GL(X) x Sp(W,)) x (Hom (W,, Y) x 87 (X)) .

In the sense of (1.3.13) the preimage §Y of PY in the metaplectic group

$p(W) is the product in Sp of a group (isomorphic to) the metaplectic
group Sp(wz) , the group
(1.3.14) BL(X) = {(g, £)|g € GL(X), £° = det g} ,

and the unipotent radical (1.3.9) .
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8 TOMASZ PRZENINDA

Let

(1.3.15) W, be a realization of the oscillator representation of
the group Ep(wz) Xg H(WZ) (1.2.6) on a Hilbert space V,.

(1.3.16) Theorem [H4 Ch II §3]. The oscillator representation

w may be realized on the Hilbert space V = LZ(X, Vz) and the

restriction of w to %Y is given by the following formilas:

(1.3.17) w(g) £(x) = u,(g)(£(x)) (g€ Boy) ,

(1.3.18) w(g, £)E(x) = g'lf(g'lx) ((g,£) € BL(X))
2%

(1.3.19) w(BE(x) = x(= ¥y b(x,x)) £(x) (be s7 (X)) ,

(1.3.20) w(D)f(x) = mz(T*(x))(f(x)) (T € Hom (WZ’ ) .

Moreover the space of smooth vectors

(1.3.21) Vo= 5%, V;) is the Schwartz space of X with values in
V2 .
(1.3.22) Def [H4] The realization of ¢ described in the above

theorem is called a mixed model of the oscillator representation adopted to

the decomposition

(1.3.23) W=(X®oY) e w2 .

In particular, when W, = 0 we obtain a Schrddinger model.

(1.3.24) Example. Let W = Ml 2n(R) be the space of row vectors
’

w = (wl, w2,...,w2n) , with the symplectic form

' = ' - [ -
(1.3.25) w, w'> Wi W et WW —eee—W

A}
n"n+n nl n+n"n
Then the group Sp(n, R) acts on W by

(1.3.26) g(w) = wgt .

Licensed to Univ of Oklahoma. Prepared on Fri Nov 3 21:38:48 EDT 2017for download from IP 129.15.14.45.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms



THE OSCILLATOR DUALITY CORRESPONDENCE FOR THE PAIR 0(2,2), Sp(2,R)

Let X be the subspace of W consisting of vectors with zeros in the last
n-places, and Y be the subspace whose vectors have zeros in the first
n-places. Then the subgroup PY of Sp(n, R) consists of matrices with
zero in the upper right corner and the isomorphism (1.3.13) is given by the

following maps:

g O
(1.3.27) M >

x> |0 (g5 > g€ Gun, B

I O
(1.3.28) N )] <> be sk, B
n
where S(n,R) denotes the space of all symmetric real matrices of size
n , which are identified with the bilinear symmetric forms on X = M (R)

1,n
as usual:

(1.3.29) b(x, x) = xbx" .
For notational convenience let us identify X with M, 1(!) by
b

(1.3.30) X3 (x,0) » x' € Mo (R) .

ot

Then by (1.3.27), (1.3.28), the formulas (1.3.18), (1.3.19) may be rewritten

as
-1, -1 2
w(g, g)(x) =¢ "f(g x) (g € GL(n,R), £° = det g)
(1.3.31)
w(E(x) = x( -y x" bx) £(x) (be s(m, R) .
where
(1.3.32) ((r) = e T (r e R) .

This character (1.3.32) of R is going to be fixed throughout this paper.

§4. The Fock Models

Let J be a compatible, positive, complex structure on W . This means

that J belongs to Sp(W), J2 = -1 and (I = the identy map)
Jw, w> > 0 for all we W, w# 0 [H4]. Since J generates a subfield

of Endnﬂw) isomorphic to C we can view W as a complex vector space where
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10 TOMASZ PRZEBINDA

iw = J(w) for we W . The centralizer of J in Sp(W) is a maximal
compact subgroup U, which is isomorphic to U(n) if 2n = dimEKW) .

Define a hermitian form ( , )J or W by

(1.4.1) (wl, WZ)J = <Jw1, w2> + i <w1, w2> (wl, v, € W),

and the corresponding norm

2
.4, =
(1 2) |w|J (w, w)J (we W) .
Consider
(1.4.3) the Hilbert space VJ of holomorphic functions on W which

are square integrable with respect to the measure
2
exp(- |w|J)dm(w)
where m 1is a Haar measure on the additive group W .

(1.4.4) According to [H4 Ch II §3] there is a realization of w on

the Hilbert space VJ . We shall refer to this realization as to

(1.4.5) the Fock model of w adapted to the compatible positive

structure J on W and describe it in a special case below.

(1.4.6) Example Let W be the 2n dimensional real vector space
underlying ¢ . On W consider the symplectic form

(1.4.7) <w,w'> = 2Im wt W' (w, w' € W)

Define J(w) = iw , where 1i = V=1 as usual. Then J is a compatible,

positive complex structure on W . Since

2

2 2 2
7= lel + |w2| +...+|wnl (w= col(w, , wz,...,wn)) ,

vl

we see that Uj = U(n) .

We can realize W as a real symplectic subspace of the standard complex

sympletic space C2n [He Ch IX §4] by the map
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THE OSCILLATOR DUALITY CORRESPONDENCE FOR THE PAIR 9)2,2), Sp(2,R) 11

w
(1.4.8) W=w—> | | €¢C
w

2n

Then the group Sp(W, < , >) 1is identified with the group
Sp(n, C) N U(n, n) .

Recall that the Lie algebra sp(n,C) of Sp(n,C) consists of matrices of the

form
vz t t
(1.4.9) 22 _Ut (z1 = z1 , Z2 = 22 , Ue Mn,n(c))
Let ej K denote a matrix with 1 in the j-th row and k-th column. Then,
b

by (1.4.9), a basis of sp(n,C) consists of the linear combinations of

+ + = " .
ej,n+k ek,n+j’ en+j,k en+k,j’ ej,k en+k,n+j (1 < j,k< n)

We define a representation of sp(n,C) on C[zl, zz,...,zn] by

oles e ™ Cioneg) = 5%

b +
(1.4.10) w(en+j,k en+k,j) z, z

u)(ej,k - en+k,n+j) =

where 1< j , k< n.

We introduce a scalar product in C [zl, 22,...,zn] by declaring the
set of elements

(1.4.11) (0 = Cags apseessa ) 50, =0, 1, 2,0005 3 = 1, 2,...,0) .

Vol ’
to be the orthonormal basis. One can check [H7] that the Hilbert space norm
on C[zl, zz,...zn] obtained this way is

2
(1.4.12) 0612 =/, |£(2) |2 121 4n(a)
c

where m is a suitably normalized Haar measure on the additive group
ct . By completion one obtains the Hilbert space of holomorphic functions
£: C C such that Ifl <o (l.4.12).

A straightforward calculation shows that
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12 TOMASZ PRZEBINDA

(1.4.13) sp(n, C) M u(n, n) is mapped via w into the space of

skew-Hermitian operators.

The real Lie algebra (l.4.13) consists of matrices

U
z U

(Ueum) , z=2"¢ M, L (0))

(1.4.14)
Fix an injection of U€ u(n) into (l.4.14) by
(1.4.15) U+ diag(u, 0) .

Define a double covering U(n) of U(n) by

(1.4.16) Bn) = {(g.8) | ge U(n) , 7 = det g}
with the covering map (g, £) > g .

Let TU(n) act on C[zl, z ,...,zn] via the formula:

2

(1.4.17) w(g,g)f(z) = gf(zg) .

Here =z denotes the row vector (zl’ z2,...,zn] .
The formulas (1.4.10), (1.4.17), (1.4.15) make C[zl’ ZZ""zn] into an
(sp(n, C) n u(n, n), U(n))-module . It is known [H2] that this is the

Harish-Chandra module of (w, VJ) .

The lie algebra sp(n, R) is isomorphic to sp(n, C) N u(n, n) via the

following map:

(1.4.18) sp(n, R) = X » Cn X C;l € sp(n, C) Nnu (n, n) ,
where
1 _In iIn
(1.4.19) C = — .
T2 1 il
n n

Let for x€ R and = = 3.14... ,

-1 2
(1.4.20) v G0 = (1" w) 2 (-lha_ +m™ X, =0, 1, 2,...) .
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THE OSCILLATOR DUALITY CORRESPONDENCE FOR THE PAIR 0(2,2), Sp(2,R) 13

Define an isometry from LZ(RP) to the Hilbert space V by the linear

J
extension of the following map of the orthonormal basis:

(1.4.21) v s (a €z},

where Wa(xl, xz,...,xn) = Wal(xl) Waz(xz)..?an(xn) .

Combining the lift of (1.4.18) with the pullback of (1.4.21) we get the

following commitative diagram

Bp(n, R) > (sp(n, €) N U(n, n))~
(1.4.22) o
o L2 (RY) < u(vy)

where the left vertical arrow is defined by the three others.

This way we obtain a realization of the oscillator representation w of
sp(n, R) on LZ(RP) . A straightforward calculation involving the
properties [H7 (1.7.14)] of the Hermite functions Wm (1.4.20) shows that

this realization coincides with the one described in (1.3.24).

§5. The degree of a representation in the Oscillator Duality Correspondence.

Let J be a compatible, positive, complex structure on W as in §4. Let

(1.5.1) lg J be the element of the Lie algebra of the center of UJ
such that

(1.5.2) J = exp(lg J) and

(1.5.3) the norm of 1g J 1is minimal with respect to this property.

In the example (l.4.6)
(1.5.4) 1g J = i% n .

Since all the compatible, positive complex structures on W are conjugate via

the adjoint action of Sp(W) [H4 Ch I 12.4] all the Fock models are equivalent
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14 TOMASZ PRZEBINDA

as representations of %p. In particular the spectrum of the operator
w(lg J) does not depend on the particular Fock model V;. Therefore (1.5.4)
and the last formula in (1.4.10) imply that for any Fock model Vg of w

(1.5.5) VJ decomposes into a direct sum of finite dimensional

eigenspaces for w(lg J) with eigenvalues

., n .

i E’(d + E) (d = 0,1,2,..; 2n = dlmR(W)).
Here 7 = 3.14... .

In the example (l.4.6) the eigenspace with eigenvalue i %-(d + %) (1.5.5) is
simply the space of homogenous polynomials in c[zl,zz,..,zn] of degree d.

Let L be a closed subgroup of Uj. Following [H2] we introduce the

(1.5.6) Def. For o & R(L,»n) 1let degy (¢) be the minimal eigenvalue

of the operator

-1
(1.5.7) (1D wag I - % i)
on the o¢-isotypic component of VJ.

Assume that L,L' is a reductive dual pair in Sp(W) and that J' is another
gre Then L

centralizes both J and J'. Therefore J and J' belong to L'. Moreover it

compatible positive complex structure on W such that L C U

follows from the known structure of the pairs L,L' [H4 Ch I §6] that
(1.5.8) lg J and 1g J' are conjugate inside L'.

Indeed, a sketch of an argument for (1.5.8) looks as follows. One can,
clearly, assume that L,L' 1is a, so called, irreducible pair [H5]. If L' is
a symplectic group--the case of our interest in this paper--then (1.5.8)
follows directly from [H4 Ch I §6]. In the remaining (two) cases an analysis
similar to [H4 Ch I §6], the substance of which is that all maximal compact

subgroups of L' are conjugate, yields (1.5.8).

This statement implies that for any o € R(i,w) the spectra of

w(lg J) and w(lg J') on the o-isotypic components of vy and VJ,,
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THE OSCILLATOR DUALITY CORRESPONDENCE FOR THE PAIR 9)2,2), Sp(2,R) 15
respectively, coincide. In particular
(1.5.9) dng(c) = dng,(U).
In the example (1.4.6)

(1.5.10) dng (0) 1is the minimal degree of a non-zero polynomial in the

o-isotypic component of C[zl,zz,..,zn].

This explains the notation: dng(o). The statement (1.5.9) implies that

for a given reductive dual pair L,L' with L compact and for o € R(L,w)

one can define

(1.5.11) deg(o) to be dng(c) for any Fock model VJ of w such that

L g_UJ.
Though our main concern in this paper is to compute the Oscillator Duality
Correspondence for a small dual pair, it is easier to state and prove the

following lemma in general.

Assume that W = wl ® W2 as in (1.3.1). Let Lj, Lﬁ be a reductive dual

pair in Sp(WB) with Lj compact (j=1,2). Then L1 x L2 and Li x Lé act on W

coordinatewise, and form a reductive dual pair in Sp(W). Let wj denote the

oscillator representation of %p(wj), j =1,2.

(1.5.12) Lemma. If o, € R(L,,w.) for j=1,2, then
- v J J
9, ® 9, € R(L1 x LZ) ,w) and

deg(o1 ®0,) = degl(cl) + degz("z)'

® ¢ with its

Here degj refers to the pair L., Lg, and we identify g 2

J 1

pull to Ll X Lz.

Proof: It is known [H6] that the pull back of w to Ep(wl) x %p(wz) is

isomorphic to W ® Wy We may choose the Fock models of Wy and W,

satisfying (1.5.11) for L, and L2 in such a way that their Harish-Chandra
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16 TOMASZ PRZEBINDA

modules are spaces pl and P2 of polynomials as in (l1.4.6), respectively. Then
we have the following il X iz-isotypic direct sum decomposition

(1.5.13) P®P = o PP ®FP
o
0159, 1 2

where Uj varies over R(Tj,mj), i=1,2. Since the degree of a product of

two homogenous polynomials is equal to the sum of their degrees the Lemma
follows from (1.5.13).
Q.E.D.

Let G,G' be any reductive dual pair in Sp(W). Modulo eventual conjugation

inside Sp(W) we may assume that

(1.5.14) K=GnN UJ and K' = G' N UJ are maximal compact subgroups of G

and G' respectively.
Let

(1.5.15) nen'erRG. G, w).

Since K (K') and its centralizer in Sp(W) form a reductive dual pair [H2 §5]
the statement (1.5.11) applied to L = K (L = K') implies that independently of
J satisfying (l1.5.14) we may define

deg T = min {deg o | o is a K-type of 1},

(1.5.16) D) ={o € x)~ | deg 0 = deg I}, and analogously
deg ', D(@').

The number degll will be called the degree of the representation I, and

the set D(I) the set of lowest degree i—types of II. It follows from the

Lemma 4.1 in [H2] that
(1.5.17) under the above assumptions deg Il = degll'.

Fix a Fock model VJ (1.4.3) of w, and under the assumption (l1.5.14) define
[H2 (3.8)]
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THE OSCILLATOR DUALITY CORRESPONDENCE FOR THE PAIR 0(2,2), Sp(2,R) 17

(1.5.18) H(K)U to be the dego—eigenspace of the operator (1.5.7) on

. . .
(VJ)c’ and similarly H(K )0'.
In the example (1.4.6),

(1.5.19) H(K)0 is the subspace of C[zl,zz,..,zn])c of homogenous

polynomials of degree deg o.

By combining the Lemmas 3.3 and 4.1 in [H2] we deduce the following

(1.5.20) Theorem. If T ® N'€e R(G » G',») and ¢ € D(I) then there is
a unique o' € D(I') and a unique subspace H , of VJ such that
g,

(1.5.21) H0 o is not annihilated by a quotient map from Viw to II,

’
(1.5.22) Ha o is contained in the deg o-eigenspace of (1.5.7),

b
(1.5.23) Hc o' is K « K-invariant and is of type o as a K-module.

’
Moreover
(1.5.24) H ,=HK) NHK') =58 as a K x K'-module.

0,0 o IS4

(1.5.25) Corollary. let V# O be a closed G e+ G'-invariant subspace

of the Hilbert space V Assume that V is isotypic for the action of G.

3
Then as a G » G'-module

v

(1.5.26) V2Tnoen forale () and an' e (§')*, and

n

~

n'e R(C+ G ,0).

} <

(1.5.27) ¢

Assume that the Fock model VJ and Sp(W) are chosen as in the example

(1.4.6). Suppose that V has a cyclic vector

[0
(1.5.28) £(z) =1 a Z— (a € 2,M).
a

[
"3
ol

~

Let d be the minimal integer for which the d-homogenous component fd(z) of
£(z) is non-zero. Assume that d < deg I and that the action of X on fd(z)

generates an irreducible subspace of type o € (K)*. Then
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18 TOMASZ PRZEBINDA

(1.5.29) o € D(I), d = deg I, and the subspace generated by the

=

(1.5.24).

« X'-action on fd(z) is equal to H

b
Proof: Since under the oscillator representation w of Ep the von Neumann
algebras generated by w(8) and w(G') are mutual commtants [H2 Theorem 6.1]

the space V 1is irreducible as a G « G'-module and (1.5.26) holds. Let

(1.5.30) Pr be the projection operator from VJ onto V.

Then the restriction of Pr to Vi” is continuous and we see that (1.5.27) is

valid.

Since the scalar product

(1.5.31) (£(z), £ (z)) = £ J|a|">0
d lal=d o3

the G o G'-intertwining operator Pr does not annihilate the subspace Hd

~

generated by the K « K'-action on £f4(z). In particular ¢ is a R-type of T
and since d < degll, 0 1is a lowest degree i—type of I. By the Theorem

(1.5.20) there is a unique ¢' € D(I') such that Hd = H.c o'
b

Q.E.D.

(1.5.32) Lemma Let L' be the centralizer of K in Sp. Assume that

Toen'e RG+ ¢',w), o € D) and that ¢ ® '

L € R(K+ T'w). Suppose
that '€ D(H'L,) and ¢' € D{I') correspond to ¢ via (1.5.26). Then o'
is the unique i'—type of t' which occurs in R(K',s) and has degree equal

to dego.

Proof: This is just the statement (3.15) in [H2].

Q.E.D.
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CHAPTER 2
A CLASSIFICATION OF IRREDUCIBLE REPRESENTATIONS

Since the goal of this paper is to describe the Oscillator Duality

Correspondence (1.2.18) for the pair 09 9 Sp(2,R) we have to choose a

parametrization of the set of infinitesimal equivalence classes of irreducible
admissible representations of these groups. Vogan's classification by sets of
character data (2.3.14) and lowest K-types (2.2.18) seems to be the best
choice. The reader will find complete 1lists of irreducible admissible and

unitary representations of these groups in §4 and §5.

In §1 we review two different norms (2.1.13), (2.1.21) on K-types
introduced by Vogan and Carmona and compare them with the notion of degree

(1.5.16) on examples.

The lemma (2.2.23) explains how, using the notions of lowest and of
lowest degree K-types, one can attempt to identify representations being in
the Oscillator Duality Correspondence.

§1. The maximal compact subgroups

Fix the following maximal compact subgroups

(2.1.1) 02’2 N 0(4), and

(2.1.2) Sp(2,R) N 0(4)

of 02 2 (1.1.5) and Sp(2,R) respectively. The isomorphism (l.1.9) maps
)

(2.1.1) onto the group

(2.1.3) 0(2,2) n 0o(4)

which is isomorphic to 0(2) x 0(2) wvia the map

(2.1.4) 0(2) x 0(2) 2 (gl,gz) > diag(gl,gz) € 0(2,2) N 0(4).
The unitary dual of 0(2) x 0(2) consists of outer tensor products

19
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20 TOMASZ PRZEBINDA

(2.1.5) T, ® T, (ﬂl,ﬂz S 6(2)).

It is well known [Vl 1.4.2] that
(2.1.6) 0(2) = {1, det, ITnd x| n=1,2,3,...}

where 1 stands for the trivial representation

0(2)

cos X sin x inx
Ind for IndSO(Z) n( ) =

and X
-sin X cos x

To shorten the notation let us write (for m, n = %1,+2,+3,.., and p,q = 0,1)

<

ﬂm,n = Ind X ® Ind Xp°
P ® p
L Ind x (det)*,
(2.1.7)
P P g
“0,n (det)” ® Ind Xq?

Prd = (det)P & (der)?

[}

Since Ind X, = Ind X_p Ve may replace m by -m or n by -n in (2.1.7) without

changing the representation.

(2.1.8) Via a composition of the isomorphisms (2.1.4), (1.1.9) we shall

use (2.1.7) to parametrize the unitary dual of (2.1.1).

The irreducible unitary representations of the group U(2) are well known.
They can be described in terms of highest weights as follows. Each 7 € U(2)
defines an irreducible representation of the Lie algebra u(2). This

representation can be extended to the complexification gl(2,C) of u(2).

For myn€ Z, m > n, let

(2.1.9) w; n be an irreducible unitary representation of U(2) which
contains a vector v stabilized by the upper triangular Borel subalgebra of
g1(2,€) and such that diag(ul,uz) € gl(2,C) acts on v via multiplication

by mu; + nu,.

Then
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THE OSCILLATOR DUALITY CORRESPONDENCE FOR THE PAIR 0(2,2), Sp(2,R) 21

(2.1.10) U(2) = {“&,n I mne Z, m > n}.

Combining the isomorphisms (1.4.18), (1.4.15) we shall use (2.1.10) to

parametrize the unitary dual of (2.1.2).

Let in the rest of this paragraph G be any real reductive Lie group in

the sense of Vogan [V]1 0.1.2] with a maximal compact subgroup K. Choose a

+
maximal torus T of K and a positive root system A (k,t). Put
+

(2.1.11) ch = T A (k,t) (see "Notation").
For a p € it* put
(2.1.12) Tl = u+2 _, u+2p )

v c’ c
where ( , ) denotes the inner product on t* obtained from the Killing
form on g by restriction to t and dualization.
(2.1.13) Def [V1 5.4.18]. If € K has a highest weight yu € it*

define the norm of

tnl = Huﬂv.
(2.1.14) Example. For the group G = Sp(2,R)
2 2 2 1 2 2
Inlpal = @D+ (-1 =5 ((mn)” + (m-n+2) )

Th
e group 02’2

does not satisfy [Vl 0.1.2b]. Notice however that the

definition (2.1.12) does not depend on G containing K. We may regard

0(2) x 0(2) as a maximal compact subgroup of GL(2) x GL(2)

satisfy [V1 0.1.2]. Doing so we have

Im o= m2+n
m,
(2.1.15) 1P o= axd o= |n]
m,o o,m
1P = o (2.1.9).
0,0

Let H be the centralizer of T in G. For any u € it¥*,
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+ +

with respect to A (k,t) (i.e. (u,0) > 0 for all a € A (k,t)) there is a
+

f-invariant positive root system A (g,h) making yu + 2pc dominant

[Vl pp 239]. Let

(2.1.16) 20 = I a .
+
a€A (g,h)
Then
(2.1.17) u+ZpC -0

+
is not necessarily dominant with respect to A (g,h). Define a closed Weyl

chamber in h*:

+
(2.1.18) C={y€en* | Re(y,a) > 0, a € A (g,h)}
Let
(2.1.19) A = lambda (u) be the point in C closest to u+2pc -p.

*
Here we measure distance using the usual scalar product on h . (See the

sentence after (2.3.10).)

Since C 1is closed and convex, lambda (p) 1is well defined. Put

ole = it* = .
(2.1.20) "uﬂlambda (A50) (p € it*, A lambda (u))
A *
(2.1.21) Def. If 7 & K has a highest weight y € t, set
"0 ambda -~ ™' 1ambda’
(2.1.22) Example. A straightforward calculation based on the above

definitions shows that for G = Sp(2,R), in the notation (2.1.9),

2 2 1/2
((m-1) +(n-2) ) m>n > 2
m—-1 m>»>1&0< ng 2
2 21/2
(B 1 =< ((m-1) +n ) m>» 1l & 1-m< n< 0
m,n lambda —
V2
E (m-n-1) mn = 0, mmn > 1
N0 m=n=20
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A}

and Irn' = lIn (mtn > 0).

m,n"lambda —n,-m"lambda

Carmona [Ca §2] has shown that the construction (2.1.21) is the same as

Vogan's [V1 5.3.3, 5.4.1].

Finally we notice that det g = 1 for g in the image of the group (2.1.1) or

(2.1.2) in U(8). Therefore we may choose the following splitting
g > (g,1)

of the covering (l.4.16) over this image. In this sense we shall talk about
the degree (1.5.11) of the representations (2.1.7) and (2.1.9). It is known
[H2], and easy to check, that the centralizer of the image of (2.l.1) in

Sp(8,R) (1.1.12) is isomorphic to Sp(2,R) x Sp(2,R). Similarly the
centralizer of (2.1.2) in Sp(8,R) is isomorphic to U(2,2). Since the
Oscillator Duality Correspondence is well understood for the pairs U(2),
U(2,2) and 0(2), Sp(2,R) (see [K-Ve III §6 and II §6]) we find that

(2.1.23) deg (ny ) = |n| + |n]

and (using (1.5.12))

deg(ﬂm n) |m] + |n|

’

(2.1.24) deg(ug’o) deg(ug’m) = |m| + 2p

P»q
deg("0,0) 2p + 2q

§2 The Cuspidal Data
As we have already noticed the group 02 2 is not a real reductive Lie
’

group in the sense of Vogan [V1, 0.1.2]. This is only a minor obstacle

because the subgroup, of index two, SO2 ) = 02 2 N SL(2,R) satisfies [V1

0.1.2]. Thus in the rest of this chapter we denote by G any group

satisfying [V1 0.1.2] or G = and leave to the reader the verification

02,2

of the theorems in this case (compare [Pl]).

Let P be a parabolic subgroup of G with Langlands decomposition
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24 TOMASZ PRZEBINDA

(2.2.1) P = MAN [Wa pp. 81].
(2.2.2) Example. TFor G = 02,2 let
P =M A N (o« =0,1)
a a o a
where
(2.2.3) My = {dlag(el,ez,el,ez) | €06, = % 1},
(2.2.4) A, = {diag(a,,a a—1 a_l) | a,,a,> o}
0 17271 72 1°72 ’

0 X 0 vy
(2.2.5) n ={ 0 0 v 0 | x,y € R}, and
0 0 0 0 o0
0 0 -=x O
. t,-1 T
(2.2.6) M = {diag(g,(g) ) | g€ SL(2,®} [VI, ChI § 4]
. -1 -1
(2.2.7) A1 = {diag(a,a,a ",a 7) | a> o},
oy
(2.2.8) n-lp 3 lyee@
The groups PO’ P1 and 02 2 exhaust (up to conjugacy) all parabolic subgroups
of 02’2.
(2.2.9) Example. Let G = Sp(2,R). Define
(2.2.10) PP =M A N (@ =0,1)
a a o o

with M , A as in (2.2.2) and
a’ ‘o

0 X u v
0 0 v w
(2.2.11) 2 ={lg o o o | x,u,v,we R},
0 0 = 0
0 y
(2.2.12) n o= {[0 OJ | ye s2,m} (1.3.28).
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There is exactly one more proper parabolic subgroup Pé = M2 A2 N2 in
Sp(2,R) not conjugate to (2.2.10) with N2 §~N6 and
€ 0 0 0
0 a 0 b _ A _ - 1.
(2.2.13) M ={lg o < o | e =+ 1; ad - bc = 15 a,b,c,d € R},
0 c 0 d
(2.2.14) A, = [diag(a,l,a 5,1) | a> 0}.

All P as P' 1listed above are cuspidal in the sense that Ma has a compact
a o

Cartan subgroup [B-W IIT §4.1].

Let X be a maximal compact subgroup of G, compatible with the Cartan

decomposition of g as in [V1, 0.1.2].

(2.2.15) Def [K, VII §11]. An irreducible admissible representation §

of the group M (2.2.1) is called tempered iff all its K-finite matrix

coefficients are in LE(M) for any p > 2. The representation § 1is said to

belong to the discrete series of M iff all these matrix coefficients are in

L2(M).

Remark: Tempered representations are unitary.
For a fixed parabolic subgroup P (2.2.1), a linear functional v € a* and a

discrete series representation § of M let

(2.2.16) Indi(& ® y) denote the parabolically induced representation of

G [Vl Ch4 §1] (This is normalized induction.)

(2.2.17) Def [Vl 6.6.11] A set of cuspidal data for G 1is a triple
(MA,5,v), where P = MAN is a cuspidal parabolic subgroup of G, & 1is a

discrete series representation of M and v € a*.

(2.2.18) Def [V1 5.4.18]. Let I be a representation of G.

PN

A representation w € K occurring in H]K is called a lowest K-type of 1

iff Iwl < Mot (2.1.13) for any K-type o of I.

Finally we are ready to state the classification.
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(2.2.19) Theorem. Let 1 be an irreducible admissible representation

of G and let m € K be a lowest K-type of 1. Then there is a set of
cuspidal data (MA,§,v) such that

(2.2.20) m 1is a lowest K-type in IndK |

MK s

M N K
(2.2.21) for any parabolic subgroup P with Langlands decomposition
P = MAN, T 1is infinitesimally equivalent to the unique irreducible

subquotient of (2.2.16) containing the K-type r;

(2.2.22) if (M'A',8',v') 1is another set of cuspidal data satisfying
(2.2.21), then (M'A',§',v') 1is conjugate by K to (MA,§,v).

This is a simple consequence of the theorems [V1, 6.6.14, 6.6.15], [V2, 5.2]
and the fact [V1, page 297] that for an irreducible representation II, as in
(2.2.18), the set of lowest K~types of I is equal to the set of K-types

v of M with ""ulambda minimal.

Consider the pull back of the oscillator representation  (1.3.24) to
Gx G', with G = 02 2 G' = Sp(2,R), obtained via (l.1.6), (l.1.12).

Denote by K and K' the maximal compact subgroups (2.1.1) and (2.1.2)
respectively. Then of course K x K' is a maximal compact subgroup of

Gx G'. We identify G and G' with their images in Sp(8,R).
(2.2.23) Lemma. Let (MA,§,v) and (M'A',§',v') be sets of cuspidal data
for G and G' respectively. Extend MA and M'A' to two parabolic subgroups
P=MANC G and P' = M'A'N' C G'. Assume that
(2.2.24) there is a continuous, linear, G x G' intertwining map
g G - G' o 1
w o+ Indp(s ® v) ® Indp,(s ® v'),

(2.2.25) o0 ®¢' 1is a lowest K x K'-type (2.2.18) of the induced

representation (2.2.24), and the space Ha c’,(1.5.24) is non-zero
3

(2.2.26) the operator (2.2.24) does not annihilate the subspace Hb o

(1.5.30) of u°,
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(2.2.27) Indi(d ® v) has an irreducible quotient 1 containing the

K-type o, and o € D(I) (1l.5.16).

Then the representation N ' of G' corresponding to 1 via the Oscillator

Duality Correspondence (1.2.18)
(2.2.28) is the unique irreducible subquotient of
G'
Indp,(&‘ ® v') containing the K'-type o', and o'€e D(I').

Proof: By assumption we have the following sequence of G x G'-intertwining

maps

) . v '
oo £2:2.28), Indlc);(é ®v) e Indg, G'®v')

(2.2.29) 1 Qe id

v '
Ie Indp,(s' ® v')

where Q denotes the quotient map (2.2.27). Since Q 1is faithful on the

o-isotypiec component of the induced representation (2.2.24), the assumption

(2.2.25) implies that Q@ id o (2.2.24) # O. The parabolically induced
epresentation (2.2.28) has a finite composition series [V1 4.1.12, 0.3.21].

Therefore there is an irreducible quotient
Te®n'e R(G+ G', w)

o v '
of the image of w in I ® Inds,(s' ® v') under (2.2.24). By (2.2.27), 1'

contains the K'-type o¢'.

Q.E.D.

Remark. This lemma with the above proof holds for any reductive dual pair

~

G, G'. To see this one has to verify (2.2.19) in this general situation
(see [P1]).
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§3. THE CHARACTER DATA

The Theorem (2.2.19) assumes understanding of the discrete series
representations § € M. For the group 02 2 this is easy because its identity
’

component is covered by SL(2,R) x SL(2,R) and the theory of highest weight
representations is sufficient (see [V1 Ch I] or [K Ch II § 5]). The discrete
series of Sp(2,R) requires more attention. It can be obtained from some
unitary characters of a compact Cartan subgroup by applying the Zuckerman
functors [Vl 6.6.9]. Using them one can state the classification theorem
(2.2.19) in terms of lowest K-types and irreducible representations of Cartan

subgroups of G.

To be more precise we need some definitions. For a cuspidal parabolic

subgroup P = MAN (2.2.1) let

(2.3.1) T be a compact Cartan subgroup of M, and
(2.3.2) H = TA.

Then H is a @-stable Cartan subgroup of G [VI 6.6.12].

(2.3.3) Example. The following two groups (2.3.4), (2.3.5), may be
regarded as @§-stable Cartan subgroups of either 02 g or Sp(2,R) (as

defined explicitly in (l.1.5) and in "Notation"). We will use the fact that
these 60-stable Cartans in the two groups coincide to identify the character

data associated to them (see (2.3.14) for the definition of character data).

(2.3.4) HO = MO A0 (2.2.3);
(2.3.5) Hl = T1 Al’ with
T, = {diag(g,g), g = (€O X SMMEy xe rl}

-sin x cos x

and A1 as in (2.2.7).

Moreover there is a compact Cartan subgroup of 02 2
’

g,*8, 8,78
1]°17%2 °17%2
(2.3.6) o o= {3 €8, £, | g, g, € s0(2)}.
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The groups (2.3.4), (2.3.5), (2.3.6) exhaust all conjugacy classes of the
§-stable Cartan subgroups of 02 2°

In Sp(2,R) there are two other conjugacy classes represented by

¢ 0 5 0
0 CZ 0 s2
.3. ! = .= C .),s.= si .), X.€ER, j = 1,2},
(2.3.7) H3 { - 0 < 0 ch cos(xJ) sJ 31n(xJ) XJE j 1,2}
0 —s1 0 c2
and
(2.3.8) H2 = T2 A2 with T, consisting of elements
€ 0 0 0
(2.3.9) 8 % 2 8 (¢ =t 1, ¢ = cos x, s = sin x, X € R),
0 -s 0 c
and A2 as in (2.2.14).
Let
(2.3.10) h=te a be the Lie algebra of H (2.3.2).

By restriction and dualization the Killing form on g provides an inner

*
product ( , ) on h, (real on it* + a*)

(2.3.11) Def. [V]1 6.6.1] A regular character of H (2.3.2) is a pair

*
T,), where T:H+ C is a group homomorphism and y € h, such that
(2.3.12) if o € A(!tE)’ then (a,y) is real and not zero, and

+
(2.3.13) if A (mt) ={a € almt) | (a,y) > 0}
then the differential
+ +
ar =y +122 A (mt) -3 A (mN k,b).
(2.3.14) Def [V1 pp. 410] A set of character data for G 1is a triple

(H,T,y) where H is a @-stable Cartan subgroup of G and (T,y) is a

regular character of H.
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To each set of cuspidal data (MA,§,v) (2.2.17) we can associate a set of

character data (H,l,y) by choosing H as in (2.3.2) and defining

(2.3.15) r|T = the highest weight [V1 5.1.1] of the unique lowest

M N K-type of §,

(2.3.16) drla = Y\a =v.

This map is bijective on the level of K-conjugacy classes [Vl 6.6.12].
Let also

(2.3.17) A [H,I,y] = A [H,T]

be the set of lowest K-types in the induced representation (2.2.20)

This set depends only on the conjugacy class [H,I,y] of (H,T,y)

(2.3.18) Theorem [V1 6.6] Each (infinitesimal equivalence class of)
irreducible admissible representation II of G corresponds to a unique

K-conjugacy class [H,T,y] of character data for G and a subset A of
A[H,T,y] 1in such a way that A = A(I) 1is the set of lowest K-types of

m. For such a NI we shall write

(2.3.19) M =1, [H,r,y](A) = I[H,r,y](4)
Remark: The equivalence of (2.2.19) and (2.3.18) is explained in [V1 6.6]

The element +y € h* in the Theorem (2.3.18) represents the infinitesimal
character [Vl 0.3.18] of the representation 0 (2.3.19) in terms of the
Harish-Chandra isomorphism [V1 0.2.8]. The Theorem (2.3.18) asserts that to
identify 1 one has to know its infinitesimal character <y, a lowest K-type
of T and a character T of the associated Cartan subgroup H. This subgroup

is determined (up to K-conjugacy) by any lowest K-type of 1.
If T 1is tempered (2.2.15), the situation is simpler.
(2.3.20) Theorem [V1 6.1.5] Let (H,I',y) be a set of character data

for G with y =X ® v, A € t*, v € a*. Assume that = € AC A[H,I,y] and
that I = HG[H,er](Q) as in (2.3.19). Then
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(2.3.21) IR = amy e = min {loty | o is a K-type of I}.
«(2.3.22) Corollary. Let 1 be a tempered (irreducible) representation

of G with real infinitesimal character [V1 5.4.11]. Assume that h is a

fundamental Cartan subalgebra of g and that y € b* represents the

infinitesimal character of 1. Let 7 € K be a K-type of 1. Then

(2.3.23) Il vga = 1Y

implies that m 1is a lowest K-type of 1.

Proof: Since NI is tempered v € ia* (2.3.16), [Tr]. The assumption that
T has a real infinitesimal character implies that v € a*. Therefore
v =0 and Iyl =1xt (2.3.21).

Q.E.D.

(2.3.24) Remark: For a fixed 6-stable Cartan subgroup H one defines

the corresponding Weyl group

(2.3.25) W(H) = W(G,H) = (the normalizer of H in G)/H

This group acts on H by conjugation and also on regular characters of H by
wr(g) = F(w_lgw ).

Using the theorem (2.3.18) one can thus parametrize the admissible dual of

G by choosing a maximal family HO’HI’HZ""

Cartan subgroups and for each Hj specifying a fundamental domain for the

of non-conjugate 6-stable

action of W(G,Hj) on the set of regular characters of Hj‘ By a representation

attached to H, we shall mean any representation (2.3.19) of the form

3

TGMH Ty 1R,

For our groups 02 2 and Sp(2,R) we will use the Cartans defined in
’

(2.3.4),..., (2.3.8).
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§4. THE UNITARY DUAL OF Sp(2,R).

In this paragraph we describe the admissible dual and the unitary dual of
Sp(2,R) in terms of character data (2.3.14). For the proofs we refer the

reader to Appendix A. For a complex number z we will write

(2.4.1) z >0 1if and only if either Re z > 0 or Re z = 0 and

Im z > O.

The representations attached to the split Cartan subgroup H,. (2.3.4)

Let
(2.4.2) 0,50, = 0,1; ViV, € C; ViVgs VTV, > 0 g, > Ollf Vi T Vg
9 %
r(diag(e e, .6 06,)) =€) €y
v v
) -1 -1y _ 1 V2,
I‘(dlag(al,az,a1 '3, )) =a "a,
y = dr
(2.4.3) Proposition. For the parameters (2.4.2)
{1} ifo, =0,=0;
= ' ] = = = = .
Q[HO’F’Y] {"1,0’“0,—1} if o, =1lando, =0, or o, 0 and o, 1;
' A i = = .
{ry iy, ifoyp moy = 1
(2.4.4) Theorem. The irreducible admissible representations of

Sp(2,R) attached to the Cartan subgroup HO’
(2.4.5) I = T[H),T,y1(a),

fall into eight disjoint families described by the parameters T,y (2.4.2)
and A (2.3.19) as follows:

(2.4.6) o, =0, =0, A={1} (I =1forv, =2,v =1);
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(2.4.7) oy = Lo, =0 v #0,4=lr i}

(2.4.8) 0, =0,0, =1, v, #0, A= [ni’o,w(’)’—l},

(2.4.9) 0p =0, 0, =1, vy =0, A=In] o}

(2.4.10) 0, = 0,0, =1, vy =0, A={ny _};

(2.4.11) o, =0, = 1, v, * 0, vy * 0, A= {"{’1,»"L1 _1}’

(2.4.12) o, =0, =1,v,=0, A= {ni’l},

(2.4.13) oy =0, = Livy =0, a={n )

(2.4.14) Theorem. The representations listed in (2.4.4) are unitary if

and only if the following additional assumptions are satisfied.

(2.4.15) Vv, € iR, or ViV, € R and vl+v2 <1, or vy TV, €iR
and v, + v, € R and v, + v, <1 in (2.4.6) and in (2.4.11);
vz € 1 R and vy € R and v, <1, or v, = 2 and v2 =1 in
(2.4.6);

(2.4.16) viwvg € i Rin (2.4.7) and (2.4.8); v, € i R and v, € R and

v, < 1 in (2.4.8);

(2.4.17) vy € i Ror v, € R and vy < 1in (2.4.9), (2.4.10), (2.4.12),

(2.4.13)

The representations attached to H; (2.3.5).

Let

(2.4.18) ne Z,n> 1, veEC,v >0;
i(n+
r(diag(g,g)) = el(rl 1)X;
. -1 -1
r(diag(a,a,a ,a 7)) =a ;

vl =drl;
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.

x:

. . _ 10
v(diag(X,X)) = inx, X = {_X 0J, X € R.

(2.4.19) Proposition.
1
(e )
AlH, T y] =
{n!
(2.4.20) Theorem.

For

1

T
m+l,-m’ m,-m-1

T,y as in (2.4.18) we have

}

ifn=2m-1

if n = 2m

The irreducible admissible representations of Sp(2,R)

attached to the Cartan subgroup H, fall into four disjoint families described

by the parameters T,y

(2.4.18) and A (2.3.20) as follows:

&

=0,

(2.4.21) n=2m-1,
(2.4.22) n=2m, v #
(2.4.23) n=2m, v =
(2.4.24) n = 2m, v
(2.4.25) Theorem.

and only if the following additional assumptions are satisfied:

(2.4.26)

(2.4.27)

The representations listed in (2.4.20) are unitary

(ri b
&= {"é+1,—m’“é,—m—1};
A= {npy b
R LM

vE€iRorveRandvy < 1 in (2.4.21).

v € i Rin (2.4.22).

The representations (2.4.23), (2.4.24) are tempered.

The representations attached to H, (2.3.8).

Let
(2.4.28) g =0,l;neZ, n# 0, ve C,v >0.
€ 0 0 0
0 c 0 s o inx i sgn(n)x
1 =
"Go o ¢ o e e
0 -s 0 c
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(c = cos x, s = sin x, X € R)

P'(diag(a,l,a—l,l))

]
[}

Yol =drl,

-1 1
0 0 0 0
0 0 0 X
' = 1
v.'( 0 0 0 0 ) = inx, x € R.
0 -X 0 0
(2.4.29) Proposition. Under the assumptions (2.4.28) the set of lowest
K-types
f{"ll,n-l} if g =1, n < 0;
[ . = .
{nn+1’1} ifo =1, n>0;

1 1 =
AlH,T' y'] = <

(g a0} 1970 n <0
’ ’

g ] 1 f = .
fmosl2maer 0l 1f0 =0, 00
(2.4.30) Theorem. The irreducible admissible representations of

Sp(2,R) attached to H2 fall into eight families described by the parameters

F'»Y; (2.4.28) and A as follows:

(2.4.31) 0=1,n<0, A= [nll’n_l};

(2.4.32) c=1,n>0, A= {na+1’l};

(2.4.33) 0 =0,0<0,v#0, A={nl, wg )
(2.4.34) 0 =0,m >0, v#0, A={nl, ol o
(2.4.35) 0 =0,n<0,v=0,Ax= {"lz’n—l};
(2.4.36) 0 =0,n<0,v=04={n ]
(2.4.37) 6=0,n>0,v =0, A= {w;+1’2};
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36 TOMASZ PRZEBINDA
(2.4.38) 0 =0,0>0,v=0,4={r I

(2.4.39) Theorem. The representations listed in (2.4.30) are unitary

under the following additional assumptions:
(2.4.40) veEiLiR or veRandv < 1 in (2.4.31), (2.4.32);
(2.4.41) veEiR in (2.4.33) and (2.4.34).

The representations attached to H', (2.3.7).

These are the discrete series representations (2.2.15). Let

(2.4.42) m,n € Z; m-n > 0; m,n,m+n # O;
o 0 x 0
, 0 0 0 yl\_. )
Y m,n( = 0 0 0 ) = i(mx + ny) X,y € R;
0 -y 0 0

I' be associated to y via (2.3.13).

(2.4.43) Theorem. The irreducible admissible representations of Sp(2,R)

attached to Hé are all unitary, belong the discrete series and have the form

1 A} 1
MRy (8

L}
with F,y; n as in (2.4.42) and A containing the single element
, =

Al ] »
(2.4.44) "m+l,n+2 if n > 0;
(2.4.45) ' if m > -n, n < 0
m+1,n
(2.4.46) ! if m< -n, n< 0
m,n-1
' .
(2.4.47) Tn-2.n-1 if m < 0.

§5. THE UNITARY DUAL OF 0y 2°

Consider the following two embeddings of the group SL(2,R) into 0y 5
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(2.5.1) SL(2,R) 2 g +» diag(g,(gt)_l) € 02 29
a 0 0 b
a b 0 a -b 0
(2.5.2) S2,B) 3 (L 4) »| o o g 0l€ 0 o
c 0 0 d
Then the image of SL(2,R) x SL(2,R) in 02 9 under (2.5.1) x (2.5.2) is

the connected component of the identity of 02 2° Since 0(2) x 0(2) has four
>
connected components, so does O2 2 (1 1.9), (2.1.4). Using this and the known

structure of the admissible dual of SL(2,R) [Vl ChI], [L}, one can, with

some effort, figure out the admissible and the unitary duals of 02 e We

present the results in this paragraph leaving the proofs to the reader.

The representations attached to H, (2.3.4).

(2.5.3) Proposition. Using the notation of (2.1.7) and (2.4.2)
1,1 . - =0-
{ﬂo,o,l} if o, =0, =0;
= p | S ; .
é[HOaP’Y] {"1,09'“0,1) P 0’1} if Ul * 0'2’
1,0 0,1 . _ -
{mg20°m0.0!} o =0y =1
(2.5.4) Theorem. The irreducible admissible representations of 02 2

attached to the Cartan subgroup HO fall into twelve disjoint families

described by the parameters T,y (2.4.1) and A (2.3.19) as follows:

1,1
(2.5.5) o, =0,=0,v,%0, é—{no’o,l},
(2.5.6) o, =0, =0, v2=0,=A={1} (T =1 forv, = 1)
(2.5.7) 6, =06,=0,v,=0 A={1rl’l} (I = det for v, = 1)
1 2 * V2 > = 0,0 1 ’

(2.5.8) 6y * 0y, vy * 0, A= AlHLT,Y];
(2.5.9) c=lo=0\)¢0\)=0A={ﬂ0 no}

T 1 > R2 ! C V2 1= 1,007 0,10
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THE OSCILLATOR DUALITY CORRESPONDENCE FOR THE PAIR 0(2,2), Sp(2,R)

(2.5.21) v, € i R in (2.5.9), (2.5.10), (2.5.12), (2.5.13).

The representations attached to H; (2.3.5).

(2.5.22) Proposition. Under the assumptions (2.4.17)
{"m,m} n=2m-1,
A[H ,T,y] =
=1 L{n ™ } n = 2m
ml,m’ m,mt+1
(2.5.23) Theorem. The irreducible admissible representations of 02 2
— b

attached to Hl fall into four disjoint families described by the parameters

I,y (2.4.18) and A (2.3.19) as follows:

39

(2.5.24) n=2m-1,A={r_ },vec, v>0;
= m,m
(2.5.25) n=2mv#0, A= é[Hl,F,Y];
2.5. = s =0, = 5
(2.5.26) n=2m,v =04 {wm+1’m}
(2.5.27) n=2mv= 0,A= {nm,mﬂ.
(2.5.28) Theorem. The representations listed in (2.5.23) are unitary if

and only if the following additional assumptions are satisfied:

(2.5.29) veEiLiR or vy € Randv < 1 in (2.5.24);

(2.5.30) v €i R in (2.5.25).

The representations attached to H, (2.3.6).

Let

(2.5.31) mne Z; mmn # 0, mMn# 0, m > 0; n < O3

+ inxz, where

Ym,n(dlag(xl,xz)) = imx,

0 X,
X, = I, x, e B, § = 1,2;

-x, O i
J
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40 TOMASZ PRZEBINDA

*
Then vy €t via the isomorphism (1.1.9). Let T be associated to ¥y
m,n —3 m,n

via (2.3.13).

(2.5.32) Theorem. The irreducible admissible representations of O2 2
- ’

attached to H3 belong to the discrete series and have the form
m(H,,r, 1¢4)
3’ Ym,n =

with F,ym n @s in (2.5.31) and A containing the single element (see
, k=,

(2.1.7)).

(2.5.33) n ifm>-n, m# 0, n# 0;
m+l,n

(2.5.34) m if -n >m, m# 0, n# 0
m,n—1

(2.5.35) no if n = 0;
m+1,0 ’

(2.5.36) nl if n = 0;
mtl,0 ’

(2.5.37) no if m = 0;
0O,n-1 ’

(2.5.38) L ifm=0

.5. L if m = 0.

Here one obtains (2.5.36) and (2.5.38) from (2.5.35) and (2.5.37),

respectively, by tensoring with det.
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CHAPTER 3. R(Oz ) " Sp(2,R),u).

In this chapter we compute the above set. We begin with a smaller pair
0(2,2), Sp(1,R) in §1 to establish some notation necessary in §2 and §3.

Section 3, where we find all pairs I & I' being in the Oscillator Duality
Correspondence such that T' 1is a discrete series representation of

Sp(2,R), 1is the most technically involved part. We are forced to combine

here Howe's LP—estimates for the matrix coefficients of the oscillator
representation (3.3.10), Vogan's classification of tempered representations
(2.3.22) and Zuckerman's translation functors (3.3.54), (3.3.55). Sections 4
and 5 are technically easier., In §6 we show that our list of corresponding

representations from §2, §3, §4, §5 is complete.

The conclusion of this chapter is theorem (3.6.1) which asserts that the
Oscillator Duality Correspondence maps unitary representations of 02 5 to
b

unitary representations of Sp(2,R).

§1.  0(2,2) x Sp(1,R) .

Put
1 rl J

(3.1.1) s = ;::[} i} and s, = diag(s,s).
2

Then the conjugation Int sy inside GL(4,C) transforms the Lie algebra

o(2,2) into

t
i 0 z1 i2
0 -it1 22 z1
3.1.2 = - t ,t R; .
( ) g={l; , e o |Gt € gz Ed
1 2 2
z 0 -it
2 1 2

and the maximal compact subgroup (2.1.3) into K = . K#, where

. -1 -1 ,
© = {dlag(ul,u 2U, 5Uy ) | uj e cC, luji € C, iuji =1, j =1,2}.

1

41
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42 TOMASZ PRZEBINDA

(3.1.3)

£ €
¢! = (atagee L)) | ey = 01h, w=(Y .

Define the following root vectors in the complexification g of g (3.1.2):

= + =
xoTer 3t ey Y_ T4 7 %3
(3.1.4)
oS0 Yo Yy T3t %)
Put
h = - -
_ el,1 82,2 e3’3 + 64,4’
(3.1.5)
h =e - e + e - e .
+ 1,1 2,2 3,3 4,4
Then clearly
(3'1'6) [X 124 ] =h > [h X ] = 2x ) [h sy ] = —2y for o = +,-.
a o a a o o a o ]
so that the decomposition
(3.1.7) g=(Cx_+Ch_+Cy )+ (&x_+C +Cy)

provides an isomorphism of g with the direct sum of two copies of
s1(2,€)(= sp(1,0)).

The Lie algebra (of 2 by 2 matrices)
(3.1.8) gé = sp(1,C)
has the following two root vectors:

(3.1.9 x' =1ce and y''=-1ie
Let

(3.1.10) h' = e1,1 7 2,2

Then x', h', y' satisfy the standard commutation relations (3.3.7). Put
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THE OSCILLATOR DUALITY CORRESPONDENCE FOR THE PAIR 0(2,2), Sp(2,R) 43
(3.1.11) gé = sp(1,C) N u(l,1) and Ké = U(l).

We embed g, and gé, into sp(4,C) N u(4,4) by mapping the typical element

of g (3.1.2) to

(3.1.12) vz with
Z U
(3.1.13) U= diag(itl,-itl,-itz,itz), and
0 0 z1 iz
0 0 22 zl
(3.1.14) Z = ; 0 0 ’
B )
z z 0 0
2 1
and
it z
(3.1.15) 2 3| > (3.1.12), with
z -it
U = diag(it,it,-it,-it),
zs2 0
7 = (s as in (3.1.1)).
2
0 zs
Moreover we
(3.1.16) inject K into U(4) by the identity map, and
v s ' . -1 -1
(3.1.17) K2 into U(4) by K2 S u+ diag(u,u,u ,u ).

This way we have embedded (g,K) x (gé, K&) into (sp(4,C) N U(4,4), u(4))

or equivalently G x Gé into Sp(4,C) N U(4,4), where
(3.1.18) G = 0(2,2), 6 = Sp(1,€) N U(1,1).

The determinant (l.4.16) of an element of the image of K or K' in U(4) under
(3.1.16) or (3.1.17) is clearly equal to 1. Putting £ =1 in (1.4.17) we
shall pull back the oscillator representation w to the group Kx K'. The

action of g in the Fock model (c.f. §1.4) C[zl,zz,z3,24] is given by:
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44 TOMASZ PRZEBINDA

wx )=-2z 2 +3 3
1 3 z, z4
wh)=23_ -2,98_+2,3_ -2z 3
1 z, 2 z, 3 24 4 z,
wly ) = -z, 2, + %2 ez3
(3.1.19)
w(x,)=-2z 2z +3 23
+ 1 4 z, 24
wCh ) =2 3 -z, 9 -z, 93 + .z, 3
+ 1 z; 2 z, 3 Zy 4 z,
w(y ) =-2z_ 2z, +3_ 3
+ 2 3 z) 2,
Let for z = (21’22’23’24) and n = 0,1,2,3...,
a a+n
£ (2) = : (z) 2,29 2z,
1 [
n a=0 al (n+a)!
(3.1.20) ., atn o a2 )a
£ (2) = 31 1 2 7374
- 1 1
n a=0 (a+n)! al
Then the norm (1.4.12)
(3.1.21) £ n2 = ; al__ is finite for n > 2.
+n a=0 (a+n)!

A straight forward calculation shows that

w(x )E =w(y ) =0,
(3.1.22)

w(h_)fn = -nfn, m(h+)fn = nf\_1
and that

W) =uly)E_ =0,
(3.1.23)

w(h )E_ =nf_,w(h)E_ =nf_.
Similarly

") = - +
wx") 2, 2, 823 Bzh,
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(3.1.24) wCh') =2z, 3 +z 23 -z 9 -z, 3 ,
1 z 2 z, 3 z4 4 z,
' = -
wly") z3zz‘+az 3,
1 2
and
wx"E =w@y"f__ =0,
n -n
(3.1.25) wh')f = -nf , w(h')f =nf .
n n -n -n
(3.1.26) Theorem. The closed subspace of the Hilbert space of the

oscillator representation  (l.4.12) generated by the action of

(g,K) x (Eéa Ké) on fn+1 (f—n—l)’ for n > 1, 1is irreducible as a

G x G!-module

2 and isomorphic to

Ten'e R(G+ G, w)

45

(3.1.27) 2
where
(3.1 28) I is the discrete series representation of G with the lowest
0 0
K-type 7'0,—n—l<"n+l,0)’
(3.1.29) I' 1is a discrete series representation of Gé with the lowest
" [] ]
K'-type LI (wn)-
b
(p(u) =u” uwe U),be 2)
Moreover
(3.1.30) deg T =n, D(II) = A(), D(I') = A(").
Proof:

The situation for f—n—l is entirely analogous, to that of fn

therefore we leave it to the reader.

the action of (g,K) x (gé,KE)

(g',K') acts on V via a unitary representation I’

on fn+l'

There is only one such representation of G', namely the one described in

(3.1.29), see [L Ch V1 §6, Theorem 8].

Similarly G acts on V via a unitary representation I,
to the formilas (3.1.22) and the decomposition (3.1.7) must be the one
described in (3.1.28). By the corollary (l1.5.31), V=1 en'.
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It is apparent from (3.1.17) and (l.4.17) that for any Ké—type ﬂlb

(3.1.29), deg “Lb = lbl. Therefore deg I' = n and (3.1.30) holds (compare
(1.5.16) and (2.1.13)).

Q.E.D.

Finally, for future use in §6, we record the following

(3.1.31) Proposition. Let I = H02 ) [HO,F,y](A; as in (2.5.6) or (2.5.9)

or, (2.5.11) with A containing w? o °f “8 1- Then I € R(G,w).
’ bl

The proof of (3.1.31) is entirely analogous to the proof of the Theorem
(3.4.31). Therefore we omit it.

§2. THE DISCRETE SERIES OF 02 25 I.
3

Let us embed the groups 0(4) N 0(2,2) and U(2) in U(8) by the following maps

(3 2.1) dlag(gl,gz) > dlag(gl,gz,gl.gz), (gj € 0(2), j =1,2), and
_ Uk, 0 Y1272 0
(3.2.2) Y Y12l 0-u 5 0 uy L,
Uy Uyy ug Ly 0 Uga Iy 0
0 -u1212 0 -u2212

respectively. Clearly the determinants of the images (3.2.1), (3.2.2) are
one. Putting £ =1 in (1.4.17) we obtain, via (3.2.1) and (3.2.2) a pull
back of the oscillator representation « (l.4.6) to the group

0(4) N 0(2,2) x U(2). This is consistant with Chapter 2, §1.

The differentials of the maps (3.2.1) and (3.2.2), when composed with
(1.4.15) and then with the inverse of (1.4.18), provide the same injection of
the Lie algebras o(4) N o(2,2) and o(4) N sp(2,R) in sp(8,R),
respectively, as the diagram (l.1.12) does.

Thus via the identification (1.1.9) we have a well defined pull back of
the Harish-Chandra module of w to

( 0(4) N 0, ,) x (sp(2,R), 0(4) N Sp(2,R)).

9,2’
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THE OSCILLATOR DUALITY CORRESPONDENCE FOR THE PAIR 0(2,2), Sp(Z,R) 47

Since the splitting of the covering §p(8,k) + Sp(8,R) over the images of the

maximal compact subgroups 0(4) N 02 ) and 0(4) N Sp(2,R) determines the

splitting over the images of the groups 02,2 and Sp(2,R), the set

(3.2.3) R(oz’2 « Sp(2,R),w)

is well defined (see (1.2.14)).

(3.2.4) Theorem. Put o =0 in (2.4.28). 1let in the notation (2.5.32)
I =1 [H,,T ](110 )
0, ,3’ Yo,n' “"0,n-1""
(3.2.5) ’
[ ' ' [
T =g o, my ol ovlmg 1)
forn=-1,-2,-3,..., and
I =1 [H,,T,y ](1r0 )
0, 573" Yn,0" n+1,07"
(3.2.6) ’

' = [ '
I =Moo ry Bl vl oo

for n=1,2,3,... « Then

(3.2.7) il ; I'e R(O2 ) Sp(2,R),w)
and
(3.2.8) deg I = |n| + 1, D(I) = A(M), D(N') = A(L").

Proof: We identify 02 2 with 0(2,2) via (1.1.9). The group Sp(8,R) is the
)

isometry group of the symplectic space (W, <,>) (1.3.24). Define the direct

sum decomposition

(3.2.9) W=Xeo Yeo WZ’ where
(3.2.10) X = {a,b,c,d,0, ...,0) | a,b,c,d, € R}
12
(3.2.11) Y = {(0,..,0,a,b,¢,d,0,..,0) | a,b,c,d € R},

8 4
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48 TOMASZ PRZEBINDA

(3.2.12) W, = {¢,...0,a,b,c,d,0,.,0,e,f,g,h) | a,b,..,he R.
4 4

Then the preimage of the parabolic subgroup P, C Sp(8,R) (1.3.3) in

Y
Sp(2,BR) via (1.1.7) is equal to ePé (2.2.13). Moreover the image of

0(2,2) under (1.1.6) is contained in MX ¥ (1.3.10). Let us fix the
’

isomorphism
1 0 0 0

(3.2.13) Mg = 8 : (1’ 8 »{: g]e Sp(1,R)
0 c 0 d -

Clearly M2 = (Z/2Z) x Sp(1l,R), (2.2.13).

Let w, be the Fock model of the oscillator representation of

(Sp(4,€) M U(4,4))", (1.4.6). We pull back w, to 0(2,2) x Mg by the

2

group isomorphism

(3.2.14) ((3.1.12)x(3.1.15))o(Int s_ x (l.4.18)o(id x (3.2.13))

2

where s, is defined in (3.1.1).

Consider the mixed model, as in (1.3.22), of the oscillator representation w

of 'Sp(8,R) adapted to the decomposition (3.2.9) with w, as a

representation of Ep(WZ) = §p(4,R) = (Sp(4,C) N U(4,4))~ by (1.4.18).

Define

(3.2.15) : S(X,w; )+ w, by T(f) = £(0).

To 2

Since dim x = 4, it follows immediately from the theorem (1.3.16) that

(3.2.16) T, € HomePz(w »(1®wy)) ®plen,) ® 1), and
(3.2.17) T, € Hom (w ,wz”).
0(2,2)
For each discrete series representation Hé (3.1.29) of Mg (3.2.12), 1let
(3.2.18) TZ denote the 0(2,2) x Mg - intertwining operator from
-] v '
wy onto Il ® H2 (3.1.27) .
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define T = T2 o TO. Then by (3.2.16), (3.2.17) we get

(3.2.19) T € Hom wm,n ® ((1 ® Hé) ® p(SEZ) ® 1)).

0(2,2)xeP2(

The smooth Frobenius reciprocity theorem (Appendix B) implies the existence of

a non-zero, 0(2,2) x Sp(2,R)-intertwining operator

(3.2.20) Ind T > 1 ® Ind?};(Z,R) (§ ® v) where
2
(3.2.21) § =11 and v = 0.

Therefore there is an irreducible subquotient T' € Sp(2,R)* of the induced

representation (3.2.20) such that
(3.2.22) Ten'e RO, , - 5p(2,R),n)
bl

Assume that II! has a lowest K!-type w (3.1.29) with n > 0. Then I

1
2 2 ntl

contains the unique lowest degree K-type and has degree n+l in the

0
1Tn+1,0
sense of (1.5.16) with respect to the pair 0(2,2), Sp(1l,R). The K-types of

0

(r,s =0,1,2,3,.., r#s) and Tnt+1+2r,0

are
n “n+1+r+s, r-s

(r=0, 1,2,...). Therefore (2.1.24) implies that x°

is the unique lowest
n+1,0 4

K-type of 1 and that deg I = n+l (with respect to the pair 0(2,2),
Sp(2,R)). This and (1.5.20) shows (3.2.8).

We know already from the above discussion and from the theorem (1.5.20)

that the map (3.2.20) does not annihilate the space Hn’ﬂ, withn = Thtl,0°
On the other hand (3.2.20) implies that =«' occurs in
K'
(3.2.23) IndK,, (l®q') for an r » n+l, r-n-1 € 2Z.
r\Mz r
Since the degree of #' 1is n+l, (2.1.23) and (A.1.8) imply that
L | s
m "n+1,0' The case n < 0 is completely analogous.
Q.E.D.

§3. THE DISCRETE SERIES OF 02 29 II.
)

(3.3.1) Theorem. In the notation (2.5.32), (2.4.43) let
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To=T, [H3,I‘,Ym’n](

2.2 7rm+1,n)’

(3.3.2)
v = 1 ' 1 '
I nSp(Z,R)[H3’r ’Ym,n](“m+l,n)

for m#n > O, m > 0 > n and

= H
I =0 ) 2[ 3’F’Ym,n]("m,n—1]’

(3.3.3)

[ - 1 ' 1 1
I HSp(Z,k)[HB’F ’Ym,n](“m’n—l)

for mén < 0, m > 0 > n. Then

(3.3.4) Ie®I'e RO + Sp(2,R),w) and

2,2
(3.3.5) deg T = |m| + |n| + L.

In the proof of this theorem we shall use the following lemmas.

(3.3.6) Lemma: Let x,h,y be the standard basis of the Lie algebra

s1(2,C) satisfying the commutation relations

(3.3.7) [x,y] = h, [h,x] = 2x, [h,y] = -2y.

Assume that s1(2,C) acts on a vector space containing a vector v such that
(3.3.8) xv=0, hv=-bv

where b = 1,2,3... . Then the span of the vectors ij (j =0,1,2...) is

invariant under sl (2,C) and

-1 -1+l j
(3.3.9) GHD ) T T v = -yl (G =0,1,2...).

Proof: If j = 0 then (3.3.9) holds because
-1 -1
b xyv =b (yx + h)v = -v.

Assume that j > 0. Then, by induction on j,

+i . .
xy1 Iy = (yny + hyJ)v =
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-3(b + 3 - Dy¥v + (b - 2§)ylv

~(5+1) (b)Y v
Q.E.D.

(3.3.10) Lemma. If 1T ® II'e€e R(O2 5 Sp(2,R), w) occurs as a closed
’

subspace of the Hilbert space V of ®, then II' is tempered (2.2.15).
Proof: It is known [H6 Prop. 8.1] that the matrix coefficients
Bp(n,R) = g > (w(gv,v') € C (v,v' € V)

of the oscillator representation of the metaplectic group belong to

Lp(gp(n,k)) for any p > 4n. In particular, when n = 2, they are in LP with

p > 8. Since the pull back (3.2.3), (1.1.12) of the oscillator representation
w of Ep(B,R) to Sp(2,R) 1is essentially a tensor product of two copies of
the oscillator representation of $p(2,R) and two copies of the

contragradient one, the Schwartz inequality implies that the matrix
coefficients of this pull back are in Lp(Sp(Z,R)) for any p > 2. Therefore

the matrix coefficients of T' are in LP for any p > 2.

Q.E.D.
(3.3.11) Lemma. Assume that m,n € Z, n > m2, m > 2. Then
0 (m=14j)!' 2  a! b!
3.3.12
( ) J.io azb=j(j!(m—l)!) (a+m) ! (b+n) 1!

is finite.

Proof: Since

© © n

b! n -n n 1=
W < n bZ. (b+n) < Py (n-1+j) n )
=]

™

b=

(3.3.12) can be estimated by a positive multiple of

(Q—T%""m)z(m_“j)l—m (a-147) 170
0 !

o8

N
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) L me1
¢ p lmelrD

, \0-n
' RS ‘ (n-1+4j)
j=0 (n-1+j) 3j

0

N ™ 8

which is finite because mn < -2.

Q.E.D.

Proof of the theorem (3.3.1): Let g and K be defined as in (3.1.2),
(3.1.3). Put

(3.3.13) G' = Sp(2,C) N U(2,2), g' = sp(2,C) N u(2,2) and K' = U(2).

Fix the diagonal Cartan subgroup t' in g' and chose the following root vectors

in the complexification g' of g':

= . = =1 + R . -

xL=ey ps xp = oiley ey 35 ox) = -ley g5 x) = —ie,
(3.3.14)

(- . v= + [ (- .

yl=ey s vy =ile, ey )iy mdey 5y =de,
Put
(3.3.15) h' = [x',y'] for o = -,+,1,2.

o a o

Then x;,h;,y; satisfy (3.1.7) for o as in (3.3.15). Define

(3.3.16) s, = diag(s,s,s,s) with s as in (3.1.1).

Then s, € U(8) acts on sp(8,C) by conjugation (l.4.15). We pull back the
oscillator representation w of sp(8,C) (1.4.10) to go g' via the
injection

1

(3.3.17) Int s, o(1.4.18)0((1.1.6)0(1.1.7))o(Int s;l ® (1.4.18) ")

of ge g' into sp(8,C). This makes our notation compatible with (3.2.3),

and yields the following formulas
(3.3.18) m(xl) = zla + 2z 3 -z_.9 - 2.9
%5 6 3 4

') = - - - - + +
m(h_) zlaz + zzaz z33z Zhaz zsaz zéaz z7az zsaz
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w(y') =23 +2,9_ -23_ -2z,9
5 z, 6 z, 37z 4 z,
(3.3.19) m(x+) =22, " 2,2 + az BZ + 32 BZ
3 4 7
wCh') =23 + 2.9 -2.9 -2,0_ + 2.9 _ + 2,3
+ 1 z 2 z, 3 24 4 z, 5 zg 6 z
w(y') =-z,z_ - z,z, +3_ 3 +3_ 29
+ 378 477 1 2 z, zg
1 = -
(3.3.20) w(xl) z,2, + 82 az
3 %4
w(h') =2z93 + 23 -23 - 23
1 1 z1 2 z, 3z 4 z,
w(y') = -z_z, +93 3
1 374 z, 2z,
(3.3.21) w(xz) = —2526 + 3 az
7 °8
w(h'2)= zsaz+ 23, = 2.0 z83
5 6 %7 Zg
w(yl) = -z_z_ +3_?
2 778 25 2
Similarly we get
(3.3.22) wx )=-z2_  +3 9 -2z_z_  +93 3
173 z,2, 577 zg 2g
wCh ) =293 -23 +29 -203 + 23 - 2,9
1 z1 2 z2 3 z3 4 z, 5 z5 6
w(y_) =-z,z2, +3 93 -2,z +3 3
274 1 %3 68 zg zg
(3.3.23) w(x, )=-z2z +3 9 -2z_2z +3 3
+ 174 9 23 578 2y 24
wth,)=293 -23 -23 +293 +23 -2, -
+ 1 z1 2 z2 3 z3 z4 5 z5 6 26
w(y )=-2_2_ +3 9 -z,2z, +93 9
+ 23 z, 2z, 67 zg zg

For two functions

(3.3.24)

Denote by w,

8

the oscillator representation (1.4.10) of
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Then clearly

(3.3.25) wl =ow
g

g 215 215

We want to show that (3.3.3) implies (3.3.4). Define

_ o _(a-1) j i
(3.3.26) fm,n B jiO jr(n-1+3)! mZ(X—) f—m ® wz(y_) fn

for integers m,n with n > m > 1.

The number m will happen to be the one from (3.3.3), but the n in (3.3.26)

will correspond to -n-1 in (3.3.3).
Here f_m, fn are as in (3.1.20). A straight forward calculation using

(3.1.22) and the lemma (3.3.6) verifies that

(3.3.27) W) £ = 0.

Since y, commutes with x_ and with y_, (3.1.22) and (3.1.23) imply that

(3.3.28) uu(y+)fm,n = 0.
Similarly
(3.3.29) wCh Hf = (m-n)f and
-~ m,n m,n
w(h ) = (mn) £ .
+  m m,n

> ’

Straight from the definitions (3.1.19), (3.1.20), we get

wZ(X—)f—m = -m ZBf—m—l’
(3.3.30)

w0 =y f

Iterating (3.3.30) we obtain the explicit formula

s 4 . .
- ma i, @ J(z b+j  ntb+j

z )a(z z )bz z
(3.3.31) £ = 1 (g L 2 3747 5%’ "1 "8
T m j,a,b =0 j (mt+a+j)! a! b! (n+b+j)!

In particular, by the definition (l.4.11) and the lemma (3.3.11)
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(l+iy2 __al b!

(3.3.3)  af_ ° = X ; Tata)! (o) T

is finite for n > m+ 2, m > 2.
Let
(3.3.33) Vm n be the closed subspace of the Hilbert space of ® generated
b
. ' .
by the action of (g,K) x (g', K') on fm,n with

n>» m2, m > 2; m,n € Z.

The formulas (3.3.27), (3.3.28), (3.3.29) and the known structure of the

highest weight s1(2,C)-modules imply that the g-module w(g) fm n is
- )

irreducible. Therefore V is isotypic as a 02 z—module and by the Corollary
b ’

(1.5.25)

(3.3.34) v =T en'e (0 X Sp(Z,R))A

m,n 2,2

where, according to our parametrization of K (2.1.8),

(3.3.35) I belongs to the discrete series of 02 2 and contains the

unique lowest K-type (2.1.7).
m,n

From the known weight decomposition of the discrete series representations of
SL(2,R) [L] and from the formlas (3.3.27), (3.3.28), (3.3.29) we deduce that
(for p,q > 0)

(3.3.36) LI is a K-type of 1 iff

ptq € mtn + ZZ+ and p-q € m—n—2Z+.

Therefore, by (2.1.24),

(3.3.37) LI, is a lowest degree K-type of 1 and deg 1 = mtn.
The lowest degree term of fm n (3.3.31) is a constant multiple of zlm zsn.
Since
.3. = ® 2. .
(3.3.38) mIK w2|K wle (see also (3.2.1) and (1.4.17))
(3.1.16) implies that the space generated by the action of K on zlngn is
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56 TOMASZ PRZEBINDA

(3.3.39) Cz, z + Cz, z + Cz, z + Cz, z = q .

By (3.3.18) and (3.3.19),

(3.3.40) w(x") zlmzsn =0, w(hl)zlmzsn = (m+n)zlm28n
w(h;)zlmzsn = (m-n) zlm28n.
Therefore the Corollary (1.5.25) implies that
(3.3.41) Mm' (3.3.34) contains the (lowest degree) K'-type "é,-n'
The formulas (3.3.27), (3.3.28), (3.3.29) imply that
(3 3.42) I has infinitesimal character vy a1 (2.5.32).
It follows from [P2] that
(3.3.43) M' has infinitesimal character YQ,—n+l (2.4.42).

In particular (2.1.22) implies that

(3.3.44) BN =iy |

m,-n“lambda m,-n+1

Since Hfm nu (e (3.3.32), the lemma (3.3.10) ensures that I' 1is tempered.

Combining this with (3.3.44) and the corollary (2.3.22) we conclude that

(3.3.45) ﬂ'm - is a lowest K'-type (2.2.18) of 1I'.
The representations (3.3.45) appear in the list of possible lowest K'-types
((2.4.3), (2.4.19), (2.4.29), (2.4.43)) only in the representations attached

to Hg. Therefore INI' is a discrete series representation. Combining the

above with (3.3.35) we see that (3.3.3) implies (3.3.4) except the case of

® 7! = cee)e
1,-n "1,—n(n 3,455 )

To complete the argument we employ the theory of translation functors

lowest K x K'-types w

[Z]. Let S* be the dual topological vector space to the space of smooth

vectors S on which  is realized (w extends to S*). Denote by Vg n the
b
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Harish-Chandra module of V2 n(n > 4).
b

Let

(3.3.46) Diff denote the Weyl algebra of polynomial coefficient differential

operators acting on C[zl,zz,..,zgl.

Then (g,K)x(g',K') acts on Diff by conjugation and, in the spirit of the

formila (1.2.9), we have a (g)K)x(g',K')-intertwining map

0

(3.3.47) Q : Diff ® Vo S*, Q(uev) = u(v).
Let
(3.3.48) u = z3 azs - 27 azl.
We check easily that
(3.3.49) lw(x_),ul = lw(y_),ul = [w(h ),ul = 0,
[m(y_'_))u] = 0) [h)(h+),ll] = -2u
(3.3.50) lwly2),ul = lwlyp),ul = lwly[),ul = [w(y)),ul =0,

[w(x!),ul

lw(h!),u]

0, [w(h;),u] = -2u.

Fix the Borel subalgebra of g e g' containing the vectors

', x', x! (3.3.14). Denote by

]
X_5X (3.1.4), x', XL 1 5

(3.3.51) V the subspace of Diff generated by the action of (g,K)x(g',K')

on u.

It follows from (3.3.49) and (3.3.50) that

(3.3.52) u is a lowest weight vector in V with weight Y-
((2.5.32), (2.4.42)) and V is irreducible.

& y'

1 -1,-1

According to our choice of Borel subalgebra in g g' we consider

(3.3.53) Y as a representative for the infinitesimal

1
n-1,2 % Yn-1,2

0
character of the (g,K)x(g',K')-module V2,n'

It follows from [Zl, §1] that
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(3.3.54) Ve vg o contains exactly one irreducible submodule wo with

infinitesimal character

! + e v' = ® v' .
Goo1,2 @ a1, T O 0 @2 2 T V00,1 © Taog
Moreover [V1, 8.2.1] implies that

(3.3.55) W is isomorphic to the Harish-Chandra module of the discrete

series representation (of our pair of groups) with lowest

v

" 1
KRi-type ) 41 ® T, nel”

Let

(3.3.56) w? be the subspace of V@ Vg n generated by the action of
’

(g,K)x(g',K') on ue f2,n'

The formulas (3.3.27), (3.3.28), (3.3.29) and (3.3.49), (3.3.50) imply that

(3.3.57 (g,K) acts on Wg with infinitesimal character Yn-2.1°
)
0 0 0 0
Therefore w1 =W o W2 (3.3.54), where (g',K') acts on W2 with
infinitesimal character different than ' Since by [P2] the

n-2,1°
infinitesimal characters of representations which occur in the Oscillator

Duality Correspondence, for our pair, must coincide we see that
Q 0 0
(3.3.58) Q(Wz) = 0, and therefore Q(W ) = Q(Wl)-
By a straightforward calculation we check that u f2 n # 0. Thus Q(W?) # 0
b
and by (3.3.58)

(3.3.59)  Q°) # o.

Combining (3.3.62) and (3.3.55) we conclude the proof of '"(3.3.4) if
(3.3.3)." The case (3.3.2) can be verified in a similar way with fm

(3.3.26) replaced by

n

)

_ (m-1)!

¢m,n =z t(m-1+)! w

3 Z(X—)jf—m ® mz(y_)an for m > n > 1.
j=0

(3.3.53)

Q.E.D.
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§4. THE PRINCIPAL SERIES

Let us identify M (R) with M (R) by

8,1 4,2
0%
X X
2 6
(3.4.1) col(xl,xz,.-,xs)* % < I
3 7
X4 X8

Then the pull back of the oscillator representation to O2 ) x Sp(2,R) by

(1.1.12) can be realized on the space of Schwartz functions S(M4 2(]i{)) =S
b
and the formulas (1.3.31) imply that for fe S

(3.4.2) (@ £€x) = £gT0  (5€0, ,, xe N, (B);
1

(3.4.3) w(h') £(x) = (det )2 f£(x(a5H Dy,

where h' = diag(h,(h®) ') e $p(2,R), h e GL(2,R);

(3.4.4) (0 £(0) = x(~ 3 8(x,%0)E(x),
I2 0
b' = b L B(x,x) = Tr(x b xtF) (for F see (1.1.8))
2

For ¢ = 0,1 and for p € C put
(3.4.5) Xy u(r:) = (sgn r)olrlu (r € R).

Define the following tempered distributions on M4 2(R):

1

X

0
(3.4.6) u(f) = [ £( 20) x (x,)x
0 0 oy 1
0

0

oy (zxz) dxldxzdx3

where the integration is over R3 and
0105 = 0,1; Hyoky € C; Re uy > -1; Re My > -1

if py, =-1 theno, -y, € 2Z, j = 1,2.
J J J
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60 TOMASZ PRZEBINDA

It is classical that u is well defined [S-W, Ch VI Thm 3.1]. A simple
consequence of the definition (3.4.6) and the formulas (3.4.2), (3.4.3)
(3.4.4) is the fact that

(3.4.7) we Hom, | o0.(5,(5 0 (wp(ng))) @ (57 8 (v ®ny))),
0

Al
9P0

where PO, Pb are defined in (2.2.2), (2.2.10), and

. = = !
a(dlag(el,az,el,sz)) €, €, » 8 =8,

1

i -a_,- = + + + =y'.
v(dlag(al,a 72, az)) (u1 l)al (uz l)az, v =y

2

By composing u with the inverse of the map (1.4.21) we obtain u as a
continuous linear functional on the space V of Schwartz functions in the

Fock model (l.4.6) [H7, Cor. 1.7.2]. We may expand it in a series

(3.4.8) u= 3Yu z Na!
. &

where the summation is over all ¢ in Z+8 and

(3.4.9) u(f) = £ uf forany f in V with £(2) = I f 2% Wal.
a @ a @
(3.4.10) Lemma. The lowest degree term of u (3.4.8) is a non-zero

multiple of

(3.4.11) z, z

Proof: By applying u (3.4.8) to z%//a! we find that (see (1.4.20) for y )
m

(3.4.12) u = Cla) - £_w“1(X)X°1 ul(x)dx é wa (x)dx £ wa (x)xo u2(x)dx,

b}

5 6 2’

where
Cla) =9 @)y ()9 (0)y (0) ¢y (0).
o, g A ay ag
We are looking for ud # 0 with |a| minimal. Clearly we can assume that

=ay; Sag= 0 (1.4.20). By a change of variables we check that
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0 forpy =-1,0 =1
Pl (Rddx = |
{l 0 o ,u const (1+(_1)°)r(1‘—;—1), otherwise
(3.4.13)
g_wl(X)xo,u(x)dx = const, (1-('1)0)FCE§2)

where (o,u) = (cj,uj) (3.4.6), const; and const, are positive constants

o

independent of (o,u) and r(z) = | xz_le_xdx The lemma follows immediately
0
from (3.4.12), (3.4.13) and the fact that T(z) # 0 for Re z > 0, z# 0 [Vi,
Ch V §1.5].
Q.E.D.

According to the formulas (3.3.18), (3.3.19), (3.3.22), (3.1.16), (3.3.38),
(1.4.17) the space V contains the following K x K' ((3.1.3), (3.3.13))-

invariant and irreducible subspaces:

(3.4.14) Cl=z1e 1
(3.4.15) Cz, + Cz, + Cz_ + Cz, = "O ; !
1 2 5 6 1,0 1,0’
(3.4.16) Cz, + Cz, + Cz, + Cz_ = “0 ® 7'
3 4 7 8" 0,1 0,-1’
(3.4.17) C(z,z, — z,z_) = nl’O g m!
- 176 2”57 7 70,0 1,1
(3.4.18) c(z,z, - z,z,) = “0,1 ; 7'
378 477 0,0 -1,-1

Here the parametrization of representations is as in (2.1.7), (2.1.9).

(3.4.19)

Let ¢

be as in (1.1.9), and s, as in (3.3.16).

Put

Set

¢y = diag (c,c). Let co» 8, € U(8) map to €8y respectively,

via the covering map (1.4.16).

(3.4.20)

Lemma.

Let for u (3.4.6) and §,v

(3.4.7)
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62 TOMASZ PRZEBINDA

(3.4.21) Ind u : S+ Ind (6 ®v) ® (8" ® v"))

be the non-zero, continuous, 02 ) x Sp(2,R)-intertwining operator provided
b

by the smooth Frobenius reciprocity theorem (Appendix B). Then the operator

(3.4.22) Ind u o (1.4.21)_1 from V to the induced representation
(3.4.21)

does not annihilate the image under w(g4) (3.4.19) of the space
(3.4.14) if o, =0, = 0;

(3 4.15), (3.4.16) if 7, # Ty

(3.4.17), (3.4.18) if o, =0, = 1.
Moreover this image transforms under the maximal compact subgroup

(2.1.1) x (2.1.2) of 02 9 X Sp(2,R) as indicated in (3.4.14),.., (3.4.18),

and

(3.4.23) the operator (3.4.21) annihilates every polynomial f & V of

degree lower than oy + gye

Proof: We have the following commuting diagram of group isomorphisms:

(1.1.7)

-1
0(4)N0(2,2)x 0(4)sp(2,R) Le ke (L LoDy g gy o (g pyl:4-15) 0 (1.4.18) gy

l(1.1.9)xid Int C Int o

-1
R)(l.l.é)x(l.1.7) lil)(1.4.15) o (1.4.18)

0(4)"0(2,2)x 0(4)"Sp(2, 0(16)"Sp(8, $ucs)
lInt szx(1.4.15)‘é (1.4.18) 1t s,
Kx K > U(8)

where the lowest horizontal arrow makes KxK' act on the Fock model as in §2,

and C 1is defined in (1.1.10), CO in (3.4.19), 52 in (3.1.1) and Sy in
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THE OSCILLATOR DUALITY CORRESPONDENCE FOR THE PAIR 0(2,2), Sp(2,R) 63

(3.3.16). Since 84 (3.4.19) covers (sAco)_l, the above diagram and our
parametrization (2.1.8), (2.1.10) of the unitary dual of the group
0(4) N 02 5 X 0(4) N sp(2,R) implies that the spaces (3.4.14),..., (3.4.18)
transform under this group as indicated there. It follows easily from the
formula (1.4.17) that m(ga—l) preserves the spaces (3.4.14),....,
9192
(3.4.18). Since the lowest degree term of u (3.4.8) is zy “ag

the lowest degree term of u o w(EO) is (a non-zero multiple of)

(3.4.11),

o1 92
(3.4.24) (z1 + z3) (z6 + 28)

Therefore uo w(ZO) does not vanish on 1 if 9y = 02 = 0;

zl and z3 if 01 = 1 and 02 =0; zg and zg if o, = 0 and 02 =1;
le6 and z328 if 0, =0, = 1. From the definition of the induced map (B.5)

we see that the above implies the lemma.

Q.E.D.
Define another tempered distribution on S
0 X
0 O
(3.4.25) v(f) = [ £ ( ol %o o () dx o =0,l;u€C, Rep >-1).
0 0

A straight forward calculation shows that

(3.4.26) v € Hom, xeP,(S,(6®(v+p(20))®(6'®(v'+p(§6))),
0°°"0

g

. __0 v(aq _
where 6(dlag(el,ez,sl,ez)) € > 8 (dlag(el,ez,el,ez)) €y »

i - - = ' i - - =
v(dlag(al,az, as az)) ua . v (dlag(al,a2 als a2)) ua,.
Notice that under the assumptions (3.4.6) we could not reach the parameters
§,v (3.4.26) in (3.4.7). This is why we consider the distribution v
(3.4.25).

As in the lemma (3.4.10) we check that in the Fock model the lowest degree

term of v is 25° (up to a non-zero multiple depending on p). Therefore

copying the proof of the lemma (3.4.20) we obtain
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64 TOMASZ PRZEBINDA

(3.4.27) Lemma. Let
02 2xSp(Z,R) .
(3.4.28) Indv : S» Ind "’ , ((sev)e(s'ev')) (3.4.26)
P x6P
(VAR
be the non-zero, continuous, 02 9 X Sp(2,R)-intertwining operator provided

by the smooth Frobenius reciprocity theorem (Appendix B). Then the operator

(3.4.29) Ind v o (1.4.21)—1 from V to the induced representation (3.4.28)

does not annihilate the image under m(ga) (3.4.19) of the space
(3.4.14) if o =0
(3.4.15), (3.4.16) if o = 1. Moreover

(3.4.30) the operator (3.4.29) annihilates every polynomial fe V of

degree lower than g¢.
(3.4.31) Theorem. Let

M =1 [A_ ,T,y](4), and
02 2 0 =
(3.4.32) ’

n' = HSp(Z,R)[HO’r y1(a")

as in (2.5.4) and (2.4.5) respectively. Define the sets

(3.4.33) D = {"0:8’"?,0’"8,-1’"é:g’"g:é} g_h,

(3.4.34) D' = {“b,O’HE,O’Hb,—l’"&,l’WLI,-I} [« K’

and the function 9 : D+ D' by

(3.4.39) 4GOS =mp s alo ) = w5 alng’) = w3 atgt) =l

Then érﬁ D# P and A' 7 3(An D) # 0 imply that
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THE OSCILLATOR DUALITY CORRESPONDENCE FOR THE PAIR 0(2,2), Sp(Z,R) 65

(3.4.36) Ien'e RO + Sp(2,R),w) (3.2.3), and

2,2

(3.4.37) deg I = 9y + g,

Proof. The images of the spaces (3.4.14),.., (3.4.18) under w(gh) (3.4.19)

are clearly of the form H (1.5.24) with 7' =3(r) (3.4.35). The
m

]
’

operators Ind u and Ind v counstructed in (3.4.21) and (3.4.28) satisfy the

assumptions (2.2.24), (2.2.26) of the lemma (2.2.23) and the corresponding
K x K'-types 7 ® 3(n) are lowest in the induced representations (3.4.21),
(3.4.28)-see (2.4.3), (2.5.3). By the choice of parameters o ,0,,u, ,u

172°71°7 2
(3.4.6) and o,1 (3.4.25) the representation

92,2
(3.4.38) md **%(sev) ((3.4.7), (3.4.26))

has an irreducible quotient 1 containing a K-type m € D (3.4.33). C(Clearly

m € D(I). Therefore the lemma (2.2.23) implies that
nen'e RO o Sp(2,R),0)
2,2

where 3(m) € D(I') and N' 1is a subquotient of

Sp(2,R)

Ind
ePO

(§'@v'")

Notice that the regular characters (I',y) obtained from §,v and from §',v'
coincide (modulo a conjugation by K'), and that by (3.4.6), (3.4.25) they
exhaust all possible regular characters (2.4.2) (modulo the Weyl group). This
shows (3.4.36). The last statement follows from (3.4.23) and (3.4.30).

Q.E.D.
§5. THE MAXIMAL PARABILICS.

In the notation (3.4.1).,,. (3.4.4) define the following linear map from S to
+
the space of functions on SL7(2,R) [V1, I §4]:

00

(3.5.1) w()(g) = [} £ (gg)rudr (fes, ge SLECQ2,R), u e C, Re u > 0).

Let
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66 TOMASZ PRZEBINDA

(3.5.2) Iyl = max {|A|; X € C, » is an eigenvalue of y} (y € M2 2(R)).

Since f (3.5.1) is a Schwartz function, there are constants

N > Re u+l and CN { o such that

-N
(3.5.3) If(g)l < (1) for all y € M, ,(R).
Therefore
© -N 1
(3.5.4) [ (@) | < [f e g ™ x €M X
= (¢ Q) x R gy o ogg TREMTE

Apply the Cartan decomposition [L, Ch VIII §2 Int 2] to the element g:

rcos 8 sin © cos 0 sin @
! 1 1 2 2
(3.5.5) g = sin 8 cos 9 he in 6 9 ’
! 1 £199% 9 TSR Uy €008 0,
et 0 ]
0< 61, 62 < 2m; €1y = % 1, ht = o e_td; teR.

Since the norm (3.5.2) is an operator norm we see that
]
(3.5.6) lgh =tht =e' .
Therefore, for r, p€ R
- - t o —prt
(3.5.7)  f ,wg Pag< [, e pritly, - [5 e P stnn(2e)ae.
SL7(2,R) SL (2,R)
This number is finite for pr > 2.

Combining (3.5.4), (3.5.7), we see that

(3.5.8) the map u (3.5.1) is a continuous linear operator from S to
the space of smooth vectors in LZ(SLi(Z,R)) if Rey > 0

and in any P(sL¥(2,R)), p > 2, if Re y > O.

It follows from [L, Ch IX §1] that
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THE OSCILLATOR DUALITY CORRESPONDENCE FOR THE PAIR 0(2,2), Sp(2,R) 67

(3.5.9) the Harish-Chandra modules of the discrete series
+
representations of SL7(2,R) are all contained in the

intersection of all the spaces Lq(SLt(Z,R)) for q > 1.

Let V be the Harish-Chandra module of the isotypic component in
LZ(SLt(Z,R)) of one discrete series representation of this group.
Denote by V4 the completion of V in - Lq(SLi(Z,R)), q> 1. By a
theorem of Harish-Chandra [HC] Vq is irreducible with respect to the left
and right action of the group SLt(Z,R) x SLi(Z,R). Taking the adjoint of

q

the injection Vq + L° we obtain a surjection

(3.5.10) (L > (vh=

which intertwines the contragradient actions of the group Sﬁt(Z,l) x SLi(Z,R)
on both spaces. Since 19 is a reflexive linear topological vector space it
follows from [Ke-Na Ch 5 §20.2 (ii)] that V% is reflexive so that in
particular (V3)* is irreducible.

Let V be the space of complex conjugates of the functions from V. Then

the image of V under the identification (Lq)* ] Lp, l—+ 1 = 1, and the

P q
restriction map (3.5.10) is not zero (by a straight forward integration).

Therefore (Vq)* may be identified with Vp, and we have a continuous

intertwining map

LP+VP

We summarize the above discussion in the following statement:

+
(3.5.11) for each discrete series representation § of SL™(2,R) and
for each p > 2 there exist an irreducible representation of
SLt(Z,R) x SLi(Z,R) on a Banach space Vp, which is
infinitesimally equivalent to § ® sc, and a continuous non-zero,
linear, intertwining map

T . Pestt,m) » VP

Here 5c denotes the contragradient of §, and the group acts on LP by the

left and right translations.
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68 TOMASZ PRZEBINDA

(3.5.12) Lemma. the image of S wunder u (3.5.1) is dense in

Lp(SLt(Z,R)) for any p > 2.

Proof: Fix ¢ € Lq(SLt(Z,R)), +—= =1, and define a linear map

.Dlv—-
o |-

(3.5.13) S f+ [ uw(f)(s)p(s)ds € C
SL*(2,R)

By (3.5.8), this map is a tempered distribution on S. Assume that the
integral (3.5.13) is zero for all f € S. Then

0= fz f : g(xs)xu¢(s)dsdx for all g€ S(Mz,z(k)).
SL™(2,R)

and therefore the function

R" x st¥(2,R) 3 (x,8) » Fo(s) € C

is zero. Since ®' # 0 we conclude that ¢ = 0.

Q.E.D.

(3.5.14) Corollary. For every discrete series representation

§ of SL*(Z,R), the operator

(3.5.15) v=Tou:§S> VP ((3.5.11), (3.5.1))

is non-zero.

Let, for p €C, v € 3? (2.2.7) be defined by
(3.5.16) v(diag(a,a,-a,-a)) = pa
We identify M1 (2.2.6) with SLt(Z,R) via

(3.5.17) SL*(2,B) 5 g » diag(z, &) € ).
(3.5.18) Lemma. Fix py € C with Rep > 0, define v as in (3.5.16) and
let § be a discrete series representation of M; and v be as in (3.5.15).

Then
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THE OSCILLATOR DUALITY CORRESPONDENCE FOR THE PAIR 0(2,2), Sp(2,R) 69

v E Homp oo (8, (82 (v+o (n))) )2 (s “@(v+o (80]))))

is non-zero.

Proof. The group Pl x ePi acts on S by the formulas (3.4.2), (3.4.3),

(3.4.4). Therefore one obtains the transformation properties of v with

respect to AlNl x A{eNi by a straight forward calculation. The intertwining

properties of v with respect to M1 x Ml and the fact that v # 0 are

immediate from (3.5.11) and the Corollary (3.5.14).

Q.E.D.
(3.5.19) Theorem. Let
I =1 [H,,I,y1(4), and
02’2 1 =
[ [}
(3.5.20) I HSp(Z,R)[Hl’P’Y](é ¥

as in (2.5.23) and (2.4.20) respectively. Define the following bijection

(3.5.21) 3t Ay [Hl,l“ 1> QSp(Z,R)[Hl’F’Y]
2,2
by
(3.5.22) 3 (m Y =1x" if n = 2m-1,
m, -m m,-m
- ] - 1
(3.5.23) a(“m+l,—m) Trm+1,—m’ a("m,—m—l) m, -m-1
if n = 2 m.
Then é' = a(é) implies that
(3.5.24) nein'e RO + 5p(2,R),n), and deg I = n+l.

2,2

Proof: We notice that GL(2,R),GL(2,R) 1is a reductive dual pair in Sp(4,R)
and that via the obvious extension of the identification (3.5.17) to an
isomorphism GL(2,R) = MlAI’

(3.5.25) (5®v)e (s Sov) ROM A+ M A 0, (3.5.18),
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70 TOMASZ PRZEBINDA

where Wy is the oscillator representation of $p(4,R) (corresponding to the
same character (1.3.32) as w).

Let

(3.5.26) deg(6®@v) = n+l, (1.5.16)

Then n = 1,2,3,... depends on § (is equal to the lambda norm of §). As
far as the compact groups are concerned, the Harish-Chandra module of Ch may
be identified ((3.4.1), (1.4.21)) with the subspace

(3.5.27) C[ZI’ZZ’ZS’Z6] g_C[zl,..,ZS]

of the Harish-Chandra module of w. Let o be a lowest degree 0(2)-type of
§®  (3.5.25) and let

Al
(3.5.28) Ha,c' g_c[zl,zz,zs,z6]
be the corresponding subspace (1.5.24) in the Fock model of Wy It follows
immediately from the definition (B.5) that
(3.5.29) the induced map Ind v when restricted to the subspace
K x K' « H; o generated by the action of K x K' ((3.1.3),
(3.3.13)) on H' | is injective.
0,0
A straightforward calculation (using (1.5.32)) shows that
. . n+l . . n+1l
(3.5.30) Hd,o' = c(21+122+125 26) + C(1zl+z2 25+ 126)
+ C(iz, -z +z +i )le + C(-z +iz +iz_+ )m1
17227257 % ZyTrEyTIEsT2g
and that for 8, defined in (3.4.19)
(3.5.31) w(g-l)H = C(iz. +z,-2z, +iz )n+l + C(iz, +z, -z _+iz )n+1
4 "o,0" 2 73 % 7 1 %4 75 8
. . n+1 . . n+1
+ C(—22+1z3+126+z7) + C( zl+124+125+28) .
Applying <j% _i _i as an element of K' (3.3.13) to the space (3.5.31) we

V2
obtain the space
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n+l n+1l n+1l n+1
(3.5.32) C(zl+28) + C(zz+z7) + C(23+z6) + C(24+zs)

It follows easily from the formulas (3.3.18), (3.3.23), that for

fo(z) = (zl+28)n+1

' = = = 1
(3.5.33) m(x_)f0 0 and m(h)f0 (n+l)f0 for h h+ or h'.

The formilas (3.3.19), (3.3.15) imply that the space generated by the action

of the center of K' on fo is

ntl K n+1-k
(3.5.33) X cf ., f(z)=(z,-z,) (z,+z) , and that
k k 1 78 1 78
k=0
' = = - = contl).
(3.5.34) wE = w(h ) £ = kf |+ (+1-0f,, | (k=0,1,..,041)

Assume that n+l = 2m is an even integer. Then (3.5.34) implies that

(3.5.35) m(hL)@ =w(h_ ) =0, where
m
k
o = 1 (-DY(Df
o0 K" 2k

Since w(h;) commtes with w(h'), w(x'), w(h+) the statements (3.5.33),

(3.5.35) shows that

(3.5.36) the subspace generated by the action of K x K' ond 1is

v

i rph ® 7' .
somorphic to T"m,-m ® "'m,-m

Assume now that n 2m, m€ Z. For e =+ 1 define

n+l
(3.5.37) @E = akfk, where a1 = an =g and
k=0
-1
Ayl = (k+e-2-n) (k+1) a (k = 1,2,3..,n).
Then by (3.5.34),
(3.5.38) w(h')® =w(h )P =¢ ¢ e == 1.
+ ¢ - € €
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Thus

(3.5.39) the subspace generated by the action of K x K' on & is
€

v

isomorphic to Tl -m ® “'m+l - for € =1 and to
’ ’

v

™ ® 7' for € = -1.
m,-m-1 m,-m—-1

By (2.1.23) and (2.1.24) the subspaces (3.5.36) and (3.5.39) occur in lowest
degree i.e. are of the form 1{1r . (1.5.24). Combining (3.5.29), (3.5.36),

’

(3.5.39), (2.4.19), (2.5.22) we conclude that the operator

02’2 x Sp(2,R)

P1 X ePl

Ind v : S+ Ind ((5®v)6;(6°®v)), (3.5.29),

satisfies the assumptions of the lemma (2.2.23). By the choice of 1y
(3.5.1), (2.2.27) is valid, therefore the lemma (2.2.23) implies the theorem.
Q.E.D.

§6. COMPLETENESS OF THE LIST AND UNITARITY.

(3.6.1) Theorem. The representations listed in (3.2.4), (3.3.1), (3.4.31),

(3.5.19) exhaust the set R(O2 )" Sp(2,R),w), (3.2.3).

Proof: Let Wy denote the representation of 02’2 denoted by w in
(3.1.31). By inspection of the list of the admissible irreducible

representations of 02’2 (2.5.4), (2.5.23), (2.5.32) and the Theorems (3.1.26),
(3.1.31) we check that the only representations of 02 2 which do not occur in

’

(3.2.4), (3.3.1), (3.4.31), (3.5.19) are of the form

(3.6.2) det ® I, where Il € R(O2 2,w) and I is not equivalent to
’

®
det ® I, and Il € R(OZ’Z, u)l)

Assume that det ® I € R(O2 z,w) - as above. Since every irreducible
’

admissible representation of 02 2 is self-contragradient we see that
)

(3.6.3) the trivial representation of 09 5 is a quotient of
)

Ten(=1en°).
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Therefore our assumption implies that

(3.6.4) det € R(o2 w ® “’1)‘

2

This contradicts the theorem (C.7).

Q.E.D.

In order to clarify our description of the set R(O « Sp(2,B), w) (3.6.1)

2,2
we shall emphasize some of its properties.

(3.6.5) Theorem. Under the identification (2.3.3) of the sets of character

data for 0, , and Sp(2,R) the Oscillator Duality Correspondence induces the
»

identity map on these sets - except the case when a discrete series

representation of 0,y 2 corresponds to a tempered, but not discrete series,
’

representation of Sp(2,R) (3.2.4).

(3.6.6) Theorem. There are some discrete series representations
TerIn'e R(O2 2" Sp(2,R),w) which occur in the Hilbert space of w and
y

some which don't.

This follows from the proof of (3.3.1). The point is that fl 0 (3.3.26) does
3

not belong to the Hilbert space of w.

(3.6.7) Theorem. The representations T & R(O2 ) which do not occur in

2
3
R(O2 2,w) have the property that
»
(3.6.8) T is not equivalent to det ® [, and
(3.6.9) T occurs in the Oscillator Duality Correspondence for the pair
02,2, Sp(1,R).

Moreover for any I € R(O2 2)

(3.6.10) either I or det ® I occurs in R(O LW e
2,2

Combining our description of R(O2 9 " Sp(2,Rw) (3.2.4), (3.3.1), (3.4.31),

(3.5.19) with the classification theorems (2.4.14), (2.4.25), (2.5.17),

(2.5.28) for the unitary duals of 0y , and Sp(2,R) we obtain the following
b
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(3.6.11) Theorem. The Oscillator Duality Correspondence maps

R(O 2;(0) N 0 into R(SP(ZQR))U\)) N SP(Z;R)'

2 2,2

The converse is not true since the trivial representation of Sp(2,R)
corresponds to a non-unitary representation of 0 - see (2.4.6), (3.4.31),

2,2
(2.5.18).

Imitating the calculations of $4 one can check that the theorem (3.6.11) holds

with 02 2 replaced by 0(1,3).
’
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APPENDIX A. THE UNITARY DEAL OF Sp(2,R).

The results we prove here are known to experts for years. Since the facts we
need about representations induced from maximal parabolics are available in
the literature [K-B and B-K] we treat them marginally in §4. The only
relevant computations are contained in §3 where we classify the unitarizible
Langlands quotients (A.3.1) corresponding to the minimal parabolic subgroup of

Sp(2,R).
§1. THE LOWEST K'-types.

In this paragraph we prove the propositions (2.4.3), (2.4.19), (2.4.29).

Proof of (2.4.3). By the Frobenius reciprocity theorem for compact groups the

condition né q € é[HO,P,Y] is equivalent to the following requirement
b

(A.l1.1) “né qn (2.1.13) is minimal with respect to the property:

’

(A.1.2) n; q when restricted to the subgroup
b

{diagle se,) [ € 0e, = 1} c U(2)

contains the representation

diag(el,ez) > ey 152 2.

The weights of ' , on the diagonal Cartan subgroup of U(2), are
s

- +
) ku qtk

(A.1.3) dlag(ul,uz) > 2

(k=0’1)29"’ P—q).
Thus (A.l.2) means that
(A.1.4) p-k e ul+ZZ and q+k € cz+22 for a k=0,1,2,..,p—q.

Combining this with the formula (2.1.14) for the norm of n; q we get this
’
result.

Q.E.D.

Proof of (2.4.19). Again by the Frobenius reciprocity theorem it follows from

the known structure of the discrete series representations of SLt(Z,R)
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[vl, Ch I §4] that 7' € A[H ,r,y] 4iff Im' I 1is minimal with respect to
p,q = 1 P»q

the property

(A.1.5) w; q when restricted to S0(2) c U(2) contains a character
)

X, (2.1.6) with r » n+tl and r-n-1e€ 2Z.

The condition that !
"p.q |SO(Z)

(A.1.5) and (2.1.14) imply

contains X, implies p-q » r. Therefore

(A.1.6) 2"711; qn2 = (p+q)2 + (p—q+2)2 > (n+3)2-

If n+tl = 2m is even, then w'm - satisfies (A.l1.5) and gives equality in
(A.1.6).

If = 2m, th ' ! i .l ini
n m en "m+l,—m and "m,—m—l satisfy (A.l1.5) and have minimal norm

(A.1.6).
Q.E.D.

Proof of (2.4.29). Consider the case n > 0. Then né q e é[Hz,F,y] if and

>

only if Hw; I' is minimal with respect to the property

’

(A.1.7) w; q when restricted to the subgroup
b

T, = {diag(e,w) | e =#1, ue ¢, |u] = 1} c U(2)

contains a representation
. o r
diag(e,u) + € u r > ntl, r-n-1 € 2Z.

Since we know the weights of ﬂé q (A.1.3), (A.1.7) translates to

(A.1.8) there is k=0,1,2,..,p~q such that q+k € 0+2Z and
p-k > n+l, p-k-n-1€ 2Z.

This implies that

(A.1.9) (p+1)2 + (q—l)2 > (n+2)2 + (0—1)2.
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Thus the formula (2.1.14) completes the proof for n > 0. The casen < 0 is
entirely analogous.
Q.E.D.

§2. DECOMPOSITION OF THE PRINCIPAL SERIES.

The goal of this paragraph is to prove the theorem (2.4.4). We begin

with the computation of the reducibility groups [V1, 4.3.13, 4.4.9].
Let us choose an orthonormal basis of 36 - the dual of the

complexification of the Lie algebra of A0 (2.2.4):

A.2. i - - = s
(A.2.1) ej(dlalg(al,a2 a s az)) aj (j=1,2).

Then the set of positive roots with respect to the minimal parabolic subgroup

' .
PO (2.2.10) is

+
A.2. = -
(A.2.2) A {el e, 2e,e e, , 2e2}.
Denote by
(A.2.3) W e W(Ho) (2.3.4) the reflection with respect to the root
+
a€ A .

We shall parametrize the dual M

0 of MO (2.2.3) by the pairs & = (61,62) of
numbers 51,62 = 0,1:
61 62
(A.2.4) G(diag(el,ez,sl,sz)) =€ €,
Then for the simple reflections
woo o (8,,8,) =(5,,8.), w § =6,
e1 e2 1772 2771 2e2
(A.2.5) wel_ez(vlel+v2e2) =v,e v ey,
erz(“191+“2e2) VIS ™%
Since T (2.4.2) is of the form § ® ev, the statement (A.2.5) implies that

(2.4.2) describes a fundamental domain for the action of w(HO) on the set of
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regular characters (2.3.11) on HO. Following [V1, 4.3.6] for each q ¢ A+

we fix an injection ¢a of the Lie algebra sl1(2,R) into sp(2,R):

(A.2.6) 6 (%) =
e -e, 0 -xt
a 0 b 0
@ by [0 0 0 0
(4.2.7) Pe e d=le 0 a o
0 0 0 0
a 0 0 b
a b 0 a b 0
(4.2.8) ¢el+e2(c d) 10 ¢ -4 0
c 0 0 -d
0 0 0 0
a b 0 a 0 b
(4.2.9) ¢2e2(c d=lo o o o
0 c 0 d
Let m = exp($ (w[o 1))) for a € A+ and 1T = 3.14 Then
5 L G dboe.
mel_e2 = diag(-1,-1,-1,-1), mze1 = diag(-1,1,-1,1)
(A.2.10)
m =m __, m, = diag(l,-1,1,-1).
e1+e2 e -e, 2e2

Having the ma‘s we can identify the set of good roots [V1, 4.3.11]

(A.2.11) b, = lace N §(m ) = 1}
and the subgroup wg g_w(HO) generated by wa, a € Xg. Explicitly
W(Hy) for § = (0,0)
. {l,wzez} for § = (1,0)

(a.2.12) W = §
{1, } for § = (0,1)
1
L {l,w W W } for § = (1,1)
e, e1+e2 e;"e, e1+e2

The stabilizer of § in W(HO)
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{wy)) for §, =6,

(A.2.13) wG =
for 61 + 62.

{1,w SW, YW, W, }
2e1 2e2 2e1 232

Let v =v.e +ty, e belong to the closed positive Weyl chamber:

171 7272

(A.2.14) Re(vl—vz) > 0, Re “2 > 0.
The stabilizer of v in W(HO)
(A.2.15) W(v) is generated by Wy o e A+, a orthogonal to v.
Put

0 0
(A.2.16) wa(v) =W N W(v), Wé(v) =W, N W(v)
then [V1, 4.4.9] the reducibility group

0

(A.2.17) R.(W) =W, (W)WM ().

§ 8 J
(A.2.18) Lemma. Under the assumption (A.2.14) the group Rs(v) has

exactly two elements if either of the following conditions is satisfied

(A.2.19) v = 0 and § # (0,0)

(A.2.20) 2 # 0, v, = 0 and 62 =1

(A.2.21) v1=0, v2¢Oand 61=1

Otherwise Ra(v) is trivial.

(A.2.22) Remark. Since clearly Rwﬁ(wv) = Ré(v) for w = wel_ez the

conditions (A.2.20) and (A.2.21) are equivalent.

Proof of the lemma: Clearly

(A.2.23) Ro(v) = W(v) = {1} if v #Vys v #0, v, #0,
and by (A.2.12), (A.2.13), (A.2.16)
(A.2.24) Ry(v) = {1} for all v (A.2.14) if § = (0,0).
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Moreover (A.2.12) and (A.2.13) imply that
(A.2.25) RB(O) ~ Z/2Z if § # (0,0).

In the cases complementary to (A.2.23) and to (A.2.25) we have (modulo the
Remark (A.2.22))

{l,wel_ez} if v =V, £ 0
(A.2.26) W) =

0, v, =0

{l,w 2

2e2

} if v,

Combining (A.2.12), (A.2.13), and (A.2.26) we see that

{1} for all § if v =v, #0
(A.2.27) Rs(v) E Z/2Z for 62 =1 if vy + 0, v, = 0
{1} fo § = (1D if v, # 0, v, =0

Chasing through (A.2.23), (A.2.24), (A.2.25) and (A.2.27) we obtain the lemma.

Q.E.D.
Proof of the Theorem (2.4.4): Consider the induced representation
Sp(2,R)
(A.2.28) Ind (s®v)
A
Po
where § € M, and v satisfies (A.2.14). (2.4.4) is a theorem about the

0
irreducible subquotients of (A.2.28) containing the lowest K'-types. It
follows from [Vl 4.3.15 ¢) and 4.4.10] that

(A.2.29) the number of irreducible subquotients of (A.2.28) containing a
lowest K'-type from ﬁIHO,F,Y] is equal to the cardinality of
Ra(v).

This and the lemma (A.2.18) imply (2.4.4) via a case by case verification.

Q.E.D.
§3. THE UNITARY REPRESENTATIONS ATTACHED TO H.

Here we prove the theorem (2.4.14), which describes the unitarizable
quotients of the induced representation (A.2.28) containing K'-types from

AT ] (2.4.3).
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We begin by quoting from [K-Sp, §1] Langlands classification of the
irreducible admissible representations of a connected semisimple Lie group
G having a faithful matrix representation. Fix a minimal parabolic subgroup

PO in G.

(A.3.1) Theorem [K-Sp, §1]. The (equivalence classes of) irreducible
admissible representations of G stand in one to one correspondence with all

triples (P,§,v) where

(A.3.2) P = MAN is a parabolic subgroup of G containing the fixed

minimal one PO'

(A.3.3) § is an irreducible tempered unitary representation (2.2.15)
of M
(A.3.4) v 1s a complex valued linear functional on the Lie algebra a

of A with Re v in the open positive Weyl chamber.

The Langlands representation J(P,§,v) is the unique irreducible quotient of

the induced representation
G
(A.3.5) IndP(5®v)
and is given as the image of an explicit intertwining operator
G G
(A.3.6) A(BP,P,8,v) : IndP(ssv) > IndeP(6®v)

Here 6 denotes a fixed Cartan involution on G. Let K be the corresponding

maximal compact subgroup of G.
Right after this comes the

(A.3.7) Unitarizability Criterion [K-Z1, K-Sp §l1]. J(P,§,v) is

infinitesimally unitary if and only if

(A.3.8) there exists a w in K normalizing A with
wa—1 =0P, w§ 2§, w = 4;; and
(A.3.9) the hermitian intertwining operator
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B(P,W,G )V) =4 (W)R(W)A(BP,P,G ,\))

is positive or negative semidefinite.

Here R(w) denotes the right translation of functions by w, and 6(w) 1is an
extension of § to the smallest subgroup of G containing M and w. Such
an extension exists - see [K-S, Lemma 7.9]. Moreover the operator B(P,w,§,v)
is independent of a choice of a representative w in the normalizer of A in

K [K, pp. 546].

(A.3.10) Example. Let G = Sp(2,R). The representations listed in (2.4.4)

are either tempered — if Re v, = Re v, = 0 or of the form I = J(P,§,v)

(A.3.1) with P # G. Using the lemma (A.2.18) we verify the following

interpretation of (2.4.4) in terms of (A.3.1):

(A.3.11) Re v,

I, withvy = vle1+v2e2, is one of the representations (2.4.6), (2.4.7),

> 0, Re(vl-vz) > 0. Then P = P(') is minimal and

(2.4.8), (2.4.11) depending on § = (cl,oz), (A.2.4).

(A.3.12) Re v, = Re vy >0, P= Pi (2.2.10) and T is one of the
representations (2.4.6), (2.4.7), (2.4.8), (2.4.11) depending on
Ml R
§ = Inde“b(G®0)’ o= (01,02)6 M.

Here el+e2 is viewed as an element of EI (2.2.7) in the obvious way and §

is irreducible [V1 Ch I §4].

(A.3.13) Re v, > 0, Re v, = 0, P= Pé (2.2.13). Here the situation is

more complex. Let

M

2
t = Ind (o®v, e,)
MZQPO 272

where ¢ = (01,02) € M. and e, belongs to 33 in the obvious way. It

0
follows from the well known properties of the principal series of SL(2,R)

[Vl Ch I §3] that

T 1is irreducible if o, = 0 or v,y +# 0, and
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T = 5+®5_ is a direct sum of two irreducible tempered representations if

= 1 and v, = 0.

92
Therefore N with o, =0 and § =1 1is one of the representations (2.4.6),

2
(2.4.7) depending on g If v,y # 0and § =1 then 1 is one of (2.4.6),

(2.4.7) (2.4.8), (2.4.11) depending on (cl,oz). For g, = 1 and v, = 0 .

J(P2,5+,v1el) is one of (2.4.9), (2.4.12), and J(PZ,S_,vlel) one of

(2.4.10), (2.4.13) depending on -

Here the last sentence actually determines 6+ and §_. Also € o¥

154
in the obvious way.

We shall investigate the unitarizability of the Langlands quotients
(A.3.10) via a careful analysis of the intertwining operators (A.3.6). Let us
begin by recalling some known facts about them from [K-S, K, W2] for a

general connected, semisimple Lie group G.

Let P be a minimal parabolic subgroup of G with a Langlands
decomposition P = MAN. For any element w in the normalizer of A in K
and for v € a* with the real part in the open positive (with respect to N)

Weyl chamber, and any § € M one defines the G-intertwining operator

(A.3.14) AGE,S )t Indg(aav) > Inds(ws & w)
by the integral

(A.3.15) Aw,8 W)E(x) = [ _ f(xwy)dy.

w N N BN
Here dy stands for an appropriately normalized measure on the indicated
nilpotent group [K-S Ch I §2] and the above integral is convergent [K-S Prop.
4.1}, Recall that the Weyl group W(A) = NK(A)M/M is generated by simple

reflections wa(a € A(g,a) simple positive root) and that by the length of an

element w € W(A) one understands the smallest possible number of u& s such

that w is a product of them. An important property the intertwining operators

(A.3.14) have is the so-called cocycle relation: for W Wy € W(A)

2

(A.3.16) if length (wlwz) = length (wl) + length (wz) then

A(wlwz ’6 ,\)) = A(wl »wzs ,wz\)) A(wz ’5 a\)))
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[K-S, Prop 7. 8(iv)].

It is well known that the space of K-finite vectors in the induced
representation IndG(5®v), as a representation of K, is isomorphic to the
P

following direct sum
(A.3.17) ® 1 e HomM(n,G), [K-Sp Prop 5.1, W2 §8.11].
meK
We shall interpret the operators (A.3.14) in the context of (A.3.17). For

each element x of G = KAN we have its Iwasawa decomposition:

(A.3.18) x = k(x)a(x)n(x)

Put p =p(n) (see "Notation"). For m € K, we NK(A), v € a* with the real

part in the positive Weyl chamber define

(A.3.19) A v =[ e M) L) r)) ! ax r () R
w N N 8N

Then

(A.3.20) Ah(x,v)n(w) e HomM(n,n) [K-Sp Prop 5.2],

and A(w,5,v), (A.3.15), when restricted to the space of K-finite vectors

(A.3.17) coincides with the following direct sum
(A.3.21) ® ., id ® r(A (w,v)),
ek " T
where id1r is the identity operator on w and r(Aﬁ(w,v)) means the operator
of right multiplication by An(w,v) on the space HomM(n,G) [K-Sp, Prop

5.2}, Therefore the cocycle relation (A.3.16) translates to
(A.3.22) Aﬂ(wlwz,v) = Ah(wz’v)An(wl’wzv) if

w w, € W(A) and length (wlwz) = length (wl) + length (wz).

1> "2

Assume now that the conditions of the Unitarizability Criteria (A.3.7) are
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satisfied and consider the operators B(P,w,§,v) (A.3.9) from the view point

of the K-decomposition (A.3.17).

For a 1 € k define an operator on Homn(n,s):
(A.3.23) B (w,8 W) = l(s(w))r(Aﬂ(w,v))

where 1(§(w)) 1is the multiplication on the left by §&(w). Then
B(P,w,5,v), when restricted to the space of K-finite vectors (A.3.7)

coincides with the following direct sum

(A.3.24) ® id“ ® Bﬂ(w,&,v)
e 'I\(

Therefore the Unitarizability Criteria (A.3.7) can be expressed as follows:

(A.3.25) The Langlands quotient J(P,§,v) is unitarizable if and only if
(A.3.26) there is a we W(A) with w 'Pw = 6P, w6 = §, w = —

and

(A.3.27) the hermitian operators B“(w,d,v), T ® K,

are all positive semidefinite, or all are negative semidefinite.
For any we€ W(A) anym € K and any v 1in the positive Weyl chamber define

(A.3.28) A" (W) = f exp(~(v+p)) (a(x)) 7 (k(x))dx

w 'Ne N oN

where a(x), k(x) are defined in (A.3.18) and nc stands for the

contragradient representation to . Assume that dim §=1. Then
(A.3.29) r(A (w,v)) = 7°(w) A" (w,v)

and if w,5,v satisfy (A.3.26) then 6§(w) € C and

(A.3.30) B (w,6,0) = 8(wn (A" (w,v).

(A.3.31) Example. First we compute the determinants of the operators
Bn(w,s,v) for G = Sp(2,R). Put
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(A.3.32) w, =wW_ w w
8 e e, 2e2 e

Then for the minimal parabolic P

-1
Pw
Yo Mo

(A.3.33) = 9P, w. 8

8

To satisfy the symmetry condition

shall assume that

(A.3.34) e

+
151 7Y

v 2

\Y 82; \)1

The maximal compact subgroup (2.1.

maps (1.4.18) and (1.4.15).

X

(A.3.35)
y

0(4)NSp(2,R) 9[_

In particular

A.3.

(A.3.36) we

and therefore for § =

(A.3.37) G(We) =1 if 61 =4

(because 5(we)2 = S(WS)

For an irreducible unitary representation

c

basis of weight vectors Vj of 7

TOMASZ PRZEBINDA

(A.2.5).
= Pé (2.2.10)

§ for § € M, and wev = -y for v € a*.

(A.3.26) of the Unitarizability Criteria we

Wy € R; ViV, > 0; vy TV, > 0.

2) of G is isomorphic to K = U(2) via the

Explicitly

Yl . .
%J x + iy € K.

can be represented by diag(-i,-i) e K, (i = /:T3

(61,52) € & (A.2.4) we have

2 s(we) =i if 61 # 62

= § (-identity)).

! (2.1.9) chose a

m,n

of K

m=ET

=q"

with respect to the diagonal
-n,-m

Cartan subgroup of K = U(2) such that

c R T o S )
(A.3.38) m (dlag(ul,uz))vj =u” j(J 0,1,2,.,m-n).
(A.3.39) Lemma. The ¢§-isotypic component of 7S is equal to
(A.3.40) T Cv, for m-n-§. =5, & 2Z
fm—s = 27 172
_‘]moz‘
and to zero otherwise.
Proof: Putting up = uy = -1 in (A.3.38) we see that the condition (A.3.40) is
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necessary for the space in question to be non-zero. Taking up = 1 and u, = -1
in (A.3.38) we check that (A.3.40) is correct
Q.E.D.

Let for x€ Rand n = 1,2,3,4...,

1 X xt1,-1
(A.3.41) $(x,0) = r(Pr(FPr(=57)
1 x+1 x+2,-1
s, = (DB,
n -1
$(x,2n) = ¢(x,0) T (x-(2j-1))(x+(2j-1)) ~,
5=1
n -1
o (x,2n+1) = ¢(x,1) T (x-23)(x+2j) .
j=1
For me€ Z put ¢(x,m) = ¢(x,|m|).
(A.3.42) Lemma. Let 7 = n& oV be as in (A.2.14), and
§ = (61,62) € &. Then, with o = el T ey the determinant of the operator
(A.3.43) A"(w ,v) restricted to the §-isotypic component of €
o
is
a
(A.3.44) T ¢G,~v,, m-n-2j)
jeg 12

where d 1is an integer equal to

(A.3.45) (m-n-1)/2 for 51 + 62,

(A.3.46) (m-n-2)/2 for 61 = 62 and m-éz € 2Z+1

(A.3.47) (m-n)/2 for 61 = 62 and m—&z € 2Z.

If o = 2e2 and m—n—61~62 € 2Z, then the determinant of the operator (A.3.43)
is

(A.3.48) q ¢(v2,m-j), where the product is over the integers

J

0< j < m-n satisfying j—m-é2 € 2Z.
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Proof: We begin with the formulas for the Iwasawa decomposition (A.3.18) of

elements of the group w—le N ON: (see [V1, 1.3.6])
a o

1 0 0 0
X 1 0 0 k b—l 1 —=x
(A.3.49) 0 0 1 —x X 1
0 0 0 1
l 1
& -1 -1 2.2
diag (b,b,b ",b "), b = (1+x") for o = e - ez;
1 0 0 O©
0 1 0 0 k 1 0 -1
0 0 1 o0 *lo (1-ix)b
A.3.50) 0 X 0 1
la
diag(1,b,1,0° 9, b = (14x2) Y% for o = 2e .
By a straightforward computation one checks that for Re y > O,
1 1
2.~ 7 () 2.7 2 .
(A.3.51) ¢ (y,n) = fRﬁ1+x ) ((1-ix) (14x7) ) dx,

where ¢ was defined in (A.3.41) [K-Sp (5.8)].
Since p =p(n) is equal to 2e1 + e, (A.2.1) it follows from the definition
(A.3.28) and from the formulas (A.3.50) that the operator

(A.3.52) A"(w2e ,v) acts on vj (A.3.38) via the multiplication by

OPNENE

This statement together with the lemma (A.3.39) imply (A.3.48).

Similarly, since

(A.3.53) s"l{l "XJS =[1’1X 0 } (for s see (3.1.1)),

X 1 0 1+ix

the definition (A.3.28) and the formila (A.3.49) imply that

(A.3.54) A"(we . ) acts on ﬂ°<¢)vj (A.3.38) via the multiplication
172

by ¢(v1—v2,m—n—2j).
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Combining (A.3.54), with the lemma (A.3.39) we get (A.3.44).

Q.E.D.
(A.3.55) Lemma. Under the assumptions of (A.3.42), the determinant
D(m,5,v) of the operator
(A.3.56) AW(Wé,v) restricted to the §-isotypic component of 7 is
equal to
d
(A.3.57) T (p&v,v,,mn-2j)¢ (v, +, , m-n-2j)) x
. 1 72 172
j=0
m-n m-n
x T ¢C.,jm)x T ¢(v,,jm)
. 1 . 2
3=0 j=0
jm=s, € 22 jm-§, € 2Z
for 51 # 62, d = (m~n-1)/2 € Z, and to
d
(A.3.58) I (¢, v, ,m-n-2j)¢(v, +v, ,m-n-2j)) x
. 1 "2 1 "2
j=0
m-n
x 1 (¢(v1,j—m)(¢(v2,j-m))
j=0
jm-s, € 2Z
for 61 = 62, d = (mn-n-2)/2 € Z if m—62 € 2Z+1 and
d = (m-n)/2 € Z if m-6, € 2Z.

2

Proof: Put a = e e, and 8 = 2e2. Then (A.3.32) with the cocycle relation

(A.3.22) and (A.3.29) imply that

-l

w _ ¢ c
(A.3.59) A (we,v) =7 (waawB) A (wa,wawawsv) T (WBWGWB) X

c -1 c
x T (waws) A (wB,v&va) m (waws) X

c -1 7w c
X (WB) A (wa,wsv) m (we) x

U
x A (ws,v).
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Let ng be the §-isotypic component of nc. Since wﬁ acts trivially

on M, (A.3.59) implies that

(A.3.60) det(A" (w_w)|rs) = det(A"(w_,w
o4 § a

c
éwawsv)lws) x

m c m c
x det(A (wB’%1va)I"6') x det(A (w&,wev)lﬂs) x

™
x det(A (wB,v)|ng)

' = = ' =
where § § for 61 62 and § waé for 61 + 62.

This combined with the lemma (A.3.39) completes the proof.
Q.E.D.

(A.3.61) Proposition. The determinant B(w,§,v) of the operator
B"(we,d,v) (A.3.30) restricted to the §&-isotypic component of "c is

equal to (see (A.3.55) for D(m,5,v))

m(d+1)

(A.3.62) (-1) D(n,5,v) for 61 # 62, d = (m-n-1)/2 € Z;
Gle
(A.3.63) (-1) ~ D(m,8,v) for 6, = 6,, e = (m+n)/2,
(m-n)/2 € Z.
Proof: Clearly by (A.3.37), (A.3.32) and (A.3.39)
det (8 (w, @ ) = (5w ) (1) (-1)" ™k
n6 0

where k = dim "g' This and the lemma (A.3.39) completes the proof.
Q.E.D.

(A.3.64) Theorem. The Langlands quotient J(P,§,v) (A.3.11) is

unitarizable if and only if either

(A.3.65) Viva € R;vl + v,y < 1, and 0y =09 or

(A.3.66) v, =2,v,=1,0, =0, = 0.

In the last case this quotient is a trivial representation.
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Proof: We work in the open Weyl chamber (A.3.11). The symmetry criteria
(A.3.26) requires that

(A.3.67) vl,vz € R

The fact that under the condition (A.3.66) J(P,§,v) 1is trivial is well known
(recall that p = 2el+e2) and follows, for example, from [K-S, (3.5)]. A

generalization [B-W, Theorem 5.2] of the Howe-Moore theorem [H-M] on vanishing
at infinity of the matrix coefficients of a non-trivial, irreducible, unitary
representation of a real, simple, algebraic group imply that we may restrict

our attention to v satisfying (A.3.11), (A.3.67) and

(A.3.68) v

1+v2 < 3 and vl < 2.

It follows from the lemma (A.3.55) that in this region the representation
G
(A.3.69) Indp(6®v)

is reducible only on the following line segments:

(A.3.70) v1+v2 =1 or vy = 1 or v2 =1 or vl—vz =1 for 6§ = (0,0),
(A.3.71) v1+v2 =1 or ViV, =1 for § = (1,1),
(A.3.72) v1+v2 = 2 or v, = 1 for § = (1,0),
(A.3.73) v1+v2 = 2 or v, = 1 for § = (0,1).

The Proposition (A.3.61) and the fact that the function T(x) (A.3.41) is
positive for x > 0 imply that the determinant B(w,§,v) (A.3.61l) is a

positive multiple of

(A.3.74) 1 for m = ﬂé’o, § = (0,0)
(A.3.75) (vl—vz—l)(v1+v2-l) form = "i,—l’ § =(0,0)
(4.3.76) 1 form =mi .6 #8,
(A.3.77) -1 form =7n' ,8, #8
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(A.3.78) -1 form =uw! _ ., 8=,

(A.3.79) '(\)1—\)2—1)(\)1+\)2—1) form = WO,—Z’ § = (1,1)

From (A.3.39) we deduce that all the K-types 7w in (A.3.74),..., (A.3.79)
have the property that dim(ng) = 1. Therefore the Unitarizability Criteria

and (A.3.76), (A.3.77) imply that

(A.3.80) J(P,§,v) 1is not unitarizable for 61 + 62.

Similarly (A.3.74), (A.3.75), (A.3.78), (A.3.79) combined with (A.3.68) and
the continuity argument [K-Sp §4] imply that

(A.3.81) if J(P,§,v), with 61 = 52, is unitarizable then v1+v < 1.

Let 0 <yp < 1/2. One can check (easily) using [V1 4.2.25] and the
properties of the principal series of SL(2,R) that

(A.3.82) Ind§(5®u(e1+e2)) is irreducible.

Harish-Chandra's theorem [V1, 4.1.20] implies that

(A.3.83) Indg 5 @ “(el_eZ)) is irreducible for all §.
By double induction [V1, 4.1.17] (A.3.83) coincides with

(A.3.84) Indg,(r ® v), where v = 0 and
1
M

(A.3.85) t =1 6 @ ”(el"ez))’

1
ndy ~p
1
Since Ml 5 SLt(Z,R>,T is (irreducible and) unitarizable iff 61= 62.

Therefore (A.3.84) is unitarizable iff §, =§

1 2 and the continuity argument

completes the proof.
Q.E.D.
(A.3.86) Proposition. The Langlands quotient (A.3.12) is unitarizable if

and only if 0 < v, v, < 1/2 and o, =0,
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Proof: The symmetry condition (A.3.26) (with w = we) requires that
. 3
Ho=v, =v, € R. Since p(ﬂl) =3 (el+e2), Howe-Moore theorem [B-W,

theorem 5.2] implies that we may restrict our attention to
3
(A.3.87) u < 2
Now a straight forward analysis of reducibility of the induced representation

(A.3.82) - for example via [V1, 4.2.25] - combined with the theorem (A.3.64)
and the continuity argument [K-Sp, §4] implies (A.3.86).

Q.E.D.
(A.3.88) Proposition. The Langlands quotient (A.3.13) is unitarizable if
and only if either
(A.3.89) o, =0, = 0, 0K v, < 1 and v, = 0, or
(A.3.90) 9, =1, 0< v, < 1 and v, = 0.
Proof: The proof of this proposition under the assumption 9y =0 is
entirely analogous to the above proof of (A.3.86). The case 0y = 1 follows
directly from [K-B].

Q.E.D.

The Theorem (2.4.14) follows from (A.3.64), (A.3.86), (A.3.88) by chasing
through the dictionary (A.3.10).

§4. THE REPRESENTATIONS INDUCED FROM MAXIMAL PARABOLIC SUBGROUPS.

Since the representations induced from maximal parabolics are understood

for any connected semi-simple Lie group other than FA or split G2 [K-B] we are

not going to elaborate on this subject here. As a hint for a reader willing
to do the computations we mention that one can deduce (2.4.20), (2.4.25),
(2.4.29), (2.4.39) from the properties of the (nonunitary) principal series
representations of SL(2,R) by rewriting the representations (2.2.16) in
terms of, so called, 6-stable data [V1, 6.6.2] and then using [V1, 6.6.15]
together with the Vogan-Wallach theorem [V4, Wl1] on the unitarizability
preserving properties of Zuckerman functors. The methods used in [K-B] are

different.
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APPENDIX B. THE SMOOTH FROBENIUS RECIPROCITY THEOREM.

For reader's convenience we present here an immediate consequence of the

theorem 5.3.3.1 in [Wa].

Let G be a Lie group and P a closed subgroup of G with G/P compact.

two Frechet spaces V and V'. Let G act on V' and P act on V. We define

a subspace

(B.1) Indg(v) c ¢7(G,V)
consisting of these functions fe Cm(G,V) , that

-1 -1
(8.2) fxy) =p(y) "y« £(x) (x€ 6, ye pP) .

1/2 .
Here o(y) = (AG(y)/Ap(y)) where AG’ AP are modular functions on G
and P respectively. The group G acts on the space (B.1) via the left
translations:

-1

(B.3) y o £(x) = f(y "x) (x,y € G) .

(B.4) Theorem. Under the above assumptions
Hom (V' , 0®V) = Hom (V',Ind (V)
P ’ G ’7p
where for a P-intertwining map
u:V +»pe®V
the corresponding G-intertwining map is given by

(B.5) Ind u(x)(v) = u(x—l-v) (xe G, ve V') .
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APPENDIX C. THE DETERMINANT REPRESENTATION OF 0(p,q)
AND THE OSCILLATOR DUALITY CORRESPONDENCE.

Let V be a finite dimensional, real vector space with a symmetric,

nondegenerate, bilinear form (,) of signature p,q. Denote by

(C.1) G the isometry group of (V,(,)).

Then clearly G is isomorphic to the matrix group O(p,q).

For an integer m > 1 let

(C.2) Xm be an m-dimensional, real vector space and X = V ® Xm.
Here, and in the rest of this paper, ® = ®Rf Denote by

(C.3) S(X) the Schwartz space of rapidly decreasing functions on X
as usual., Since the group G acts naturally on X we may define the

following representation of G on S(X),

(C.4) a(g) £(x) = f(g 'x) (g€ G, fe 5(X), x€ X,

and by dualization extend it to S*(X)

(c.5) (@) = u(alg DE) (g€ 6, £e 5(X), ue S*X)).

By a standard argument one can show that for p+q < m

(C.6) there is a non-zero u in S*(X) such that
Q(g)u = det(g)u (ge G).

Here det is the character of G by which G acts on the top-dimensional

component of the exterior algebra of V [J1, pp. 395].

(C.7) Theorem. Assume that p+q > m. Then there is no, non-zero, tempered

distribution u € S*(X) such that
(C.8) Q(g)u = det(g) u (g e G).

Proof: We begin with a reformulation of this theorem in terms of the theory
of the Oscillator Duality Correspondence (Ch. 1l). Let X; stand for the dual

vector space to Xm (C.2). Define the vector space

(C.9) V' = Xn ® Xg with a nondegenerate symplectic form
1
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(x @ x*, yo y¥)' = x*(y) - y*(x) (x,y € X ,x*,y* € X*).
Denote by
(c.10) G' the isometry group of (V',(,)").
Let

(C.11) W= V® V' and <{,> be the symplectic form on W obtained b
y

tensoring the symmetric form (,) on V and the symplectic form (,)' on V'.

Then, since G and G' act in the obvious way on W, preserving the form <,>

we may identify them with their images in Sp(W), (l.1l.1), respectively.
Let
(C.12) %p(w) denote the metaplectic group (1.2.3),

pr : Sp(W) » Sp(W)

the corresponding covering map, and

w the oscillator representation of §p(w) (l1.2.6).
Choose the Schrodinger model (1.3.22) of « adapted to the decomposition

W=Xe Y

where X is as in (C.2) and Y= V® X;. Then it follows from (1.3.16) that

(C.13) there is a character ch of G (= pr—l(G)) such that the kernel of

ch is isomorphic to G and

w(g)f = ch(g) lpr(g))f (g€ G, fe s(x).
Define the following, one dimensional, representation of G:
(C.14) m(g) = ch(g) det(pr(g)) (ge ).

Then clearly (C.13) and the Proposition (1.2.19) imply that the Theorem (C.7)

is equivalent to the following statement:

(C.15) ¢ R(G,w) (1.2.12).

We shall need some additional notation to show (C.l5).
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Let us choose a decomposition of the space V into an orthogonal sum of

anisotropic subspaces Vp and Vq such that the restriction (,)p of the form (,)

to Vp is positive definite and the restriction (,)q of (,) to Vq is negative

definite:

(C.16) v=v eV, G)=0G) e (), () >0, () <O.
P q P q P q

Let

(C.17) Gy be the isometry group of (V,,(,),), (s = p,q)

and

(C.18) K be the subgroup of G consisting of all the elements g in G

which preserve the decomposition (C.16) of V.

Then K 1is a maximal compact subgroup of G and there is an obvious

isomorphism from Gp x Gq onto K:

(c.19) G x G 2> ( ) » g€ Kwith
P q gp’gq g
(v ev)=gv @e&gv, (v €V ,s=p,q).
gp q gpp gqq s s P4
Let

(C.20) W =V eV, <> =) ® ()", (s =p,q, as in (C.11).
s s s s
Since GS (s = p,q) and G' act in the obvious way on Ws, preserving the form

<,>s, we may embed them into Sp(ws).
Let

(c.21) G; be the image of G' in Sp(ws).

We shall identify G, and G' with their images in Sp(ws). The decomposition

(C.16) and the definition (C.11) imply that
(C.22) W=W o W, {,>=X,> & <> .
P q P q

Thus clearly we have the injection
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(C.23) Sp(W ) x Sp(W )3 (g , g )+ g€ Sp(W) with
P q P q
w ew)=g(w)eg(w), (w eW, s=p,q).
g P q gP P gq q s S P4
It is known, and not hard to check, that

(C.24) the centralizer of K 1in Sp(W) preserves the decomposition (C.22)
and its preimage by (C.23) is equal to G; x G& (c.21).

Moreover by

(C.25) composing the injection G' » Sp(W) with the inverse of (C.23) and
with the isomorphism Gé x Gé > G' x G' (C.21) we obtain the

diagonal embedding
G'2 g+ (g,g) e G' x G'.
So far we have constructed the following reductive dual pairs

(C.26) G,G' in Sp(W),
G ' in Sp(W =P,
s,Gs in Sp( S) (s = p,q),
K, G' x G' in Sp(W), (K= G_x G ).
P q PR P q
Let K' be a maximal compact subgroup of G'. Then, as in [H4, I, Prop. 12.3]

(C.27) there is an isomorphism K' =z U(m).

For s = p,q let %p(ws) be the metaplectic group (1.2.3) with the covering

map
(Cc.28) pr : Sp(WS) > Sp(WS).

Let (sp(wp) x Sp(wq)j” denote the preimage under pr (C.12) of the image of
Sp(ﬁp) x Sp(Wq) in Sp(W) under (C.23). Then a standard argument shows that

there is a group homomorphism 1d such that the following diagram is

commutative:
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id

“ép(wp )xﬁp(wq) 2 (Sp(W_)xSp(W )
(C.29) J prpxprq 1pr
Sp(wp)xSp(wq) —————IE———‘* Sp(Wp)xSp(Wq).

Here 1id stands for the identity map, as usual. Moreover

(C.30) the pull back of o] ~
Sp(W_)xSp(W
(sp( p) p( q))

to Sp(W )xSp(W ) by 1d coincides with @ .
P p) p( q) y w, ®w

Here m: is the oscillator representation of §p(wq) contragradient to w .
Put
(Cc.31) S = pr —I(G') X' = pr _I(K') (s = p,q), and

s s > s s 475

X = pr t@®), ¥ = prl).

We shall need a parametrization of representations of i', K (s = p,q) which
]

occur in g, Wy respectively. It is known and not hard to check that
(C.32) any of the groups K', Ké (s = p,q) is either

(C.32.1) connected, or

(C.32.2) 1is isomorphic to the group U(m)x(Z/2Z).

Moreover, by passing to a Fock model (l.4.6), one can check that

(C.33) in the case (C.32.2) for any representation of the group in question
(R',ié or k&) its pull back to U(m)x(Z/2Z) has the property that

the (Z/2Z) acts non-trivially.
Combining (C.32) and (C.33) we see that

(C.34) any representation which occurs in R(X',») or R(ié,ms) (s = p,q)

(1.2.11) is completely determined by the derived representation of

the corresponding lie algebra.
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The lie algebras of XK', iﬁ, k& are all isomorphic to the lie algebra u(m)

(C.27). The finite dimensional, irreducible representations of u(m) may be
parametrized by highest weights with respect to the upper triangular Borel

subalgebra of u(m). These highest weights in turn correspond to m-tuples
(C.35) = (ul,uz,--,um), My € C, uy Ty €z, (j,k=12,.,m.

Finally we come to the essential part of the proof.

Assume, contrary to (C.l15), that
(C.36) Ten'e RGC ,0) (1.2.16)

when NI is as in (C.l4). Then 1 has the unique Ertype o= Hl?. which

must be of lowest degree (l.5.11). Moreoever it follows from [K-Ve, II],
(C.24), (C.30), (C.36) and the lemma (1.5.12) that

(C.37) P,q< m and deg m = pt+q.
More precisely [K-Ve, II] and (l.4.6) imply that (for s = p,q)
(C.38) there is a character chs of Eg such that ch;l(l) is isomorphic

to GS and if we define

(€.38.1) n (g) = ch (g) det (pr_(g)) (ge Es) then there is a

representation H; of E; such that
(c.38.2) 7 _eon'e R(C + C'w)
s s ] s’s
and the lowest degree ié—type n; of n; has highest weight

(1,..,1) + (1,.. 1,0,..,0) (C.35).

m s m-s

N

Let 7' be the lowest i‘-type of T' (C.36). Combining (C.38.2), (C.30),
(C.25) (and the obvious identifications of the lie algebras of k', ﬁé, R&)

we conclude that

(C.39) the derived representation dn' of the lie algebra of X' occurs

in the tensor product
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[o4
drn'® (dn') .
mp @ (dng)
It follows from (C.39), (C.38.2) and [Hu, Exercise 12 pp. 142] that

(C.40) the highest weight (C.35) of =' 1is of the form

P9
5 (Lieees 1) + O pyeen)

m
with |A] < 1 (G =1,2,.,m).

In particular, again by [K-Ve, II],

(C.41) deg n' =

=]

|Aj| < m< ptq = deg 7 (C.37).

j=1

Clearly the statement (C.41) contradicts Howe's Lemma (1.5.17). Therefore
(C.15) holds and we are done.
Q.E.D.

The representation Q defined in (C.4) depends on the integer m (C.2). To

make it explicit we shall write Qm for Q (C.4).
For G defined in (C.l) let

(C.42) R(G, Qm) denote the set of infinitesimal equivalence classes of

continuous, irreducible admissible representations of G on locally
convex topological vector spaces which can be realized as quotients

of S(X) (C.4) by Qm (G)-invariant closed subspaces.

The following corollary can be verified by the argument used in the proof of

the theorem (3.6.1).

(C.43) Corollary. Fix two integers m, n > 1 such that mtn < p+q. Assume

that
(C.44) I € R(G, Qm), and
(C.45) det ® I is not equivalent to 1.

Then det ® I ¢ R(G, Qn).
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